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PREFACE

The present volume is the proceedings of the 5th Japan-China Seminar
on Number Theory “Dreaming in dreams” held during August 27-31, 2008
at Kinki University, Higashi-osaka, Japan, the organizers being Shigeru
Kanemitsu and Jianya Liu with Professor Takashi Aoki as the local orga-
nizer.

The title sounded somewhat romantic or exotic and one of the partic-
ipants, Professor Tim. D. Browning, a relative of the world famous poet
R. Browning, expressed a poetic view that the title suggested that one
could dream of proving the RH or whatsoever of the hardest nuts to crack
in dreams. But we chose this title in view of the following due reason. Osaka
is most well-known for its world famous Osaka Castle. The builder of Osaka
Castle, Hideyoshi Toyotomi, a hero in the 16th century made a poem at his
deathbed. “Like a dew drop was I born and into a dew drop am I fading,
all that prevails in Naniwa (the present world) is like dreams in a dream.”
Here Naniwa sounds the same as the old name of Osaka. Also many of
us went to the center of the city (for empty orchestra, perhaps), Namba,
which is the modern name of Naniwa. This gives a good reason to entitle
the seminar. This may not sound poetic but associatively logical. Indeed, at
the end we have a poem composed by Professor Chaohua Jia. Thus we now
have at least four poets among participants, including Professors Tianxin
Cai (a professional), Chaohua Jia, Jianya Liu (who composed a poem in
the proceedings of the 4th China-Japan Seminar), and Tim D. Browning.

The atmosphere was enjoyable as usual and we believe everyone enjoyed
the 5 rich days. We organized various social activities including reception
party at Sheraton-Miyako Hotel to which we thank for their great hospi-
tality and generosity of providing us with champagne bottles. We made a
tour to Kyoto (the bus was arranged through Sheraton-Miyako) and vis-
ited a few musts there. Some of the foreign participants paid multiple vis-
its to Kinkakuji Temple and Kiyomizu Temple. Evening events were also
entertaining which included empty orchestra activities at various places.
We found that not only Chinese participants who were known to be good
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and enthusiastic singers, but most of the Western participants shared the
same spirit. We found Professors Trevor Wooley, Winfried Kohnen, Katsuya
Miyake and Yumiko Hironaka most entertaining. Professor Jorg Briidern,
though didn’t sing, promised to play the guitar at the next occasion. S.
Kanemitsu, to his regret, missed the chance of attending the ever-night
show including Professor Tim. D. Browning and Professor Koichi Kawada.

Now about the contents of the seminar and the present proceedings.
The talks ranged over a wide spectrum of contemporary number theory.
As can be seen from the papers themselves as well as in the following
brief descriptions in this volume, we succeeded in assembling topics from
Analytic Number Theory (Classical and Modern with emphasis on additive
number theory), Theory of Modular Forms, Algebraic Groups and Algebraic
Number Theory.

In the proceedings we collected not only papers from the participants
but from those invitees who could not attend the seminar, including Profes-
sors Andrzej Schinzel (who was about to come), Igor Shparlinski and Ken
Yamamura.

In [Browning] a new direction of research in analytic number theory is
exhibited, i. e. a quantitative study on the distribution of rational points of
some variety—specifically, a del Pezzo surface of degree 4, V' C P* which is
defined over the rationals and is assumed to have a conic bundle structure.
The main result is the asymptotic formula for the counting function

Nu,u(B) = #{z € Uo(Q) : H(z) < B},

where Uy is a certain Zariski open subset and H(x) is a certain norm func-
tion. The formula reads

Nu,,u(B) = cv,,uB(log B)4 + error term,

establishing the Manin conjecture in this case, where cy,, g is the constant
conjectured by Peyre.

The proof involves various ingredients, the geometric Picard group
Pic(Vp) =~ Z°, analysis of conic sections and classical techniques includ-
ing lattice points counting and divisor problems for binary forms.

[Briidern-Kawada-Wooley] is the 8th of their series of papers “Additive
representation in thin sequences” I-VII and is a timely summary which
looks over their recent results in an enlightening way.

Their main concern is the diagonal form

Mk 4+ Az,
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as x1,--- ,Zs ranges over Z or a subset thereof, where s > 2, k > 1 and
A1, , Ag are non-zero real numbers.

The purpose of the paper is two-fold; on one hand, it centers around
Diophantine inequalities and on the other on the potential of the methods
developed in the series, including the Davenport-Heilbronn Fourier trans-
form method, a counterpart of the Hardy-Littlewood circle method for Dio-
phantine inequalities. Starting from the case of additive cubic forms, the
authors give a very clear survey on their hitherto contributions, giving
proofs of some of the important theorems, which makes the paper more
instructive and readable.

In the paper [Hoshi-Miyake] the authors are concerned with the FIP
(Field Isomorphism Problem) on k-generic polynomial f&(X) € k(t)[X],
where k is a field of arbitrary characteristic, G is one of finite groups
D3, D4, D5 (dihedral groups) and C3,Cy (cyclic groups), and k(t) is the
rational function field over k with n indeterminates t = (¢1,t2,- -+ ,t,). A
monic separable polynomial f&(X) is called a k-generic polynomial for G
if

e (G1) the Galois group of f&(X) over k(t) is isomorphic to G
and

e (G2) every G-extension L/K,K DO k may be obtained as
L = Splif&, the splitting field of f&¢ over K, for some a =
(a17a27" : 7an) e K".

The FIP reads: For a field K D k and a, b € K", determine whether
La = Sply f¢ and Ly, = Sply f,f are isomorphic over K or not. Numerical
examples are given in the cases G = Cy and G = Ds.

Two more related problems are stated without details: Subfield Problem
and Field Intersection Problem for generic polynomials.

In his paper [Jia], C. -H. Jia gives some developments over the results
on dynamics of the w-function introduced by W. -S. Goldring in 2006,
where dynamics refers to the orbit of successive iterates of the function.
For n = pipaps € S := C3 U B3 (p;’s are prime, not all equal), the w-
function is defined by

w(n) = P (p1 +p2) P (p2 + p3) P (p3 + p1) ,

where P(n) signifies the largest prime factor of n. The objective is to classify
the elements of S and there are many results obtained by Goldring, Y.-G.
Chen et al.



The inverse problem of finding the inverse image of the w-function is
also of interest. One of the conjectures of Goldring states that every element
of Cs, which is the set of all n = pypaps with p; all distinct primes, has
infinitely many Cs-parents, i.e. there are infinitely many m € Cs such that
w(m) = n. Jia proves, by making a novel use of the large sieve method, some
quantitative results including Theorem 9 saying that there is an element
of roroq € Cs, where 11,72 ~ y/rlogx, ¢ < 4z which has many distinct
Cs-parents (where the data is quantitative).

In the paper [Kohnen], Kohnen surveys on the recent results his paper
jointly with Mason on the generalized modular functions (GMF) (of weight
zero) on I', where I' C SLy(Z) is a subgroup of finite index. A GMF is a
holomorphic function f:H — C satisfying the following two conditions.

i) f(voz)=x(y)f(2) (Vy €T), where x : I' — C* is a (not necessarily
unitary) character of T',

ii) f is meromorphic at the cusps of T'.

In the paper [Komori-Matsumoto-Tsumura], the authors report on some
recent developments on the second author’s
Problem: Is it possible to find some functional relations for multiple
zeta-functions which include some value-distribution for MZV’s (multi-
ple zeta values)? Here the multiple zeta-function of complex variables
s = (81,82, - .8;) is defined by

1
((51,52,...,87-)— Z m
mip>ma>->me>1
and the MZV of depth r is {(k1, ka2, ..., k) with k1, ks, ... k. € NJ K > 1.
The authors are concerned with the multi-variable (version of the) Wit-
ten zeta-function defined by

Z Z IT @ mada + - 4 med) o,

m1=1 my=1la€Ay

where g is a complex semi-simple Lie algebra with rank r, s = (s4)aca, €
C™ and the data appearing on the right-hand side are certain quantities
associated with g.

Theorem 5.1 seems to be the culmination of the results which gives
a general form of the functional relations for the multiple zeta-function
¢r(s,y; A) with an additive character of a root system, i.e. for

Z( IT ¢ —1)’SQ)<r(w*1s,w*1y;A).

weW!l a€A 1
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However, to deduce explicit functional relations for specific root systems
from Theorem 5.1 seems rather cumbersome and the authors give some
handy formulas in §6 which they apply in later sections to deduce explicit
relations for g = As, Ba, Bs, Cs. There are given many concrete examples
which make the paper readable.

[Liu] is a short introduction to Maass wave forms, which originated from
his lectures at Postech in 2007. Restricting to the simplest setting of the
Maass forms of weight 0 on the full modular group, he manages to give a
quick introduction to its formidable theory and renders the situation more
familiar to analytic number-theorists. From the contents one can see the
flowchart of the paper. He starts from Fourier expansion of Maass forms,
proving thereby the Chowla-Selberg formula for the Eisenstein series, goes
on to the spectral decomposition of the Hilbert space of square-integrable
automorphic functions with respect to the non-Euclidean Laplacian, estab-
lishing the facts about the Laplace eigenvalues. After introducing Hecke
theory, he introduces the automorphic L-functions and develop analytic
methods to study them. Towards the end of the paper, a Linnik-type prob-
lem for Maass forms is studied, exhibiting how analytic number theory can
develop on such exotic stages.

There are two nice collections of problems by Andrzej and Igor’.

In [Schinzel] there is a collection of problems concerning the number
N(f) of non-zero coefficients of a polynomial f € K, K being a field. f is
called an N(f)-nomial, e. g. ™ — a is a binomial while 422° 4+ 72'® + 64 is a
trinomial. Problems are about the estimate from above or below on N(f).
E. g. Problem 2 asks about the existence (and boundedness if it exists) of a
constant C'(K) such that every trinomial over K has an irreducible factor f

with N(f) < C(K).

In [Shparlinski] many open problems are given on the estimate of ex-
ponential and character sums according to the author’s taste and interest,
with enlightening annotation. Problems fall into two categories; in the first
category new improvements of the estimates are asked for, while the sec-
ond is concerned with applications of these sums. We shall talk about the
second category.

Problem 3.6 has a natural interpretation in the study of polynomially
growing sequences on orbits of the dynamical system generated by the map
u — gu in Z/gZ. Problem 3.11 gives the estimate for complexity of factor-
ization algorithm for polynomials over IF,. Problem 3.13 has applications
to the study of distribution of Selmer groups of a certain family of elliptic
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curves. Problem 3.13 is concerned with the estimate of the exponential sum
of a sparse polynomial and has applications to number theory, computer
science and cryptography. Problem 3.43 is about the exponential sum of
a non-linear recurrence sequence and has applications to pseudo-random
number generation.

We invited Professor Yamamura to contribute his list of determinan-
tal expressions for the class number of Abelian number fields. The theory
started from the paper of Carlitz and Olson in 1955 and has been pursued
constantly. The list is in the spirit of Dilcher-Skula-Slavutskii volume on
Bernoulli numbers, is complete and will be useful for researchers in the
relevant problems.

And we also need to add one sentence, Professor Haruo Tsukada added
corrigendum to his paper published in the last proceedings.

Finally, vote of thanks is due. We would like to thank Kinki University
for its generous permission of using its excellent facilities. The conference
room was equipped with modern conveniences and was very useful in con-
ducting the seminar. We would like to thank Professor Kohji Chinen for
his help in preparing posters of the seminar as well as constant support in
keeping the working conditions in the conference room pleasant. We would
like to thank Dr. Hiromitsu Tanaka for technical help in manipulating mod-
ern devices and for his thoughtful arrangement of things. We would like to
thank Sheraton-Miyako Hotel for its excellent service and hospitality; es-
pecially thanks are due to Messers H. Fujihara and K. Morimoto for their
thoughtful support throughout.

As in the case of the last proceedings, Professor Jing Ma from Jilin
University made a devoted help in editing and we record here our hearty
thanks to her for her excellent and beautiful preparation of the manuscript
of the proceedings. It was a pity that she could not attend the seminar, but
she came to Japan in July, 2009 to complete the editing work.

Finally, we would like to express our hearty thanks to S. Kanemitsu’s
students, Mr. N. -L.. Wang and Ms. X. -H. Wang for their devoted support
in making the stay of foreign participants more comfortable and pleasant.

As usual we complete the preface by a poem. This time Professor Chao-
hua Jia composed it.
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RESENT PROGRESS ON THE QUANTITATIVE
ARITHMETIC OF DEL PEZZO SURFACES

TIM D. BROWNING

School of Mathematics, University of Bristol,
University Walk, Clifton, Bristol BS8 1TW, United Kingdom
t.d.browning@bristol.ac.uk

We survey the state of affairs for the distribution of Q-rational points on non-
singular del Pezzo surfaces of low degree, highlighting the recent resolution
of Manin’s conjecture for a non-singular del Pezzo surface of degree 4 by la
Breteche and Browning [3].

1. Introduction

Let V C P*~! be a non-singular projective variety defined over Q. A fun-
damental theme in mathematics is to understand when the set of rational
points V(Q) = VNP"1(Q) is non-empty, and if it is non-empty, to provide
a reasonable description of it. Our aim here is to survey recent joint work of
the author with la Breteche [3], which addresses the second question from
a quantitative standpoint for a certain variety of dimension 2.

Before turning to the specifics of this work it is perhaps worth enter-
taining ourselves with some preliminary observations. In the classification
of algebraic varieties the Fano varieties, namely those varieties V' whose
anticanonical divisor — Ky is ample, are those on which we expect to stand
the highest chance of finding rational points. The situation for curves is
relatively well-understood and so we will consider here the case of Fano
surfaces, beginning with some simple-minded numerics. Imagine that we
are given a Fano variety V of dimension 2 and degree d, which is a non-
singular complete intersection in P*~!. Quadrics are easy to analyse and so
we assume that d > 2. Suppose that V = W1 N ... N W, for hypersurfaces
W; C P*~! of degree d; and assume, furthermore, that the intersection is
generically transversal. We are not interested in hyperplane sections of V,
and so we will assume without loss of generality that d; > 2. Then the
following inequalities must be satisfied:
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(1) di +---+d: < n, [Fano]

(2) n—1—t =2, [complete intersection of dimension 2]
(3) d= d1 -d; > 3, [Bézout]

(4) d ->dy > 2.

It follows that the only possibilities are
(d;dy,. .. disn;t) € {(3;3;4;1), (4;2,2;5;2) }.

These surfaces correspond to a cubic surface in P? and an intersection of 2
quadrics in P4, respectively. In fact these are the most famous examples of
“del Pezzo surfaces”. This article will focus its attention on the latter type
of surfaces, which comprise the non-singular del Pezzo surfaces of degree 4.

Henceforth, we let V' C P* be such a del Pezzo surface, cut out by the
intersection of two quadrics

@1(%0,...,%4) = 0,
(I)Q(LCQ, N ,{,C4) = 0,

with &1, &5 quadratic forms defined over Z. We will refer to such a surface
as a “dP,” for ease of notation. The geometry of dP,s is classical and is
discussed in Hartshorne [11, Section V.4], for example. The question of
finding conditions under which V(Q) is non-empty is a difficult problem in
number theory that will not concern us here. We refer the interested reader
to the thesis of Wittenberg [25].

Assuming that V(Q) # 0, it follows from work of Segre [22] that V(Q)
is dense in V under the Zariski topology. Thus it is natural to give some
measure of the density of rational points on V. It is at this point that
the Manin conjecture [8] enters the picture. This predicts an asymptotic
formula for the growth rate of the counting function

Nu(B) = #{z € U(Q) : H() < B},

as B — oo, where U C V is the Zariski open subset formed by deleting the
16 lines from V and H : P4(Q) — Rxq is defined via H(z) = ||x||, if z = [x]
with x = (zo,...,74) € Z® such that ged(xo,...,r4) = 1. Here | - || is an
arbitrary norm on R®. Let Pic@(V) be the geometric Picard group of V,
which is just the group of Weil divisors Div(V') modulo linear equivalence.
Suppose that K is a splitting field for the 16 lines on V. Assuming that
V(Q) is non-empty, the Manin conjecture predicts the existence of a positive
constant cy, g such that

Ny, (B) = cv,uB(log B)*<FPicV)=1(1 1 o(1)), (1.1)



QUANTITATIVE ARITHMETIC OF DEL PEZZO SURFACES 3

as B — oo, where Pic(V) = Pic@(V)Gal(K/@). Furthermore, there is a
conjecture due to Peyre [20] concerning the value of the constant cy, .

It should be stressed that the Manin conjecture has received a great
deal of attention in the context of singular del Pezzo surfaces, an account of
which can be found in the author’s companion survey [4]. The situation for
non-singular dPys is rather less satisfactory. For an arbitrary such surface
the best result we have is the upper bound

Nu,u(B) = 0.(B3+9),

for any € > 0. This is due to Salberger, but has yet to appear in print.
It is based on a far-reaching refinement of Heath-Brown’s “determinant
method” developed in [14]. The implied constant in Salberger’s estimate is
allowed to depend on & but is uniform in the coefficients of ®; and ®5. It
seems likely that by adapting further work of Heath-Brown [13] one could
hope to replace the exponent % by %, under a certain unproven hypothesis
concerning the growth rate of the rank of elliptic curves over Q.

One can do better when the dP4 is assumed to have a “conic bundle
structure”. This simply boils down to ®; taking the shape

Q1 (w0, ..., 74) = ToT1 — T2T3, (1.2)

which we now suppose to be the case. In work communicated at the confer-
ence Higher dimensional varieties and rational points at Budapest in 2001,
Salberger has established the upper bound

Nu.u(B) = O v(B'9) (1.3)

for any € > 0, where now the implied constant is allowed to depend on ¢
and V. Leung [17] has subsequently shown how to replace B¢ in Salberger’s
work by a small power of log B. His work implies that

Nu.u(B) = O.v(B(log B)®). (1.4)

This is best possible whenever the 16 lines are all defined over Q, since the
geometric Picard group of a dP4 has rank 6.

As highlighted by Swinnerton-Dyer [24, Question 15], it has become
something of milestone to establish the Manin conjecture for a single ex-
ample of a dP4. The gradual improvements recorded above all point the
way towards the possibility of actually establishing an asymptotic formula
for the counting function associated to a well-chosen dP4. We will see that
this is indeed the case for the surface defined by the forms (1.2) and

Bo(x0,...,24) = g + 25 + 23 — 73 — 227, (1.5)
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Let Vy C P* denote the corresponding conic bundle dP4 and let Uy be the
Zariski open subset formed by deleting the lines from Vj. It is easy to check
that Vp is non-singular and we will prove shortly that Pic(Vp) = Z°, with
K = Q(i). We are now ready to reveal the main result that is surveyed in
this note, and which confirms the conjectured estimate (1.1) for the surface
under consideration.

Theorem. We have
B(log B)*
Ny, u(B) = B(log B)* (7)
Uo,H (B) = ¢y, nB(log B)* + O loglog B
where cy,, g > 0 is the constant predicted by Peyre.

For comparison, Fok [17] also studies the surface V{, obtaining the upper
bound

Nuo,u(B) = O(B(log B)*). (1.6)

We will see in due course how our argument leads to this estimate rather
easily. In the following section we will show how to compute the Picard
group associated to the surface Vj. While these calculations are routine
they are perhaps not entirely familiar to analytic number theorists and so
we will present fuller details than appear in [3]. Section 3 comprises the
bulk of this survey and contains a discussion of the proof of the theorem. A
number of innocent simplifications will be made along the way and so any
serious reader would do better to consult [3] directly. Finally, in Section 4
we will suggest some avenues for future exploration.

Acknowledgements

Some of this paper was prepared while the author was enjoying the hospital-
ity of Professor Jianya Liu at Shandong University in Weihei and Professor
Shigeru Kanemitsu at the 5th China—Japan Conference at Kinki Univer-
sity in Osaka. It is a great pleasure to thank these two gentlemen for the
convivial atmosphere that they provided. While working on this paper the
author was supported by EPSRC grant number EP/E053262/1.

2. Geometry of V

Our main task in this section is to calculate an explicit basis for the Picard
group of the surface Vj that is defined by (1.2) and (1.5). We begin by
recalling some basic facts about the geometry of general dPys V' C P4, All
of the facts that we will need can be found in the book by Manin [18]. Such
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V are isomorphic to the blow-up of P? along a union of 5 points p, ..., ps,
no 3 of which are collinear. Let E; denote the exceptional divisor above p;,
for 1 <17 <5, let L; ; denote the strict transform of the line going through
p; and p;, for 1 <4 < j <5, and let @ denote the strict transform of the
unique conic going through all 5 points. These 16 divisors constitute the
famous 16 lines on V.

If A is the strict transform of a line in P? not passing through any of
the 5 distinguished points, then a free basis for the geometric Picard group
Pic@(V) is given by {A, E1,..., Es}. Here, as in all that follows, we have
found it convenient to identify divisors with their classes in Picg(V). In
terms of this basis the anticanonical divisor class can be written —Ky =
3A — Zle E;, and furthermore, we have L;; = A — E; — E; and Q =
2A — Zle E;. There is an intersection form (-, -) on Picg(V'), which is non-
degenerate, symmetric and bilinear. In terms of this intersection form the
divisors A, E1, ..., E5 satisfy the relations
-1, ifi=y,

0, ifi#j.
One can now check that — Ky is very ample, with self-intersection number
4 = deg V. We are now ready to produce an explicit basis for Pic(V}).

Let 1,62 € {—1,+1} and let ¢ = v/—1. Then a straightforward calcula-
tion reveals that the 16 lines on Vj are given by

(A,A) =1, (A E;) =0, (E“Ej):{

To = €1%2 = €274, T1 = €172 = €274,

Ml(é‘l,&‘g):{ M2(81,€2)1{

X1 = €173, xTo = €173,

r3 = Elil‘ = €2i$4 Ir3 = 81i$1 = 62i$4
3 0 ) )

T :Elil‘Q, o =8li$2.

M3(€1,€2)5{ M4(€1,€2)5{
In particular all of the lines split over the Gaussian field Q(7). Let us write
G = Gal(Q(i)/Q) = Z/2Z for the Galois group of the splitting field. Among
the lines above we will need to identify 5 mutually skew lines that are
globally invariant under the action of G. Let us set

Ey = Mi(—1,1), Es=M(1,-1), E5 = My(—1,-1),
Ey = My(—1,-1), E5 = My(1,1).

These lines satisfy (E;, Ej) = 0 for each 1 < ¢ < j < 5. Furthermore,
E1, E5, E3 are defined over Q, and Ey4, E5 are defined over Q(¢), but are
conjugate under the action of G. We may therefore take A, E1,..., F5 as a
basis for Pic@(Vo), whence Pic(Vy) = {A, E1, Eq, E5, E4 4+ E5}. This estab-
lishes the fact that Pic(Vp) = Z°, as recorded in the introduction. Using
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the intersection form it is now routine to show that we can choose the
projection of V; to P? in such a way that we have the equalities

LLQ :Mg( , — ) L173 :Ml(—l,—l),L174:M3(—1,—1),
Lys =M2(1,1) Q Mz( ; )7

in the description of the lines.

Let us identify Pic(Vy) ®z R with its dual using the intersection form.
Let Aer(Vp) denote the convex cone in Pic(Vp) ®z R that is generated by
the classes of effective divisors, and let AY;(Vo) denote its dual cone, with
respect to the intersection form. As is well-known, Aeg(Vp) is generated by
the classes [O] = >, . L associated to each orbit O of the action of G on
the 16 lines. In our setting we have 12 orbits overall, given by

O1(e1,€2) = {Mi(e1,€2)}, Oz(er, e2) = {Mz(e1,€2), M3(—e1,—¢€2)},
Oz (e1,e2) = {Ma(e1,€2)}, Os(er,e2) = {My(e1,62), My(—e1,—€2)},

for the various €1,e2 € {—1,+1}. We may therefore conclude that A.g(Vp)
is generated by the classes

Er, Bs, B3, Eq + Es,

A—E; — Ej for (1,7) € {(1,2),(1,3),(2,3), (4,5)},
9\ — Ey — By — E3 — By — Es,

2A —2F;, — E4 — E5 for 1 € {1,2,3},

(2.7)

in Pic(Vp). We will take advantage of this information in §3.5.

3. Overview of the proof

The proof of the theorem can be broken into a number of basic steps. The
primary ingredients involved are the following;:

1
2

(1) reduction to conics of low height;
(2)
(3) lattice point counting in the plane;
(4)
(5)

parametrisation of the conics;

4
5)

divisor problem for binary forms; and
comparison with Peyre’s constant.

We proceed to discuss each of these steps in a little more detail.
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3.1. Reduction to conics of low height
Recall the definition of the quadratic forms ®;, ® from (1.2) and (1.5). Al-
though this is not crucial to the success of the proof, it simplifies matters to
work with the norm on R® given by ||x|| = max{|xo|, |z1], [22], |23, 1/ 3|z4]}-
The starting point of the investigation is the expression

Ny, (B) = 8N1(B) + O(B),
where
ged(xg, ..., x3) = 1, max{xzg,..., x5} < B,}
Py (x) = P2(x) =0, {zo, 21} # {z2, 23}

This amounts to showing that we can restrict the count to positive integer
solutions, an argument that follows from elementary considerations. It is

N1(B) :#{XENS:

here that our choice of norm plays a useful role. As should be clear from
Section 2, the condition {zg, 21} # {x2,23} ensures that we remain in Up.
The next stage of the argument involves parametrising the solutions to
the equation ®;(x) = 0 and then substituting this parametrisation into the
second equation ®4(x) = 0. Without labouring the details, the outcome is

that N1 (B) is the number of (a,b, z,y, z) € N® such that
Cap: (a* = D)2 + (a® +bP)y? = 227, (3.8)

with
ged(a,b) = ged(x,y) =1, ab,zy #1, max{a,b} max{z,y} < B.
Fundamental to our argument is the observation
(2,y,2) € Cup NN? & (b,a,2) € Oy, NN (3.9)

For fixed coprime a, b such that ab # 1 it is clear that Cyp, C P? defines a
non-singular plane conic with discriminant equal to —2(a*—b*). In Figure 1
we have sketched the affine part of the system of fibres {Cy 1},ear. We let
M, »(B) denote the number of (z,y, z) € Cyp NN? for which ged(z,y) = 1,
max{a,b} < max{z,y} and max{a,b} max{z,y} < B. Note that we must
automatically have zy # 1 in this definition. Using (3.9) we find that

Ni(B) = E M,(B) =2 E M, (B) + E(B),
a,b<B a,b<vVB
ged(a,b)=1,ab#1 ged(a,b)=1,ab#1

where E(B) denotes the contribution from a,b, z,y, z for which max{a,b}
is equal to max{z,y}.
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Fig. 1. The fibres {Cz,1},¢cp1

With a little work it is possible to show that E(B) = O(B(log B)?3),
which is satisfactory. Thus we have succeeded in reducing the problem to
one that involves a family of conics of relatively low height. In fact there
are merely O(B) conics to consider.

Were we charged instead with establishing an upper bound like (1.3) or
(1.4) instead of our theorem, our analysis would now be relatively straight-
forward, thanks to the control over the growth rate of rational points on
conics found in the author’s joint work with Heath-Brown [5, Corollary 2].
This implies that

B
Ma(B Lt (1
o(B) < 7(la |>( + max{a, b}5/3|a — b|1/3>7

where 7 is the divisor function, since the corresponding conic has underlying
matrix with determinant —2(a*—b%) and 2 x2 minors with greatest common
divisor O(1). Here the fact that ged(a,b) = 1 and ab # 1 is crucial. Fur-
thermore, we have employed the lower bound |a* — b*| > max{a, b}®|a — b|
to simplify the second term in this upper bound.

The upper bound (1.6) is now an easy consequence of taking z = v/B
in the pair of estimates

a* —bvt)
Z 7(la* — b*]) < 2% (log )3, Z b5/l’| — b|1|/3 < (logz)?.

a,b<z a<b<lz

Although we will not prove them here, both of these bounds make essential
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use of joint work of the author with la Bretéche [1] concerning uniform
upper bounds for general sums of the shape

S e(|F(na, o)),

n1<N1 n2<Na

with ¢ : N — R>¢ a suitable multiplicative arithmetic function and F' a
suitable binary form. This investigation extends work by Nair [19] on the
corresponding situation for polynomials in only one variable.

3.2. Parametrisation of the conics

Turning the upper bound (1.6) into an asymptotic formula requires sub-
stantial further work. Recall the definition (3.8) of C, ;. Fundamental to
the proof is the observation that for each a,b € N the conic C,; always
contains the rational point

&=[1,-1,qa].

In the classical manner we can use this point to parametrise Cq 5(Q), by
considering the residual intersection with C, 3 of an arbitrary line through
£. Once carried out this eventually leads to the conclusion that

ged(s,t) =1, |s|, ¢t > 0, 0<Q3(s,t),}+0(1)

_ 2
Ma,b(B)—#{(s t) ez : 0 < Qr(5.4), Qas, t)—m

where
Q1(s,t) = —25% — (a® — b*)t* + 4ast,
Qa(s,t) = 25% — (a* — b*)t?,
Qs(s,t) = 2as* — 2(a® — b?)st + a(a® — b*)t?
and

A =ged(Q1, Q2) = ged(Q1 — Q2, Q2) = ged(4s(s — at), 252 — (a2 - b2)t2).

We have almost arrived at a lattice point counting problem, but there are
still some annoying coprimality conditions to eliminate from the expression.
It is quite straightforward to discover that A = 2¥\; A9, with

A1 = ged(s, 252 — (a? — bH)t?), = ged(s, a® — b?),,
A2 = ged(s — at, 2% — (a® — b)t?), = ged(s — at, a® + b?),,
and a certain explicit expression for v. Here the symbol ged(-,-), is used

to denote the greatest odd common divisor of two integers. In order to
simplify the exposition we will not discuss the value of v here. This depends
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intimately on a,b, s,t and is calculated in [3, Lemma 13]. To rid ourselves
of the coprimality relations we employ Mobius inversion. This gives

Map(B) = Y plk)uk) Y pO#ANR)+0(1)  (3.10)
kixila?+(—1)%b? (=1
2tk1 ka1 Ao

where R C R? is the set of (s,t) € R? such that

2 A\ B
<7
slt >0, 0<Qalst), 0<Qulst), Qals,t) < i

and
N={(s,t) €Z*: kyi:i | s, kada | s —at, £|(s,t)}

Clearly A is a sublattice of Z2 and R C R? is a region defined by a piecewise
continuous boundary. Thus we have succeeded in translating the problem
into a lattice point counting problem in which special attention needs to be
paid to the question of uniformity in all of the parameters a, b, A;, k; and £.

3.3. Lattice point counting in the plane

In an ideal world we would like to apply the classic estimate
vol(R)
det A

where OR denotes the perimeter of R, in order to handle the summand in
(3.10). In our setting

VOI(R) _ 'U(CL, b) _ 2"\ 2B IR = 2"\ B
l[a2 — b2] max{a,b}’ '\ max{a, b}’

with v(a,b) a real-valued continuous function that is bounded above and
below by absolute constants that do not depend on any of the parameters.
The overall contribution from the error term above is clearly

> A B
>0 D Inle)utk) Y |k <1 * \/%)
@b kAl +(—1)'b? =t

2‘“61]62)\1)\2

#ANR) =

+O(OR + 1), (3.11)
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which is disastrously big! Thus the classic lemma is too crude and we must
work rather harder to make things succeed. Our approach involves using
exponential sums to rewrite the divisibility information in the definition of
A. In this way we can make the error terms more explicit and obtain can-
cellation in the summation over a,b and A1, A\o. This part of the argument
is long and technical and will be suppressed from the present exposition in
order to maintain morale.

Ignoring the contribution from the error term, let us proceed to analyse
the contribution from the obvious main term in the classic estimate above.
Now an easy calculation reveals that det A = £2k; koA A2/ ged (£, k1kaAi A2).
Hence our expected main term takes the shape

v(a,b) 4 4
B - b3, 3.12
o Z@ eyl G

ged(a,b)=1,ab#1

for a certain constant ¢ > 0 and a certain arithmetic function g : N — Zx,
obtained by carrying out the summation over the k;, \; and £. In fact one
finds that g is given multiplicatively by

max{1l,v —1}, ifp=2

-5 .

1+1/(1+§), if p> 2.
Recalling that 7(p¥) = 1 + v we see that g can be written as the Dirich-
let convolution g = h % 7 for a “small” arithmetic function h. For our

purposes an arithmetic function h is said to be small if the infinite sum
S2%  d~%|h(d)] is convergent.

9(p") = (3.13)

3.4. Divisor problem for binary forms

The next step is to analyse the main term (3.12). The factor
v(a,b)/(y/]a? — b?| max{a, b}) is basically harmless and can be reintroduced
later via an application of partial summation. We therefore need to inves-
tigate sums of the shape

S (X, p) = Z ¢(F(a,b)),
a,b<X
ged(a,b)=1

for suitable arithmetic functions ¢ : N — R>¢ and suitable integral binary
forms F. Let S(X, ) denote the corresponding sum without the condition
that ged(a,b) = 1 in the summation.

When ¢ = 7 is the ordinary divisor function the problem of estimat-
ing T(X) = S(X,7) has enjoyed considerable attention in the literature.
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Dealing with forms of degree at most 2 is straightforward. Greaves [10]
pioneered the study of higher degree forms by showing the existence of
constants cg, ¢, with ¢p > 0, such that

T(X) = cpX?1log X + pX? 4 O, p(XT59), (3.14)

for any € > 0, when F' is an irreducible cubic form with non-zero discrimi-
nant. Greaves’ proof uses exponential sums. It remained a significant open
problem to deal with forms of degree 4 until Daniel [6] was able to show
that

T(X)=crX?log X + Or(X?loglog X),

for a constant cp > 0, when F is an irreducible quartic form with non-zero
discriminant. Daniel also sharpens Greaves’ asymptotic formula, showing
that the error term in (3.14) may be replaced by O€7F(X%+5) for cubics.
Daniel’s argument avoids using exponential sums and is based on some
ideas from the geometry of numbers instead.

In our work we need to extend the work of Daniel to an asymptotic
formula for T'(X), but with

e ' = LL-Q reducible, where Ly, Lo are non-proportional integral bi-
nary linear forms and @ is an integral binary quadratic form which is
irreducible over Q;

e 7 replaced by 7 * h for small h; and

e a summation over coprime a, b.

In other words we need to investigate S.(X;7 * h) for small arithmetic
functions h. All of the necessary estimates are corralled into a separate
investigation [2]. As a special case we are able to show in [2, Théoréme 1]
that

T(X) = CLl,Lz,QX2(10g X)3 + OS,L1,L2,Q(X2(1OgX)2+E)7

for any € > 0, and furthermore, in [2, Corollaire 2] an asymptotic formula
of similar strength for S,(X,7 % h). We also investigate the asymptotic
behaviour of the more general sum

S (X, Y, V) = > h(Ly, L2, Q;Y, V),
x=(z1,22)EZ*NXB
ged(zy,x2)=1
for Y > 2 and B C [~1,1]? a convex region whose boundary is defined by a
piecewise continuously differentiable function, with L;(x) > 0 and Q(x) > 0
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for every x € B. Furthermore, V' C [0, 1]* is a region cut out by a finite num-
ber of hyperplanes with absolutely bounded coefficients, and the summand
is defined to be

h(Li,Ly,Q;Y;V) = > (1 h)(d). (3.15)

d|L1(x)L2(x)Q(x)
di=ged(d,Li(x)), dz=ged(d,Q(x))
(logdl logdy logds 1ogmax{\m1\,\m2\})ev
logY *logY ’2logY ? log Y

Suppose for simplicity that L;(x) > 0 and Q(x) > 0 for every x € [0,1]2. If
one takes V = [0,1]* and B = [0, 1]?, together with

1, ifn=1
hn) = 4 if n ;
0, ifn>1,

and Y sufficiently large in terms of X, then S.(X,h;Y,V) simplifies to
become the sum S, (X, 7) that was introduced above. It might seem strange
to study such a general function, but it turns out that this is what is required
for the theorem, as we will discuss below.

The proofs in [2] are based on the approach using the geometry of num-
bers that was developed by Daniel in his study of T(X) for irreducible
forms of degree at most 4. The need to maintain complete uniformity in all
of the relevant parameters causes considerable extra labour.

3.5. Comparison with Peyre’s constant

According to the conjecture of Peyre [20], the constant cy, g in the theorem
should be a product of two constants «(Vp) and 75 (V).

Let L(s, Vo) = ((s)°L(s, x), where x is the real non-principal character
modulo 4. It turns out that this is the Hasse-Weil L-function associated to
our non-singular dP4. The constant 74 (Vp) is basically a product of local
densities and convergence factors. Specifically, if wg , denotes the usual
v-adic density of points on V(Q,) for any place v of Q, then

1 5 WH,p
71 (Vo) = lim ((s = 1)°L(s, Vo)) wr 0 11 T
P

»(L: Vo)
1\5
= WH,00 H (1 — —) WH,p-
» p

Checking that the predicted local factors wgr , really do match up with the
factors that emerge in the theorem is quite involved.

The constant a(Vp) is a rational number defined as the volume of a
certain polytope obtained by intersecting the cone of effective divisors of
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Vo with a hyperplane. Determining its value for non-singular del Pezzo
surfaces of low degree can be a very challenging problem in its own right.
For example, for the non-singular del Pezzo surface of degree 1 in which
all of the 240 exceptional divisors are defined over Q one would need to
calculate the volume of a polytope with 19440 generators! An alternative
approach has been developed by Derenthal, Joyce and Teitler [7]. For V;
we have

1
Vo) = — 3.16
a(Vo) = =, (316)
as calculated by Derenthal in [3, Appendix].
For the sake of general edification, we present here an alternative proof
of (3.16) using the method developed by Peyre and Tschinkel [21]. The

constant «(Vp) is defined by Peyre [20] as the volume of the polytope
{t = (to, . ,t4) S A;/ﬂc(VQ) : (t, —KVO) = 1}

Here t € Pic(V)) ®zR is understood to mean toA+- - -+t3E3+t4(Fs+ Es),
with ¢g,...,ts € R. Recall that the effective cone Aeg(Vp) is generated by
the classes (2.7) in Pic(Vp). Then it follows that «(V}) is the volume of the

polytope

Stog—t1 —la—tz3 —ts =1,
to —tg,t1,ta,t3,t4 > 0,
P={teR’: ty—t;—t; >0 for (i,5) € {(1,2),(1,3),(2,3)},
2t0—t1—t2—t3—t4>0,
2ty — 2t; —ty > 0 for i € {1,2,3}

Eliminating t4, we are left with the the non-simplicial polytope

—14+3tg—t1 —tag —t3 >0,

1 —to,t1,t2,t3 > 0,
P={teR":ty—t;—t; > 0for (i,5) € {(1,2),(1,3),(2,3)}, . (3.17)

1 -2ty +1t1 +ta+13 >0,

1—t0—ti+tj+tk>Ofor{i,j,k}:{1,2,3}

We can calculate the volume of this using the software package polymake [9],
for example, the outcome being that (3.16) holds.

We now arrive at one of the most subtle aspects of the proof of the
theorem. In Section 3.3 we considered the effect of working with the main
term in the classic estimate (3.11), which in turn led us to estimate (3.12),
as discussed in Section 3.4. However, if one were to follow this course of
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action exactly, one would ultimately be led to a final main term of the
shape

1 4
=5 - 71 (Vo) - B(log B)”,

32
where 77 (Vp) is the product of local densities introduced above. One notes
immediately that % > % = a(Vp) and so somewhere along the way we
have over-counted things!

What is at fault here is our initial idea of approximating #(A NR) in
(3.10) by the volume of R divided by the determinant of A. We have failed
to observe that for some ranges of the parameters A1, Ao that appear in
(3.10) we will have #(ANR) = 0 even if the approximation vol(R)/ det A
is non-zero. Thus a further reduction on the set of allowable parameters
A1, A2 is necessary. Once taken into account this will eventually lead to the
expected main term that we see in the statement of the theorem.

For any R > 0 and coprime a,b < v/ B with ab # 1, define the region

max{a, b}t1 < Rio,
max{a, b}te < Riy,
max{a,b}3/R < tits,
tite < max{a,b}R

Va b(R) = (tl,tQ) S RQZI :

)

(3.18)

It can then be shown that the summation over A1, Ao is necessarily restricted
to (A1,X2) € V,u(R) for a suitable choice of R depending on B. Doing
so requires one to take into account all of the available symmetry in our
counting problem. Since we have \; | a? + (—1)%2, so it follows that there
exist ui, u2 € Z such that \ju; = a? + (—1)%?%. Switching between the \;
and the p; is a crucial ingredient in deriving some of the inequalities present
in the definition of V, ,(R). To illustrate a simple case let us indicate how
the first inequality max{a,b}A; < R\ arises in (3.18). We have already
recorded an expression for the volume of R in Section 3.3. With a little
extra work one is able to show that

R C [-eVX,eVX] x (0,¢/X/]a® — b?|],

where ¢ > 0 is an absolute constant and X = 2"\ A\ B/ max{a, b}. Given
that s # 0 and Ay | s for any (s,t) € AN R, it therefore follows that
A\ < VX, whence the first inequality in (3.18) is satisfied by (A1, \2) for
any R > 2VB.

The outcome of this analysis is that the function g in (3.12) should be
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replaced by

g(aab; R) = Z (1 *h)(d)xd1d2,d3(R)’
d|a*—b*
d;=gcd(d,a+(—1)"b)
ds=gcd(d,a?+b?)

for a suitable value of R > 1, where x4, +,(R) is the characteristic function
of the set (3.18) and h is such that g = 7% h in (3.13). Define the region

w; >0 for i € {1,2,3,4},
w1 +wz +wy < 1+ 2ws,
W =L weR*: 2wy +ws <1+ w; + wa, c [0, 1]%
3wy < 1+ wyp + we + 2ws,
w1 +wz + 2wz < 1+ wy

One easily checks that g(a,b; R) = h(L1, Lo, Q; R; W), in the notation of
(3.15), with the appropriate choices of L;, Q.

Once these changes are carried through one is ultimately led to a main
term of the shape vol(Wy) - 7 (Vo) - B(log B)*, where

1
w3 max{wy,ws, w3} < wy,
Wo = < (w1, we, —,wy) € W : 2 )
0 {( 1, W2, 2) 4) 2UJ4S1

We can calculate the volume of W using polymake [9], the outcome being
that vol(Wo) = 35 = a(Wp). The reader is invited to compare Wy with P in
(3.17). Both are polytopes in R* defined by a minimal set of 12 inequalities.

4. Further exploration

It remains to discuss a few of the ways in which the ideas in [3] and [2] could
be developed further. While it still seems hopeless to deal with the divisor
problem for binary forms of degree 5 or more, one could try to handle the
remaining binary quartic forms. In view of [2] and [6] it remains to handle
reducible binary quartic forms which factor as a linear form and a cubic
form, or as the product of two quadratic forms, or split completely as the
product of four linear forms. All of this seems doable and would no doubt
prove useful in related counting problems of the nature considered in our
theorem.

Problem 4.1. Establish analogues of [2] and [6] for other reducible binary
quartic forms.
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Returning to the Manin conjecture, it is very natural to wonder how
far the ideas behind the proof of the theorem can be extended to other
surfaces.

Problem 4.2. FEstablish the Manin conjecture for other conic bundle del
Pezzo surfaces of degree 4.

A good starting point would be to consider the family of surfaces V C P4
defined by (1.2) and

2 2 2 2 2
Do(x0,...,T4) = coxy + 127 + C2x5 + C3x5 + Caxy.

It is easy to check that V will be non-singular if and only if ¢y - - - ¢4 # 0 and
coc1 # cac3. In attacking Problem 4.2 one might also begin by considering
only those V for which the corresponding conic bundle morphisms have a
section such as for the surface considered in the theorem. This is equivalent
to the map V(Q) — P*(Q) being surjective. Assuming this to be the case
there will still be considerable work to be done, since the corresponding
fibres take the shape

fila,b)z? + fa(a,b)y® + cs2® =0,

for binary forms fi(a,b) = cpa? + c3b? and fao(a,b) = coa? + c¢1b?. Thus
one is led to Problem 4.1 for the case in which f; fo factors over Q as the
product of two quadratic forms or splits completely.

It would be even more interesting to handle a non-singular del Pezzo
surface of degree 4 with a conic bundle structure, for which the morphism
V — P! does not possess a section.

Problem 4.3. Establish the Manin conjecture for a conic bundle del Pezzo
surface of degree 4 whose morphisms to P' do not have a section.

Thus far we have dealt only with non-singular del Pezzo surfaces of
degree 4. One might ask how far things can be pushed for the corresponding
surfaces of degree 3: ie. non-singular cubic surfaces V C P? defined over Q.
In this setting one should take U = V \ {27 lines}. The following table
summarises some of our progress to date:
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| who? | Nu.u(B) | conditions? |

Slater & Swinnerton-Dyer | > B(log B)"*kPic(V)=1 [ 2 skew

[23] lines /Q

Heath-Brown [12] < B3te 3 coplanar
lines /Q

Hooley [16] < Bite V diagonal
& 1 line /Q

Salberger (in preparation) | < B7 ¢ —

It should be remarked that Heath-Brown’s result covers the Fermat
cubic surface z3 + 3 + 3 + 23 = 0. This particular surface has already been
the object of much study. Previously, Hooley [15] had used exponential sums
to show that Ny g (B) = O.(B3%€) for any € > 0. Later, a much shorter
proof of this estimate was provided by Wooley [26], and it is the ideas in
this argument that provided the inspiration behind Heath-Brown’s sharper
bound in [12]. With the latter result in mind we end with the following
challenging problem.

Problem 4.4. Prove an upper bound of the shape Ny g(B) = Oy (B?),
with 6 < 4/3, for a single non-singular cubic surface V C P3.

In attacking Problem 4.4 it makes sense to start by analysing a cubic
surface with a conic bundle structure. The example

xoz1(zo + 1) = zows (22 + x3)

seems worthy of attention.

References

1. R. de la Breteche and T.D. Browning, Sums of arithmetic functions over
values of binary forms. Acta Arith. 125 (2007), 291-304.

2. R. de la Breteche and T.D. Browning, Le probleme des diviseurs pour des
formes binaires de degré 4. Submitted, 2008.

3. R. de la Breteche and T.D. Browning, Manin’s conjecture for quartic del
Pezzo surfaces with a conic fibration. Submitted, 2008.

4. T.D. Browning, An overview of Manin’s conjecture for del Pezzo surfaces.
Analytic number theory — A tribute to Gauss and Dirichlet (Gdottingen, 20th
June — 24th June, 2005), 39-56, Clay Mathematics Proceedings 7, AMS,
2007.

5. T.D. Browning and D.R. Heath-Brown, Counting rational points on hyper-
surfaces. J. reine angew. Math. 584 (2005), 83-115.



10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

QUANTITATIVE ARITHMETIC OF DEL PEZZO SURFACES 19

. S. Daniel, On the divisor-sum problem for binary forms. J. reine angew.

Math. 507 (1999), 107-129.

U. Derenthal, M. Joyce and Z. Teitler, The nef cone volume of generalized
Del Pezzo surfaces. Algebra & Number Theory 2 (2008), 157-182.

J. Franke, Y.I. Manin and Y. Tschinkel, Rational points of bounded height
on Fano varieties. Invent. Math. 95 (1989), 421-435.

. E. Gawrilow and M. Joswig, polymake: a framework for analyzing convex

polytopes. Polytopes—combinatorics and computation (Oberwolfach, 1997),
43-73, DMV Sem. 29, Birkhauser, 2000.

G. Greaves, On the divisor-sum problem for binary cubic forms. Acta Arith.
17 (1970), 1-28.

R. Hartshorne, Algebraic Geometry, Springer-Verlag, 1977.

D.R. Heath-Brown, The density of rational points on cubic surfaces. Acta
Arith. 79 (1997), 17-30.

D.R. Heath-Brown, Counting rational points on cubic surfaces. Astérisque
251 (1998), 13-29.

D.R. Heath-Brown, The density of rational points on curves and surfaces.
Annals of Math. 155 (2002), 553-595.

C. Hooley, On the numbers that are representable as the sum of two cubes.
J. reine angew. Math. 314 (1980), 146-173.

C. Hooley, The density of rational points on cubic surfaces. Glasgow Math.
J. 42 (2000), 225-237.

F.-S. Leung, Manin’s conjecture on a non-singular quartic del Pezzo surface,
D.Phil thesis, Oxford 2008.

Y.I. Manin, Cubic forms, 2nd ed., North-Holland Math. Library 4, North-
Holland, Amsterdam, New York and Oxford, 1986.

M. Nair, Multiplicative functions of polynomial values in short intervals. Acta
Arith. 62 (1992), 257-269.

E. Peyre, Hauteurs et nombres de Tamagawa sur les variétés de Fano. Duke
Math. J. 79 (1995), 101-218.

E. Peyre and Y. Tschinkel, Tamagawa numbers of diagonal cubic surfaces of
higher rank. Rational points on algebraic varieties, 275-305, Progr. Math.,
199, Birkh&user, 2001.

B. Segre, A note on arithmetical properties of cubic surfaces. J. London Math.
Soc. 18 (1943), 24-31.

J.B. Slater and P. Swinnerton-Dyer, Counting points on cubic surfaces. I.
Astérisque 251 (1998), 1-12.

P. Swinnerton-Dyer, Diophantine equations: progress and problems. Arith-
metic of higher-dimensional algebraic varieties (Palo Alto, CA, 2002), 3-35,
Progr. Math. 226, Birkh&auser, 2004.

O. Wittenberg, Intersections de deur quadriques et pinceaur de courbes de
genre 1. Lecture Notes in Math. 1901, Springer-Verlag, 2007, viii+218 pp.
T.D. Wooley, Sums of two cubes. Internat. Math. Res. Notices 4 (1995),
181-185.



20

ADDITIVE REPRESENTATION IN THIN SEQUENCES,
VIII: DIOPHANTINE INEQUALITIES IN REVIEW

JORG BRUDERN, KOICHI KAWADA AND TREVOR D. WOOLEY
Jorg Briidern

Institut fiir Algebra und Zahlentheorie, Universitat Stuttgart,
70511 Stuttgart, Germany
E-mail: bruedern@mathematik.uni-stuttgart.de

Koichi Kawada

Department of Mathematics, Faculty of Education, Iwate University,
Morioka, 020-8550 Japan
E-mail: kawada@iwate-u.ac.jp

Trevor D. Wooley

School of Mathematics, University of Bristol,
University Walk, Clifton, Bristol BS8 1TW, United Kingdom
E-mail: matdw@bristol.ac.uk

Recent developments in the theory of diophantine inequalities and the
Davenport-Heilbronn method are discussed and then directed toward specific
inequalities of definite character. Special emphasis is on the value-distribution
of diagonal forms near thin test sequences.

1. Theme and results
1.1. Diophantine inequalities

The focus of our attention in this survey article is the distribution of the
values of the diagonal form

Mah 4+ Aoz + -+ N2k, (1.1)
as ri1,...,Ts range over Z or an interesting subset thereof; here s > 2 and
k > 1 are given integers and Ai,...,\s are non-zero real numbers. Our

goal is twofold. In one direction we wish to emphasise recent developments
in the analytic theory of diophantine inequalities, in another discuss the
potential of methods developed in earlier papers of this series pertaining
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to this circle of ideas. Some basic principles are also readdressed herein, so
that the paper should introduce the uninitiated reader to the subject.
When the polynomial (1.1) is a real multiple of a form with integer
coeflicients, its values are discrete and can be studied by classical methods
as well as the techniques developed in this series. The complementary case,
in which (1.1) is not a multiple of a rational form, arises when at least one of
the ratios A1 /A; (2 < j < ) is irrational, and by renumbering the variables,
we shall from now on suppose that A; /g is irrational. In this situation, and
when s > k41, one expects that the values of (1.1) are dense on the real line
unless k is even and all A\; have the same sign. In the latter case, one might
hope that the gaps between these values shrink to zero as they approach
infinity. When k = 1, this is classical territory as long as the variables x; are
allowed to vary over the integers, but, for example, much less is known about
the distribution of Aip1 + A2p2 when pi, p2 denote primes. When k = 2, an
affirmative theorem is available for indefinite quadratic forms from the work
of Margulis [28] (see also [19]), and also for the definite case when s > 5.
This was shown by Gotze [25], following the pivotal contribution by Bentkus
and Gotze [2]. Their work may be viewed as a formidable refinement of a
Fourier transform method developed by Davenport and Heilbronn [17]. This
very general method is a variant for diophantine inequalities of the famous
circle method of Hardy and Littlewood that delivered enormous insight into
the labyrinth of diophantine equations during the last century. Davenport
and Heilbronn themselves studied the indefinite case k = 2 of (1.1) and
showed that the values taken at integer points are dense on the real line.
Their pioneering paper was the igniting spark for much work on related
questions. It would take us too far afield to sketch the development of the
subject at large, so instead we follow a fruitful tradition in additive number
theory, where new ideas have often been tested on Waring’s problem for
cubes or on Goldbach’s problem. Thus, we now concentrate on the case
k=31in (1.1), and later move on to the value distribution of A\1p1 + Aapa,
although the methods that we develop apply in a much wider context.

1.2. Additive cubic forms

We discuss a slightly narrower problem from now on, by enforcing a kind of
definiteness. Let A1,..., s denote positive real numbers, to be considered
as fixed once and for all. For 0 < 7 < 1 and v > 0, let ps(7,v) be the
number of solutions of the inequality

M2 + Xoxs + -+ A2 — v <7 (1.2)
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in natural numbers z;. Note that for any solution counted here one has
r; K v1/3. In accordance with our earlier remarks, we still expect the gaps
among large values of \1x$ + Aoz + - - - + A3 to shrink to zero provided
that s > 4 and A; /A2 is irrational. One anticipates that ps(7,v) should be
large when 7 is fixed and v is large. The work of Freeman [21], [22] applies to
this problem, and so does the refinement by Wooley [44], and it is implicit
in the latter that for 7 fixed, one has

pr(T,v) > V43, ps(T,v) = 01/5/3(1 +o(1)). (1.3)

Here c is a certain positive constant depending only on 7 and the coefficients
Aj. Freeman and Wooley consider in detail a different scenario: v is fixed,
one counts solutions of (1.2) in integers z; with |z;| < X, and examines
the growth for X — oo. Little change is necessary to derive the “definite”
versions (1.3) by the arguments of Wooley [44], but older routines based on
the original work of Davenport and Heilbronn [17] do not apply. Instead
one would find only that (1.2) has infinitely many solutions in integers x;.

Thus far, the situation is in direct correspondence to what is known
when the cubic form in (1.2) is a multiple of a rational form. Focusing
on this case temporarily, when 7 is sufficiently small, the inequality (1.2)
reduces to an equation. Hence there is no loss in assuming here that all A;
are natural numbers, and that the equation is

Al 4 doxs + -+ Nz = (1.4)

Let ps(v) denote the number of its solutions with x; € N. The methods
of Vaughan [33], [34] provide the lower bound p7(v) > &7(v)v*/3, and
the asymptotic formula pg(r) = CGg(v)v>/?(1 4 o(1)), where G4(v) is the
singular series associated with (1.4), and C'is a positive constant depending
only on the );. Similar formulae are expected when s > 4, and are at least
implicitly known on average. In fact, the envisaged formula for p4(v) holds
for all but O(N(log N)~3) of the natural numbers v not exceeding N.
This much follows from the work of Vaughan [33] and Boklan [3]. For an
analogue in the irrational case, one must first address the question of how
one should average over the now real number v. One could choose a discrete
sequence of test points that are suitably spaced, and then count how often
an asymptotic formula for ps(7,v) fails. Alternatively, one may estimate
the measure of all such real v € [1,N]. Only very recently Parsell and
Wooley [31] proved that this measure is o(N). As an illustration of the
averaging process, we improve their estimate when A;/\g is an algebraic
irrational. The result, which we deduce as a consequence of Theorem 2.1
in §2.3 below, fully reflects the current state of knowledge for forms with
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integer coefficients, but it appears difficult to do equally well under the sole
assumption that A;/Ag is irrational.

Theorem 1.1. Let A1, Ao, A3, A denote positive real numbers with A1 /A2
irrational and algebraic. Then, whenever (log N)™3 < 7 < 1, one has

r

Previous articles within this series exposed methods for testing the con-

2T(4)3rp1/3

2
P4(7’, V) — m dv < T3/2N5/3(10g N)673/2.
1NA2A3N\4

jectural behaviour of counting functions such as ps(v) when v varies over
a thin sequence, for example the values of a polynomial. A typical result is
contained in Theorem 1.1 of IIT* that we now recall. It will be convenient
to describe a polynomial ¢ € RJt] of degree d > 1 as a positive polynomial
if its leading coefficient is positive. If ¢ € Q[t] and ¢(n) is integral for all
n € Z, then ¢ is an integral polynomial. Let r5(n) be the number of positive
solutions of n = 2% + x3 + - -+ + 23. Then, for any 0 < § < 3, the inequality

Ire(v) — T'(2)S¢(v)v| > v(logv)~?

can hold for no more than O(N (log N)?~5/2%¢) of the values v = ¢(n)
with n < NV assumed by a positive integral quadratic polynomial ¢. There
is no difficulty in extending this to forms with positive integral coeflicients.

Our primary concern in the later chapters of this paper is to describe
methods that allow one to derive similar results in the context of diophan-
tine inequalities. Later we will comment on some of the difficulties that
arise, and we shall find the desired generalisation not as straightforward as
one might hope. A conclusion for pg(7,v) of strength comparable to the
aforementioned theorem on r4(v) is contained in the next result, the proof
of which may be found in §5.2.

Theorem 1.2. Let ¢ denote a positive integral quadratic polynomial, and
let A1,..., ¢ denote positive real numbers with \1 /A2 irrational. Also, let
0 < 7 < 1. Then there ezists a function {(v), with £&(v) = o(1) as v — oo,
such that the inequality

1p6(r,v) = 2D(2)5 (A1 -+ Xg) V70| > vE(v)

holds for at most O(N (log N)s=°/2) of the positive values v = ¢(n) with
1<n<N.

*Here and later we refer to our papers “Additive representation in thin sequences” by
their numeral within the series, I-VII. Hence, III refers to [9], for example.
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One might object that although it is rather natural to average over the
values of an integral polynomial in the case of diophantine equations, this
is not adequate for inequalities, and one should take the values of a real
polynomial as test points, or even a monotone sequence with a certain rate
of growth. In principle, our methods still apply in this wider context, but
some techniques such as certain divisor estimates do no longer have their
full impact on the problem at hand, and the ensuing results are sometimes
considerably weaker. We illustrate this in §§6.2 and 6.3 with an analysis of
following example.

Theorem 1.3. Let ¢ denote a positive quadratic polynomial, and let
A1, ..., A¢ denote positive real numbers for which A\ /A2 is irrational. Fiz
0 < 7 < 1. Then, there exists a real number ¢ > 0 such that, for all but
O(N?3/27) of the integers n € [1, N], one has pe(T, d(n)) > co(n).

We have not been able to establish the expected asymptotic formula
almost always when ¢ is not an integral polynomial. Theorem 1.3 should
also be compared with Theorem 1.1 of I where the exceptional set is shown
to be O(N1'9/28) when pg(7,v) is replaced by r(v).

Similar results for forms in five variables are not yet available. This ap-
plies even to the simplest examples in the rational case: it is not known
whether almost all squares are the sum of five positive cubes. In such situa-
tions our methods can sometimes be turned toward a lower bound estimate.
The idea is discussed in detail in IV, and then used to show that when ¢ is
a positive integral quadratic polynomial, then amongst the integers n with
1 < n < N, the equation ¢(n) = z3 + -+ + 23 has solutions with z; € N
for at least N'2%/136 values of n (see Theorem 1.1 of IV). In §6.4 we prove
a result of similar flavour.

Theorem 1.4. Let ¢ denote a positive quadratic polynomial, and let
A, ..., A5 be positive real numbers with A1 /Ao irrational. Fiz 0 < 7 < 1.
Then ps(7,¢(n)) > 1 for at least N3/* natural numbers n € [1, N.

Cubic forms in seven variables, in the rational case, have also been
discussed in III and VII, although only in the context of sums of cubes.
Moments of r¢(n) over polynomial sequences are one of the objectives in
VII, and in particular, Theorem 1 of VII contains an asymptotic formula
for the sum

> ral¢(n)?

n<N
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when ¢ is a positive integral quadratic polynomial. The result coincides with
the formula that arises from summing the leading term in the anticipated
asymptotic expansion of 77 (). Similarly, under the assumptions of Theorem
1.3 (suitably adapted to the current context with seven variables), one can
derive an asymptotic formula for

S prlr, o).

n<N

It suffices to follow the pattern laid out in VII, but the argument is simpler
in the absence of a singular series, and we spare the reader any detail.

1.3. Linear forms in primes

We now turn to the value distribution of the binary form A1p; + Aop2 with
positive coefficients A1, Ay and large prime variables p1, po. When A\ /Aq is
rational, we may as well suppose that A\, A2 € N, and one then wishes to
solve A1p; + Aop2 = n for a given natural number n. A necessary condition
is that A\1x1 + Aexs = n mod 2A1 A2 has a solution in integers x1,z2 both
coprime to 2A1 Ay (the congruence condition). It is at least implicit in the
work of Montgomery and Vaughan [29] and of Liu and Tsang [27] that the
number of natural numbers n < N which satisfy the congruence condition,
but have no representation in the form n = Ap; + Aaps, does not exceed
O(N'~?), for some § > 0. Pintz has recently announced that one may
take any § < % here, at least when A\; = Ay = 1. A result of comparable
strength is available for the irrational case A\1/A2 ¢ Q when this ratio is
algebraic. This was observed by Briidern, Cook and Perelli [6]. We illustrate
the underlying idea in the second half of §2.3 with a related result. For
0<7<1andv>0,let o(r,v) denote the number of prime solutions to

[A1p1 + Aep2 —v| < T, (1.5)
with each solution pi, ps counted with weight (logp1)(log p2).

Theorem 1.5. Let A1, A2 denote positive real numbers such that A\ /s is
an algebraic irrational. Then, for any A > 1, the set of real numbers v with
1 <v <N, for which

2Ty TV

el ~ Tog M)A

o(t,v) — (1.6)

has measure O(T~ ' N?/3+%) uniformly in 0 < 1 < 1.
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For comparison, Parsell [30] works under the weaker hypothesis that
A1/A2 is irrational, and obtains a result that is essentially equivalent to

N
/ }0(7, V)= 2V 4y = o(N9), (1.7)
0 A1 A2

Our method also gives a proof of (1.7), as well as an improvement when
A1/ A2 is algebraic, but not by a power of N. Limitations arise from our cur-
rent knowledge concerning the zeros of the Riemann zeta function. Thus,
when A1 /g is algebraic, one may apply the methods described below to con-
firm that the integral on the left hand side of (1.7) is O(N?3 exp(—cy/Tog N))
for some ¢ > 0, and with only moderate extra effort one obtains a saving
that corresponds to the sharpest one currently known in the error term for
the prime number theorem.

Next, we investigate averages over polynomial sequences. Theorem 1
of IT asserts that there is a constant § > 0 such that, for any positive
integral polynomial ¢ of degree d, the number of even values of ¢(n) with
1 < n < N that are not the sum of two primes does not exceed O(le‘s/d).
In the irrational case we require A;/A2 to be algebraic, and the conclusion
is decidedly weaker. In §5.6 we sketch a proof of the following result.

Theorem 1.6. Let A1, Ao denote positive real numbers such that A1 /g is
an algebraic irrational. Fix 0 <7 <1 and A > 1. Let ¢ denote a positive
polynomial of degree d, and let E4(N) denote the number of integers n with
1< n <N for which the inequality (1.6) holds with v = ¢(n). Then, there
is an absolute constant 6 > 0 such that

Ey(N) <« N1=%/(dlgd),

In the absence of the hypothesis that A;/A\s be algebraic, it seems
difficult to establish a quantitative bound for E4(N), but proving that
E4(N) = o(N) is straightforward. In chapter 4 we average over even thin-
ner sets. Briidern and Perelli [15] have a corresponding result on Goldbach’s
problem.

Theorem 1.7. Let A1, A2 denote positive real numbers such that A1 /g is
an algebraic irrational. Fir 0 <7<l and A>1. Let 1 <y < %, and write
o(t) = exp((logt)?). Let E4(N) be the number of natural numbers n with
1< n <N for which the inequality (1.6) holds with v = ¢(n). Then, there

is a kK > 0 such that

E4(N) < N exp(—#(log N)>~27).
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1.4. Further applications

Various other examples of averages over thin sequences can be found in
I-VI, and one may extend most of them to diophantine inequalities along
the lines indicated above. We single out two results from V and VI that
concern the form (1.1) when the degree k is large. Theorem 1.5 of V shows
that whenever s > Zklogk + O(kloglogk) and ¢ is a quadratic, positive
and integral polynomial, then for almost all n € N the number ¢(n) is the
sum of s positive k-th powers. This may be somewhat surprising, because
one cannot do substantially better in the seemingly simpler problem in
which the quadratic polynomial ¢(n) is replaced by a linear one; the lower
bound on s required here is again of the type s > %k logk + O(kloglogk).
This much is implicit in the work of Wooley [40].

Now suppose that A\jz¥ 4 --- 4+ A\,z¥ is an irrational form with positive
coefficients, and let 0 < 7 <1 and v > 0. Let py s(7, v) denote the number
of solutions of the inequality

|)\1xlf+/\2x§+---—|—/\sx];—u|<r

in positive integers x; (whence pss = ps in the notation of §1.2). One
can now combine the methods used to prove Theorem 1.2 in this paper
with the strategy explained in V to confirm that whenever ¢ is a positive
integral quadratic polynomial and 7 is fixed, then for almost all n, one has
pr,s(T, ¢(n)) > 0, provided only that s > Tklogk + O(kloglogk). This is a
proper analogue of the aforementioned result on Waring’s problem. For a
general real polynomial, as we discover in §6.7, the problem is more difficult.

Theorem 1.8. Let A1,...,As be positive real numbers, and suppose that
A1/ Ao is irrational. Let 0 < 7 < 1. Let ¢ be a positive quadratic polynomial.
Then there is a number so(k), with so(k) = 3klogk + O(kloglogk), such
that whenever s > so(k), then for almost all n one has pg (7, $(n)) > 0.

Similar conclusions can be obtained when ¢ is a polynomial of degree
d > 3, by a method akin to that used to establish Theorem 1.6.

One may also ask whether the form (1.1) takes values near an arithmetic
sequence, such as the primes. This theme was discussed in VI, and we derive
in §6.8 an analogue of Theorem 1 from that paper.

Theorem 1.9. Suppose that all Dirichlet L-functions satisfy the Riemann
hypothesis. Let A\; be as in Theorem 1.8, and suppose that s > §k+2. Then,
the integer parts of My + Aoxk + - 4+ X2 are prime infinitely often for
natural numbers x;.
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1.5. A related diophantine inequality

A polynomial ¢ € R[t] is described as rrational if it is not a real multiple of
an integral polynomial. It is in this case that our results are usually rather
weaker than their equation counterparts in other papers of this series; for
integral polynomials we experienced little difficulty in extending our ideas
for averaging over polynomial values to diophantine inequalities. In part,
this is due to the available estimates for the number of solutions of such
inequalities as

> (@) = otmy)| <1, (1.8)

Jj=1

t
in natural numbers nj,m; < N. These differ substantially according to
whether ¢ is integral or irrational. Auxiliary bounds of this type are also
relevant for a class of diophantine inequalities recently discussed by Freeman

[24]. He considers a set of s non-zero positive polynomials

d
Bi(t) = Aut' (1<j<s)
=1

without constant terms, and of degree at most d. Suppose that at least one
of the ratios Aj;/Agm is irrational. The number pg (7, ) of solutions of

[p1(x1) + -+ + Ps(xs) — V| < T, (1.9)

in positive integers, generalises the counter py s(7, V) in a natural way. Free-
man’s result is that there is a number so(d), with so(d) ~ 4dlogd, and such
that for fixed 7 > 0 and large v one has pg(7,v) > 1 (see Theorem 2 of [24]).
Our investigation of (1.8) in §5.5 implies the following result, which we es-
tablish in chapter 7.

Theorem 1.10. For any d € N, there exists a number s1(d) with s1(d) ~
2d%logd and the following property. When ¢1,...,¢s are polynomials of
respective degrees di, . ..,ds at most d subject to the conditions described in
the preceding paragraph, then

pe(T,v) = c(d)TvP ™t +o(vP 1),
in which D = d;y* 4 ---4+d;" and

() = or(14dyh)...T(1+dh)
(D) AV




ADDITIVE REPRESENTATION IN THIN SEQUENCES 29

Under the current stipulations on ¢, the inequality (1.9) implies an
upper bound on x;, whence the problem remains “definite”. Freeman [24]
also considers a cognate “indefinite” problem, and the corresponding ana-
logue of Theorem 1.10 follows mutatis mutandis. These results are the first
recorded instances of asymptotic formulae for pg (7, v).

The individual chapters of this memoir are equipped with sections that
describe the methods used herein in greater detail than would be possi-
ble at this point. The next chapter is intended as an introduction to the
Davenport-Heilbronn method. Emphasis is on newer techniques that yield
asymptotic formulae. In particular, we discuss a central contribution from
the work of Bentkus and Gétze [2] and of Freeman [21]. Rather than follow-
ing their line of thought, we describe their device as an interference estimate
for certain major arcs (Theorems 2.3 and 2.4). This yields an independent
approach to asymptotic formulae for diophantine inequalities. In chapter
3, the work of chapter 2 is then illustrated with proofs for Theorems 1.1
and 1.5. A classical use of Plancherel’s identity suffices here. In chapter 4,
a discrete mean square approach is explained within a proof of Theorem
1.7. In chapter 5 we discuss the averaging tools from earlier papers in this
series, that are then used to establish Theorems 1.2 and 1.6. Along the way,
new mean value estimates for certain Weyl sums are obtained in §§5.4-5.5.
The next chapter combines the ideas from chapter 5 with mean values of
smooth Weyl sums, and also describes a lower bound method that was in-
troduced in IV. The final chapter is an appendix on the problem described
in Theorem 1.10.

The notation used in this memoir is standard, or otherwise explained
at the appropriate stage of the proceedings. We write e(a) = exp(27mia).
The distance of a real number « to the nearest integer is ||«||. The integer
part of « is [a], and [a] is the smallest integer n with n > a. We apply
the following convention concerning the letter e. Whenever € occurs in a
statement, it is asserted that this statement is true for all real € > 0, but
constants implicit in Landau or Vinogradov symbols may depend on the
actual value of e.

2. The Fourier transform method
2.1. Some classical integrals

We begin with a review of the Fourier transform method, as pioneered
by Davenport and Heilbronn. The scene is set up to cover more recent
developments which yield asymptotic formulae, not only accidental lower
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bounds. Before we can embark on details, a few classical integral formulae
are required that we now collect.

The Fourier transform of an integrable function w : R — C is

i) = [ " wy)e(—ey)dy, (2.1)

and for any positive real number 7, the functions

wy () = n( )2, @, (x) = max (o, 1- %) (2.2)

are Fourier transforms of each other. Note that w and @ are non-negative.
One can use (2.3) to construct a continuous approximation to the indicator
function of an interval. When 7 > 0 and § > 0, define W, 5 : R — [0,1] by

sin mx

™

1, for |x| < T,
Wrs(x) =< 1— (x| —7)/5, forT<|z| <7+,
0, for |x| > 7+ 4.
By (2.3), one has
T\ ~ T
W,s(2) = (1 + E)wTJr(;(x) — S (2). (2.3)

Before we return to diophantine inequalities, we apply the function
wy(z), given by (2.3), to define a measure d,z on R with the property
that for any bounded continuous function ¥ : R — C and a measurable set
B, one has

[ v = [ vy (2.4)

We omit explicit mention of the range of integration when B = R. This
convenient notation avoids repeated occurences of the kernel w, in most of
the many integrals to follow.

2.2. Counting solutions of diophantine inequalities

The basic idea that underpins the strategy followed by Davenport and Heil-
bronn [17] is best explained in broad generality. Consider the polynomial
F € Z|z1,...,zs], and suppose that u : Z° — [0,00) is a weight that van-
ishes outside a finite subset of Z*®. In practice u will be supported in a box
depending on a size parameter, say B. For a positive real number 7, we
then wish to evaluate the sum

Plriu)= > u(x), (2.5)
Foo) <~
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at least asymptotically, as B — oo. This is approached through the cognate
yet analytically simpler expression

P*(riu) = Y u(x)d-(F(x)). (2.6)

xXEZL*®

Occasionally, we shall use also the clumsier notation Pg(7;u), Pr(7;u) to
point out the dependence on F' more explicitly. If only a lower bound for
P(7;u) is desired, then it will suffice to proceed through the inequality

P(r;u) > P*(r;u) (2.7)

that is readily inferred from (2.3), (2.5) and (2.6). Moreover, it is an exercise
in elementary analysis to show that an asymptotic formula for P*(7;u)
implies a related one for the unweighted counter P(7;u). If one has to take
care of error terms, this needs some dexterity. There are several ways to
perform the transition. Freeman [22] and Wooley [44] describe a sandwich
technique. Another option is to choose § in the range 0 < § < %7. Then
observe that

P(riu) < 3 u(x)Wrs(F(x)). (2.8)

XEZL?

an upper bound that uses only the definition of W 5 and the non-negativity
of u(x). However, when 0 is much smaller than 7, the right hand side here
should be approximately equal to P(7;u). In fact, the difference between
the left and right hand sides of (2.8) arises only from solutions of 7 <
|F'(x)] < 7+, and by taking into account the actual definition of W s,
we find that

P(riu) > Y u(x)Wrs(F(x) = Pr_,(§;u) = Ph(5;u).
XELS

We may combine these inequalities and apply (2.4) to conclude as follows.

Lemma 2.1. Let 0 < § < %7’. Then, in the notation introduced in this
section, one has

P(r;u) = (1 + %) P*(r + d;u) — %P*(T;u) - FE,

where E satisfies the inequalities 0 < E < PL, (d;u) + Pr__ (0;u).



32 JORG BRUDERN, KOICHI KAWADA AND TREVOR D. WOOLEY

2.3. Weighted counting

With the transition relations in (2.7) and Lemma 2.1 now in hand, we may
concentrate on P*(7;u). By (2.1), (2.3), (2.6) and (2.6) we have

P*(1;u) z/ Z e(aF (x))u(x)d,a. (2.9)
XEZL?
It then suffices to establish an asymptotic formula for P*(7;u); a mild
uniformity in 7 comes with it at no cost so that Lemma 2.1 yields the
desired formula for P(7;u).

The integral (2.9) is the starting point for the Davenport-Heilbronn
method. Before we enter this subject, we make the rather abstract dis-
cussion in §2.2 more concrete and show how this can be used to reduce
the proofs of Theorems 1.1 and 1.5 to related weighted versions of these
theorems.

We begin with additive cubic forms. The classical Weyl sum

fla) = Z e(az?®) (2.10)

<X
will be prominently featured. When A1, ..., A\ are positive we choose
X =20 P AT L )N, (2.11)

Then, for any solution of [Ajz3 + -+ + As23 — v| < 1 with v < N, one
has z; < X. Hence, we may take F' = A\jz$ + -+ 4+ A\;22 — v and u(x)
as the indicator function on the box 1 < z; < X (1 < j < s). Then
ps(7,v) = Pp(7;u) in the notation of the previous section, and the weighted
analogue P%.(7;u) now becomes

pi(r) = / Faa) - Fra)e(~va)dsa,

as a special case of (2.9). In this form, Lemma 2.1 shows that whenever
0<o< %7’, one has

ps(T,v) = (1 + %)p;(T +6,v)— %p;(T, v)+ O(p:(& v+71)+ pi(0,v— 7'))
(2.12)

For Theorem 1.2, we will have to work directly from this formula; see
the last part of §5.2. In order to establish Theorem 1.1, on the other hand,
we take s = 4, and invoke the following weighted variant which involves the

moment
N T(4)37,1/3
T(T,N):/ (5)°rv
0

pZ(T, V) — W dv. (213)
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Theorem 2.1. Let A1, A2, A3, Ay be positive real numbers with A1/ irra-
tional and algebraic. Then, uniformly in (log N)™2 <7 < 1, one has

T(r,N) < 7N°/3(log N)*3.

This will be proved in §§3.1-3.3. For the time being, we take Theorem
2.1 for granted and deduce Theorem 1.1. One uses (2.12) together with the
identity
2
T T

2r = (1+7) -
T + 5 (T+9) 3
within the integral in Theorem 1.1. Then, by (2.13) and the trivial inequal-

ity |a+ 8)? < 2(Ja|? + |8/?), one finds that

’

<<(

5 (2.14)

2F(§)3Tl/1/3

Sk ¥ L
pa(T,v) e 173 v

T

9 2N
5 XN+ TEN) + [ i) v+ 2N
0

holds uniformly for 0 < § < 47 < 4. The term N°/35? arises from integrat-
ing the term —¢ in the expansion of 27, and the integral on the right hand
side stems from the error terms p*(d,v &+ 7) in (2.12). A similar argument
gives

2N

2N
/ |pi (8, v)[Pdv < Y(8,2N) +/ 23524y,
0 0

and thus we conclude that

/N 2F(%)3TV1/3
0

SRk S: PR, I
pa(T, ) TS SWIE v
<<(

-
5
The conclusion of Theorem 1.1 now follows from Theorem 2.1 on taking
0= %73/4(log N)=3/4,

Similar techniques yield Theorem 1.5, but the details are more involved.
For A1, Ay > 0 we study the linear problem (1.5). In this new context, put

X =200 '+ A+ )N, (2.15)

)Q(T(T 16, N) +X(r, N)) + T (6,2N) + §2N°/3,

and observe that for any ¥ < N and any solution of (1.5), one has p; < X.
In (2.5) we insert F = A\z1 + doxo — v, and set u(x1,x2) = 0 unless
X1, X2 are primes p1, p2 not exceeding X, in which case we take u(p1,p2) =
(log p1)(log p2). In the notation of Theorem 1.5 and that used in §2.2, we
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see that o(7,v) = Pp(r;u). By (2.6) and (2.9), the formulae for P*(7;u)
mutate into

o*(t,v) = /h()\la)h(x\ga)e(—ua)dToz,

where now

h(a) =) (logp)e(ap)

p<X

is a Weyl sum over primes. The formula (2.12) remains valid, with ps, p%
replaced by o, 0*, respectively. We conclude as follows.

Theorem 2.2. With the hypotheses of Theorem 1.5, for any A > 1, there
is a measurable function E;(v) such that, for 1 <v < N, one has

TV

on * E-(v) +O(rN(log N)~4)

o*(r,v) =
and

N
/ |E,(v)|?dv < TNB/3Fe,
0

We defer the proof of this result to §3.4, for now is the moment to
deduce Theorem 1.5. Observing that the desired conclusion is trivial when
7 is smaller than N~1/3, we are entitled to assume the contrary. Equipped
with the newly interpreted versions of (2.12) and (2.13), with ¢ in place of
ps, we deduce from (2.14) that for 0 < § < 17, one has

ov
Ao

2TV T T
U(Tv V) - Mo = (1 + S)E‘r—i-é(y) - gE-,—(V) +

2
+O(a*(5,u—|—7’) +o"(0,v—1)+ 7-FN(logN)_&“).

Choosing 6 = 7(log N)~*4, it is an easy exercise in the theory of uniform
distribution to show that

(log N)20*(6,v) < card {n,m < X : |\in + dam — v| < 6} < SN.

Here it is worth recalling that X =< N and \;/As is algebraic, and thus one
even obtains an asymptotic formula for the counting problem in the middle
term. The formula central to our discussion now reduces to

_ TN
(log N)24°

2T

oy | < (e M) A (Brs()] + B () +

o(t,v) —

(2.16)
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Next, consider any real number v € [%N , N for which the inequality (1.6)
holds. Then, by (2.16), one of the two inequalities

TN TN

|E()|_W or |E;is(v )|_W

must also hold. However, by Theorem 2.2, the measure of all v < N, for
which this lower bound for |E;(v)| holds, cannot exceed

(10g N)12A N B

T 2N |E,(v)Pdv < 77 N?/tE

Since the same argument may be applied to E,45(v), the conclusion of
Theorem 1.5 follows via a dyadic dissection argument.

2.4. The central interval

As remarked earlier, the Davenport-Heilbronn method for diophantine in-
equalities embarks from (2.9). Whenever it succeeds, an asymptotic formula
is produced where the main term arises from an interval centered at the
origin, hereafter called the central interval. It has become common to refer
to the latter interval as the major arc, by analogy with the circle method,
but we reserve the term “major arcs” for classical major arcs.

We proceed in moderate detail and discuss the central interval for the
integrals p*(7,v) and o*(7,v). Our treatment of p*(7,v) can be taken as a
model for any other application of the Fourier transform method to definite
diophantine inequalities. There is a certain overlap with the exposition in
Wooley [44], but the discussion there emphasises indefinite forms, and uses
a different kernology. We shall conclude as follows.

Lemma 2.2. Suppose that s > 4, that A1, ..., s are positive real numbers
and that X is defined by (2.11). Let C > 0 denote a real number with
6CN; <1 foralll <j<s, and let € =[-CX 2, CX 2. In addition, put

I'= / fva) - fhsa)e(—av)d a.
¢
Then, uniformly in0 <7 <1 and 1 <v <N, one has

I=T()rE) " (- Xe)"M37us/371 L O(1 4 7X5710/3),
Proof. Let

X
v(a):/() e(ap®)dp. (2.17)
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Then, according to Theorem 4.1 of Vaughan [35], in the range |a| < %X’2
one has f(a) = v(a) + O(1). Also, Theorem 7.3 of Vaughan [35] yields

v(a) < X(1+ X3|a])~V3. (2.18)
For a € €, we therefore deduce that
fOqa) - f(As@) = v(Ma) - v(Asa) + O(1 + X711 + X3|af)~7D/3).

Then, on multiplying the previous display by w;,(a)e(—av) and integrating,
we obtain

I= / v(\ia) - v(Asa)e(—av)d,a + O(1 + 17X *log X).
¢
By (2.18), the singular integral
I = /v(/\la) v(Asa)e(—ra)d,a

converges, and by (2.18) and (2.3), for any Y > 0, one has

/ [v( A1) - v(Asa)|dra < 7'/ a~*3da.
Y Y

It is now immediate that
I=1I.+0(1+47X5710/3), (2.19)

Within the singular integral, we resubstitute (2.17) and apply (2.1) and
(2.6) to arrive at the interim identity

I = / BB+ + AP — )dB.
[0,X]s

Since the \; are positive, it follows from (2.3) that we may extend the range
of integration to [0,00)®. A change of variable then yields the alternative
formula

I = (Al---AS)*W/ W (23 + -+ 22 — v)da.
[0,00)

Consider the equation t = 2§ + --- + 22, which defines a surface in R®
of codimension 1. The area of this manifold in the quadrant with all z;
positive is I'(3)*T'(£)"'¢5 1. Hence, by the transformation formula and
Fubini’s theorem, one confirms that

To= (- /\S)*1/3P(§)SP(§)_1 /Oo t5/3715 (¢ — v)dt.
0
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By (2.3), the remaining integral on the right hand side is equal to

/ (1 | |)( —1—04)5/3 lda = 7_1/5/371_’_0(7_21/5/372)’

-7

and the lemma follows from (2.19). m|

The analysis of the prime variables case is deeper because we need a
rather wide central interval, for a reason that will become more transpar-
ent in due course. In such cases, the distribution of primes in short intervals
comes into play. Fortunately, our discussion may be abbreviated by appeal-
ing to Briidern, Cook and Perelli [6].

Lemma 2.3. Let A1, 2 > 0 and 0 < 7 < 1, and suppose that X is defined
by means of (2.15). In addition, let € = [-X /2 X~/?]. Then, for any
A > 1, and uniformly in 0 <7 <1 and 1 <v < N, one has

/¢ h(Ma)h(hea)e(—va)d,a =

)\1)\2 + O(TX (log X)~).

Proof. Let
h*(a) = Z e(ax).

<X
Then one may apply the methods underlying the proof of Lemma 2 of [6]
to establish the estimate

/ |h(A\ja) — h*(A\ja)[Pda < X (log X) 24, (2.20)
[

Here we note that although Lemma 2 of [6] states (2.20) only with A =1,
an inspection of the proof, which combines only Lemma 1 and estimate (5)
of that paper, shows that any positive value of A is permissible. Next, let

X
vl(a)z/o e(aB)dg.

By Euler’s summation formula, one finds that h*(a) — v1(a) < 1+ X|al,
whence from (2.20) we obtain

/|h)\a 1(A\ja)Pda < X (log X) 2

Then, on noting the trivial estimate w, (@) < 7 evident from (2.3), it follows
from Schwarz’s inequality that

/¢ h(Ma)h(Aa)e(—va)d,a

:/le(xla)vl(AQa)e(—ua)dTa+O(TX@ogX)*A). (2.21)
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We can now proceed as we have explained in detail for sums of cubes. By
partial integration, one has vi(a) < X (1 + X|a|)~!, and consequently,
the integral on the right hand side of (2.21) can be extended to the whole
real line, with the introduction of acceptable errors. Then, applying Fourier
inversion as before we confirm that
o0

/ v (A1a)v1(Aea)e(—va)d,a = %,

—0 1A2

the details being considerably simpler. This proves the lemma. O

2.5. The interference principle

In the previous section, we evaluated the contribution from the central
interval € to the Fourier transform that counts solutions of a diophantine
inequality. The complementary set ¢ = R\ consists of two disjoint half-
lines, and we therefore refer to it as the complementary compositum. For a
successful analysis, its contribution to the count should be of a lower order
of magnitude. The most important ingredient in any proof of this is an
interference principle asserting that, when A1, Ay are non-zero real numbers,
and A;/Ae2 is irrational, then two exponential sums such as f(Aj«) and
f(A2a), or h(A1a) and h(A2a), say, cannot be large simultaneously unless
« lies in the central interval. However, loosely speaking, when |f(A;a)]
is large, then as a consequence of Weyl’s inequality, or a suitable variant
thereof, one finds that A;a has a rational approximation a;/q; with small
denominator. If this happens simultaneously for j = 1,2, then a1q2/(a2q1)
is an approximation to A;/Ae, and so the measure of the set of all a where
|f(AMa)| and |f(A2a)| are simultaneously large, should be quite small. In
this form, the interference principle becomes a statement about diophantine
approximations alone, and references to exponential sums can be removed
entirely. For another, rather different view of this phenomenon, see section
3 of Briidern [5].

We shall present here a simple derivation of the interference principle
along the lines indicated, based on ideas of Watson [38]. It appears to us
that the potential of this approach has been overlooked in the past. As
we shall demonstrate below, our method provides easy access to asymp-
totic formulae for diophantine inequalities, avoiding to a large extent the
entangled interplay between diophantine approximations and major arc in-
formation for exponential sums, as in the celebrated works of Bentkus and
Gotze [2], and Freeman [21], who were the first to obtain such asymptotic
formulae at all. The stronger bounds that are available when A;/Ag is not
only irrational but also algebraic, moreover, follow from the same principles.
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Before making these comments precise, we need to introduce some no-
tation. Let N > 1 denote the main parameter. For 1 < @Q < %\/N the
intervals |ga — a|] < Q/N with 1 < ¢ < Q, a € Z and (a,q) = 1, are pair-
wise disjoint. Their union, the major arcs M(Q), forms a 1-periodic set.
The subset M(Q) = M(Q) N [0,1] is the familiar set of major arcs in the
classical circle method. We also define here the minor arcs

m(Q) =R\M(Q), n(Q) = [0, 1\N(Q),

although these will not be needed until the next section. Watson’s method
is imported through Lemma 4 of Briidern, Cook and Perelli [6] that we
restate as Lemma 2.4. Temporarily, we suppose only that i, Ay are non-
zero real numbers, so that our main estimates Theorems 2.3 and 2.4 apply
also to indefinite problems. With A;, Ay € R\{0} fixed, we define

R(Q1,Q2) ={aeR: N\jaeMQ;) (j=1,2)}.

In addition, when y > 0, we put
Ry(Qla QQ) = {Oé € R(Qla QQ) -y < |Oé| S 2y}

Lemma 2.4. Let A\, \y be non-zero real numbers such that Ay /A2 is ir-
rational. There exists a positive real number eg = €o(A1, A2) with the fol-
lowing property. Suppose that 1 < @Q; < %\/N (j = 1,2), and r € N
satisfies r < eoN/(Q1Q2) and ||rA1/X2|| < 1/r. Then, for any y > 0 with
INjly > 2Q;/N (j =1,2), one has mes R,(Q1, Q2) < yN'Q1Qa2r™".

Note that 9(Q) has measure about Q2N ~!. An application of Schwarz’s
inequality therefore reveals that mes &, (Q1, Q2) < yN'Q1Q2. Lemma 2.4
improves on this estimate by a factor 1/r, and it is this saving that implies
that A\ja and Asa simultaneously lie on major arcs only for a slim set of
real numbers a.

For a non-zero real number \, define
T\(R) =max{r e N: r <R, |Ar|| <1/r}. (2.22)

When A is irrational, then ||Ar| < 1/r has infinitely many solutions, and
consequently Th(R) — oo as R — oo. If 7, is the sequence of solutions
of ||Ar|| < 1/r, arranged in increasing order, then for algebraic irrational
numbers A, Roth’s theorem gives r,,11 < rLF¢. Therefore, in this case,

Ty\(R) > R'"°. (2.23)
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We can now put Lemma 2.4 into a form more readily applied. Subject to
the conditions of this lemma, we deduce from (2.3) and (2.6) that

/ dTOé < QlQQ(NT)_l min(Tya (Ty)_l)a
Ry (Q1,Q2)

where T' = T}, /»,(€0N/(Q1Q2)). We choose a number Y with [A\;]Y" >
2Q;/N (j = 1,2) and sum the previous estimate over y = 2'Y". This gives

/ dra < Q1Q2(NT) ™. (2.24)
la|>Y
a€R(Q1,Q2)
Theorem 2.3. Let A1, A2 be non-zero real numbers. If A\i/Xoy is irra-
tional and algebraic, then uniformly in 0 < 7 < 1, @Q; < %\/N and
Y > 2Q,/(\IN) (j = 1,2), one has

dra < N°2Q2Q3.
o>y
a€R(Q1,Q2)

The proof is immediate from (2.23) and (2.24).

Theorem 2.4. Let Q = Q(N) be a function that is increasing, unbounded,
and satisfies Q(N)/V/N — 0 as N — oo. Let M\, \a be non-zero real

numbers such that A1/Xe is irrational. Then, uniformly in 0 < 7 < 1,
1<Q; <Q(N) andY >2Q(N)/(|A\;|N), one has

80N -1
2)

/ dra < N—lQlQQT)\l/M (W

la|>Y
a€R(Q1,Q2)

Again, this is merely a restatement of (2.24) if one observes that un-
der the current hypotheses, one has Q1Q2 < Q(N)?, and T\ (R) is a non-
decreasing function. We note that the condition N/Q(N)? — oo ensures
that the upper bound in Theorem 2.4 is o( N~1Q1Q2) as N — oc.

3. Classical mean square methods
3.1. Plancherel’s identity

In this chapter, we complete the proofs of Theorems 1.1 and 1.5 by demon-
strating Theorems 2.1 and 2.2. However, our primary concern is to illus-
trate, in this and related enterprises, the use of Plancherel’s identity for
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take-off and Wooley’s amplifier [44] coupled with the interference principle
for landing.

As in previous sections, we begin with additive cubic forms. Under the
hypotheses of Theorem 2.1, for any measurable set 2 C R we write

pE[(TJ/)=/mf(/\104)f(/\206)f(/\304)f(/\404)6(—m)d706- (3.1)

We define the central interval € as in Lemma 2.2, and the complemen-
tary compositum ¢ as in §2.5, and then have pj(7,v) = p%(1,v) + pi(7,v).
Consequently, recalling (2.13), we find that

N F(g)BTyl/B N )
* N3 *
Y(r,N) <</0 pe(T,v) IS SAIE d1/—|—/0 |t (m,v)|*dw.

Next, applying Lemma 2.2 to estimate the term involving the central inter-
val, we deduce that

N
T(r,N) < N(1+ N*/972) +/ |p: (7, v))?dv. (3.2)
0

Now, by (3.1) and (2.6), the number p. (7, v) is the Fourier transform, at v,
of the function that is

faa) f(Aea) f(Asa) f(Aa)w, ()
for a € ¢, and 0 on €. By Plancherel’s identity,

| rmkar= [15ia)-+ rsa) Pune)de,

from which we deduce, via (2.3) and (2.6), the important inequality

N
/ 19 (r, ) 2w < 7 / Fua) - f(a) Pdra (3.3)
0 c

through which the estimation will proceed.

3.2. Some mean values

We summarize here a few standard bounds for Weyl sums f(a). It will
be convenient, temporarily, to write 9% = 9(X3/4) and m = m(X3/%),
with 9 and n defined mutatis mutandis. Combining the methods used to
prove Lemma 1 in Vaughan [33] with the bounds for Hooley’s A-function in
Hall and Tenenbaum [26], we obtain an enhanced form of Weyl’s inequality
which asserts that

sup |f(a)| < X3/*(log X)1/4Fe. (3.4)

acm
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Boklan [3] supplies the bound

/ |£()[Bda < X5 (log X )= (3.5)

as an improvement over Theorem B of Vaughan [33]. Standard applica-
tions of the circle method (see Chapter 4 of [35]) yield the complementary
estimates

/ |f(a)[*da < X1, / |f(@)*TPda < X1H0, (3.6)
RIE n

the latter being valid for any fixed # > 0. This last bound combines with
(3.8) to deliver the estimate

LA (o) *dar < X7, (3.7)

a conclusion that is also implied by Theorem 2 of Vaughan [33]. We now
transport these mean value bounds into integrals over 1l-periodic sets,
against the measure d;a.

Lemma 3.1. Let G : R — C be a function of period 1 that is integrable on
[0,1]. Then, for any 7 > 0 and any u € R, one has

oo

/G(a)e(—au)dTa = Z Wr(n —u) /01 G(a)e(—an)da.

n=—oo

Proof. This is a special case of formula (4) in Briidern [4], with w,(a) in
the role of the kernel K employed in [4]. Note that the sum on the right is
over |n —u| < 7 only. m|

As an example, take u = 0, and put G(a) = |f(«)|® when a € m, and
G(a) = 0 otherwise. Then

/uwmmzzmeV@%wmw

In|<r

whence, in particular,
/ |f(a)Bdra < XP(log X )3, (3.8)
m
Similarly, when 7 < 1 and 6 > 0, one infers from (3.6) that

/m |f(a)*dra < X1THe, /m |f(@))*dra < X1, (3.9)
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and from (3.7) that

/If(a)ISdra < X°. (3.10)

3.3. The amplification technique

The first steps in the estimation of the right hand side of (3.2) follow
Wooley [44]. We need to cover ¢ by the sets

d={acc: N\jaem (1 <j<4)},
D={acc: \jaeM(1<j<4)},
Ej={acc: aeM, \ja € m} (1<i,5<4,1#7).
Each of these sets a requires a different argument. For convenience, we write

I(a) = / If(M@) - fua)*dra.

By Holder’s inequality, one infers that

1) < H (f Fye)dra)

1
Since a change of variable reveals that

[ 1r0aPda = [ 1#@)Pd e
AaEm m
one derives from (3.8) the important bound
I(d) < X°(log X)=~*. (3.11)

Next, we use (3.4) and Holder’s inequality to conclude that

I(€12) < X3/2+5(/

AaeM

< [1r0sartaa) ([ 1rouapaza)”

Thus, by changes of variable together with (3.9) and (3.10), it follows that
I(€13) < X%/2%¢ By symmetry, this shows that

FOa)ldra)

The amplification is now complete: since ¢ is the union of 9, and the &;;,
then in view of (3.11) and (3.14), it suffices to consider ®. Here all A«
lie on a major arc. But by comparison with the analysis just undertaken,
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major arc moments are far easier to control (compare (3.8), (3.6)), and the
interference principle can be brought into play.

For |ga —a] < QX3 and ¢ < Q < X3/ it follows from Theorem 4.1
and Lemma 4.6 of [35] that

fla) < X(q+ X®|go — a]) /3, (3.13)

and consequently, when o € M(2Q)\IM(Q), we find that f(a) < XQ~/3,
Therefore, slicing © into sections

D(Q1,Q2) ={a €D : Xja € M2Q;)\M(Q;) for j=1,2},  (3.14)

with 1 < Q; < X3/4, we see from Theorem 2.3 that
[ e e < NIXH@i@) P < N
D(Q1,Q2)

By a dyadic dissection argument and trivial bounds for |f(Asa)f(Asa)],
it therefore follows that I(D) < N°X*. In combination with (3.11) and
(3.14), we may infer that the integral on the left hand side of (3.2) is
O(TX5(log X)=~?), and Theorem 2.1 follows from (3.6). In view of the
discussion following the statement of Theorem 2.1, this also completes the
proof of Theorem 1.1.

3.4. Linear forms in primes

We now establish Theorem 2.2 by an argument paralleling that of the pre-
vious two sections. By Lemma 2.3, if we put ¢ = {a : |a| > X~/2} and

E. (v)= /h()\la)h()\ga)e(—l/a)dTa, (3.15)

then just as in the discussion leading to (3.2), Plancherel’s identity gives

N
/ B (v)2dy < T/|h()\1a)h(/\2a)|2dTa. (3.16)
0 c
The dissection of ¢ this time is much simpler. For j = 1 and 2, we consider
m; = {a€c: Njaem(X/3)}

Then ¢ is the union of m;, my and ¢ N K(X/3, X1/3),
Vinogradov’s estimate for exponential sums (Vaughan [35], Theorem
3.1) shows both that

sup  |h(a)] < X°/5(log X)*,
aem(X1/3)
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and, whenever Q < X1/3 that

sup |h(@)] < XQ1/2(log X)*. (3.17)
a€M(2Q)\M(Q)
Paired with the mean square bound
[uaPaa= 3 (ogp)liosr) < XlogX, (319
A1lp1—p2|<T
p1,p2<X

the first of these estimates yields
/ |h(A1a)h(Aga) 2d,a < X¥/3(log X)°,
ma

and the same is true for the contribution from m;, by symmetry. For the
set ﬁ(Xl/B, X1/3), we apply the same slicing technique as we used for ® in
§3.3. Then, importing (3.16) into Theorem 2.3, we find that

/ |h()\la)h(AQOé)|2dTo¢ < X8/3+s,
cNAR(X1/3,X1/3)

an estimate that may also be found on p.97 of [6]. Collecting the upper
bounds obtained thus far, we conclude that

/ B a)h(Aea)2d,a < X8/3+ (3.19)

and Theorem 2.2 follows from (3.16) and Lemma 2.3.

3.5. Bessel’s inequality

The continuous averages in Theorems 1.1, 2.1 and 2.2 could be replaced

by discrete ones. In such a setting, one chooses an increasing sequence of

test points v, that is roughly of linear growth; see [6] for one of the many

possibilities to make this precise. One would then study, for example, a
mean square of the type

S |y - 2l

P T, Vm) — 77 v v N \1/3

Vi <N T (M A2AA)13

as the appropriate analogue of the integral in Theorem 1.1. This approach,
which has been used successfully by Briidern, Cook and Perelli [6], Parsell
[30], and others, is roughly of the same strength as the methods described
herein. Bessel’s inequality performs the averaging in the discrete world, and
replaces Plancherel’s identity in the work of §3.1 and elsewhere. For thinner
averages, it appears that it is almost mandatory to work with discrete test
points, and this will be the theme in most of the following sections.
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4. Semi-classical averaging
4.1. Another mean square approach

The main purpose of this chapter is to establish Theorem 1.7. Thus, we
continue the discussion begun in §§3.4 and 3.5, and examine the distribution
of the linear form A1p; + Ag9po near the sequence

v = exp((logm)7), (4.1)
3

where 1 < 7 < 3 is fixed once and for all. As much as is possible, the
notation from the proof of Theorem 1.5 is kept throughout this chapter. The
parameters X and N are linked as in (2.15), and we apply the same notation
as in §3.4 and the statement of Lemma 2.3. This defines the central interval
and its complement ¢. With E(v) as in (3.15), we recall that Lemma 2.3
asserts that for any A > 1, uniformly in 0 <7 <1land 1 <v < N, one has

o*(1,v) = ﬁ + B.(v) + O(rN(log N)~4). (4.2)

Now define M through the equation
exp((log2M)7) = N.
Then log M = (log N)l/W, and whenever m < 2M one has v,, < N.

Lemma 4.1. Let1 < v < % Also, let M, Ao > 0, and suppose that A1 /A2
is an algebraic irrational. Then, there exists k > 0 such that

Z |ET(V’I’TL)|2 < MN2 eXp ( — 2/43(10g M)S_Qny).
M<m<2M

This implies Theorem 1.7, for in view of (4.1) we infer that for any fixed
0 < 7 < 1, the asymptotic formula

o*(r,v) = ﬁ + O(N(log N)=%)

holds for all but O(M exp(—k(log M)3=27)) of the values v = v, with
M < m < 2M. By the transfer principle (Lemma 2.1) and an argument
almost identical to the one given after the statement of Theorem 2.2, this
can be reformulated as an asymptotic formula for o (7, v). Theorem 1.7 then
follows by summing over dyadic intervals.

4.2. FExponential sums over test sequences

Let
o) = Y. e(um), H(C) =hMOh(A(). (4.3)

M<m<2M
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Then, by (3.15), one has

S B )]? = / / H()H(—H)B(5 — a)drad, 5. (4.4)

M<m<2M

The next lemma is a special case of Theorem 2 of Briidern and Perelli [15].

Lemma 4.2. Let1 <~y < % and 0 < 6§ < min(ﬁ,ﬂy— 1). Then, there is a
real number k > 0 such that uniformly in N°~! < |¢| < N°, one has

() < M exp(—2k(log M)>~2).

In order to establish Lemma 4.1, we split the integration in (4.4) into
the three regions

T={(a,f) €cxc: |a—pg >2N%,
U={(a,f) €cxc: N7 <|a—pg] <2N°},
U={(a,3) €cxc: |a—p] <N}

The corresponding contributions to (4.4) are denoted by J(%), J(L), J ()
respectively, and we examine each in turn.

The set ¥ presents little difficulty. When |o — 8| > 2N?, then
max(|al,|8]) > N?. By symmetry and a trivial bound for ®(¢), this im-
plies that

@< av [ )8 /N " IH(@)ld o

By Schwarz’s inequality and (3.18), the S-integral here is O(X log X). For
the a-integral, note that whenever A > 0, then

y+1/A 1
/\/ Ih(Aa)[2da :/ Ih(a)da < X log X,
Y 0

irrespective of y € R. Hence, we may split the range [N%,00) into intervals
of length 1/X to deduce via (2.3) and (2.6) that

/ |h(Aa))?dra < TN X log X.
NS

We apply this bound with A = A\; and A = A5. Recalling that X =< N in the
current context, another application of Schwarz’s inequality reveals that

J(Z) < MN*%(log N)?, (4.5)

which is more than is required.
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For the set 4, we argue similarly, but this time one estimates ®(a — 3)
using Lemma 4.2. The remaining double integral can be taken over R?, and
is then readily reduced to four integrals of the type (3.18). This yields

J(U) < MN?(log N)? exp(—2x(log M)>~27). (4.6)

Rather more care is required for U. The treatment begins with (4.4)
and the substitution § = a + (. With a trivial bound for ®(¢) and (2.6),
we infer that

N(S 1
) < M/|H |/ H(a+ {)|w,(a+ ¢)d¢d .

Reverse the order of integrations, and then apply Schwarz’s inequality to
the integral over ¢ to bring in the integral (3.19). This implicitly applies the
interference estimates from the work of §3.4, and reveals that

N571

1/2
s < ux [ ([ |H@+ Quitat OPd.a) T dc
_Né-1
A trivial estimate for h(A2(a + ¢)), in combination with (2.3) and (3.18),

bounds the inner integral by
X2 [ 0w+ O)Pwrla + Qda < X log X,

which then implies the bound
J(V) <« TMN1/6+0+e, (4.7)
The conclusion of Lemma 4.1 follows from (4.4), (4.5), (4.6) and (4.7).

4.3. Potential applications

The method exposed here is particularly useful if the test sequence v, is
uniformly distributed modulo 1, as is the case with the example (4.1). The
Fourier series ®(¢) then peaks only at ¢ = 0. The mean square method
produces a double integral that ® collapses to an expression reminiscent of
a one-dimensional situation, but with two sets of generating functions. This
far, there is a strong resemblence to the analysis via Plancherel’s identity.
The success of the method then depends on the savings that one can obtain
for ®({), and in the case (4.1) this is our Lemma 4.2.

At least in principle, the method is also applicable when v, runs through
an arithmetic sequence, such as the values of a polynomial, but then ®({)
may have large values when ( is in some set of major arcs 9M(Q). Yet, at
the cost of extra complication in detail, the method can still be pressed
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home when the initial estimations stemming from a suitable analogue of
Lemma 4.2 turn out to be successful. Perelli [32] is an example where these
ideas were used, and one could obtain a weaker version of Theorem 1.6
along these lines as well. However, for polynomial sequences in particular,
the methods developed in I - VI are more promising, and we now turn to
their initiation in the context of diophantine inequalities.

5. Fourier analysis of exceptional sets
5.1. An illustrative example

The work of chapter 4 depends on an analysis of the Fourier series of the
test sequence. From now on we take a different point of view, and examine
the Fourier series of the exceptional set to a representation problem.

Most of the results stated in chapter 1 that we have not yet established
have a common flavour. One investigates a diophantine inequality involving
a (large) parameter v, and it is expected that there are many solutions. This
expectation is tested on average over the values v, of a positive polynomial
(Theorems 1.2, 1.3, 1.6, 1.8). There may be exceptions to the anticipated
behaviour, but these are characterised by an analytic inequality: the inte-
gral over the complementary compositum must be unexpectedly large. This
gives a precise meaning to an “exceptional value” of m. These numbers form
a set Z, and we consider the exponential sum

Z e(avp,).

mezZ
This is no longer a classical Weyl sum, as was the case with (4.2), but
whenever the sum reappears within moment estimates, one can restore the
polynomial structure through an enveloping argument. This idea has been
explored in I, II, IIT and V, for diophantine equations, but there is little
difficulty to adapt the principal ideas to the wider context. The introductory
section of I contains a detailed account of the method to which we have
nothing to add. Instead, we introduce the reader to the basic strategy by
working through an illustrative example that can be handled from scratch.
This will ultimately yield a proof of Theorem 1.2.

Thus, we are now concerned with the weighted counter p§(7,v), we
suppose that 1 < v < N, and that X < N1/3 is chosen in accordance with
(2.11). We can apply Lemma 2.2, the infrastructure of which also fixes the
central interval and the complementary compositum c¢. The result is that

ps(T,v) = (/\ )\6 1/3 /F —va)d,a+ 01 +7N¥9).  (5.1)
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where F(a) = f(Aa)--- f(Asar). We will attempt to mimic the amplifica-
tion procedures in §3.3, and also the interference estimate. It is important
to observe that the latter can be performed without averaging, and we
therefore begin with this part.

Let m, 91 be defined as in §3.2. Following the pattern of §3.3, we write

D={acc: \jaeM([1<5<6)}

for the amplifying set, and slice it into the subsets D (Q1, Q2) introduced
n (3.14). Let

f(N) = min(T)\l/)\z (EONX_S/Q)a (log 1Og N)4)
By (3.13) and Theorem 2.4, the bound

/ |F(Ma) f(hea)| dra < XEN“HQ1Q0) /AT (N) !
D(Q1,Q2)

holds throughout the relevant range 1 < Q1, Q2 < X3/4. We may therefore
sum over dyadic ranges for Q1 and Q2 to confirm that

/ |F (M) f(A2a)|*dra < NY3T(N)L. (5.2)
D
Also, by (3.9) one has
[ e ida < X7 (325 <0), (5.3)
3

and an application of Holder’s inequality combined with (5.2) and (5.3)
yields the final estimate

/ |F(Ma) - f(e)|drar < NT(N)~ V4, (5.4)

Another subset of ¢ needs to be removed before an averaging process
can be launched. Let I C {1,2,...,6} be a set with 4 elements, and let

EI)={aed\D: aeM@iel)}.

We write € for the union of all (). By symmetry, there is no loss of
generality in considering the special case where I = {3,4,5,6}. Then, since
a ¢ D, at least one of A\ja and Aq«x lies in m, and consequently, the bound
fhia)f(haa) < X7/**e follows from (3.4). By Holder’s inequality and
(3.9), we therefore obtain

/@( [F(a)ldr a<<X7/4+eH /

1/4
f\a)*d a) < X1/ate,
Jaeim
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We conclude that
/G IF(a)|d,a < X1/4+e. (5.5)

Now let ¢ = ¢\ (D U &) and write

H.(v)= /F(a)e(—yoz)dToz. (5.6)

[4
Inserting (5.4), (5.5) and (5.8) into the initial formula (5.1) for p§(7,v), in
the restricted range (log N)~! < 7 < 1 we deduce that

, r(4)0rw
p(T,v) = (A= Xg)L/3

holds uniformly in 1 < v < N.

+ H,(v) + O(NT(N)~'/%) (5.7)

We are ready to define the exceptional set. Let ¢ denote a positive inte-
gral quadratic polynomial, as in Theorem 1.2. Also, let M be the positive
solution of the equation ¢(2M) = N. Then, for large N, the ¢(m) with
M < m < 2M are positive integers, and we define

Z(M) = {M < m < 2M : |H,(¢(m))| > N/loglog N}.
We remark that when M < m < 2M, but m ¢ Z(M), then (5.9) yields the

asymptotic formula

L(3)°r¢(m)
O Ag)/3
Hence it remains to establish a good bound for the number Z = card Z(M).

pe(T; (m)) = +O(NT(N)™/%). (5-8)

5.2. A quadratic average

When m € Z(M), define the complex number 7,,, by means of the equation
NmHr(d(m)) = |H,(¢p(m))|, and then write

K(@)= Y nme(-ag(m)). (5.9)
meZ(M)
From the definitions of H,(v) and Z(M), we have
N o ST |H(p(m)] = / F(a)K (a)dsa. (5.10)
loglog N meZ (M) e

This is the essential step: an upper bound for the size of the exceptional
set is provided by an integral, and K («) inherits the arithmetical structure
of the test sequence.



52 JORG BRUDERN, KOICHI KAWADA AND TREVOR D. WOOLEY

Lemma 5.1. Let A > 0 be a fized real number, and let Z C [M,2M]NN
be a set of Z elements. Let ¢ be a positive polynomial of degree at least 2.
For 0 <1 <1, let U, denote the number of solutions of the inequality

l¢(ma1) — d(ma) + A} — 23)| < 7, (5.11)
withm; € Z and 1 < x; < X. Then
U, < XZ+ X°Z% (5.12)

If ¢ is an integral polynomial, then one has also

U, < XZ + X**e. (5.13)

Proof. When m; = ma, the inequality (5.11) reduces to |23 — 23| < 7/,
which has O(X) solutions with 1 < z; < X. The number of solutions of
this type to be counted is therefore O(X Z). When my # ma, on the other
hand, one has |¢(m1) — ¢(m2)| > M. Hence, for any of the O(X?) possible
choices for 1, z2, the inequality (5.11) may have no solution with m # mq
and m; € Z, or else reduces to at most two equations

¢(m1) — g(mz) =u, ¢(m1) — d(m2) = u+1, (5.14)

for some u € Z with M < |u| < X3. When ¢ is an integral polynomial,
a divisor function estimate shows that (5.14) leaves at most O(X¢) choices
for my and ms. The number of solutions with m; # mso is thus at most
O(X?*¢) in this case, and this completes the proof of (5.13).

In order to establish (5.12), we count the solutions with m; # mg in a
different way. There are O(Z2) possible choices for such my, ms, and for
each fixed such pair, the inequality (5.11) reduces to |23 — 23 — x| < 7/, for
a suitable number k satisfying x > M. Again, a divisor function estimate
suffices to conclude that the number of solutions of this last inequality, in
integers x1, 2 satisfying 1 < z; < X, is at most O(X®). On assembling
this bound together with our earlier estimate for the number of diagonal
solutions, we confirm (5.12). m|

As an immediate consequence of this lemma, we infer from (2.3), (2.6)
and (5.11) that when X is any one of the numbers \;, then

/|K fQa)dya < ZX + X2t (5.15)

An estimate for Z can now be obtained through (5.12) and (5.15). Let
a C R be a measurable set, and write

/|f Ara) - f(Asa) K (a)|dro
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An estimate for Z(e) is needed, and this is accomplished by an individual
treatment of various subsets of e, specifically
d={a€ce: Njaem(1<j<6)}
and, when i,7,1 € {1,2,...,6} are distinct, also
eij(l) ={aece: Njaem, \ja e m, o € M}.

It is important to observe that e is the union of ® and the ¢;;(1). To see this,
consider o € e\d. Then, there exists at least one | with Ao € 9. Since «
is neither in ® nor €, there are two distinct ¢, 7 with \ja € m, \jo € m,

whence « € ¢;;(1), as required.
By Holder’s inequality,

70 < ([ 1) T1 [ 1tPaa)" su [fafal

=2 AsgaEm

Here and hereafter, we write f; = f(Aja). By (3.4), (3.10) and (5.15), it
follows that

() < XB/4(ZX 4+ X¥H)12(log X )=—5/4, (5.16)
Also, by (3.4), one has fof; < X3/2%¢ on 612(3) so by Holder’s inequality,

T(e1n(3)) < X2 /|Kf6|2d o /|f5| d,0)

<(J1raa) ([ 1ltaa) "

Employing (3.10) once again, we find that the eighth moments of f5 and f4
are bounded by O(X°®). The other factors can also be estimated via (5.15)
and (3.9), and thus

T(e12(3)) < X3+5(ZX + X*+e)1/2, (5.17)

a bound superior to (5.16). Also, by symmetry, this last bound holds for
any other e;;(1) in place of e12(3). Hence, the bound (5.16) remains valid
with 9 replaced by e.
Estimating the right hand side of (5.12) by means of (5.16) and (5.17),
we deduce that
ZN

ﬁ < X13/4(ZX+X2+6)1/2(10gX)€_5/4.
oglog

But N = X3, whence it now follows that
7 < X3/2(1og X)€75/2 < M(log M)€*5/2.
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In particular, the asymptotic formula (5.8) holds for all but
O(M (log M)*=5/2) of the integers m with M < m < 2M. One can now
apply the transference principle (2.12), with s = 6 and § = (loglog N)~1/2,
say, to conclude that the expected asymptotic formula

20(3)07¢(m)
O Ag)/3
holds for all but O(M (log M)=~%/2) of the integers m € (M, 2M] as well. A
dyadic dissection argument completes the proof of Theorem 1.2.

pe(T, d(m)) = +O(NT(N)™'/%)

5.3. Some brief heckling

Most of the results in I, II, III, V and VI depend on mean value esti-
mates over exceptional sets, often in mixed form. Lemma 5.1 is only a
typical example, and one may take our proof of Theorem 1.2 as a model for
generalising our results on diophantine equations to the wider class of in-
equalities. However, it should be stressed that the estimate (5.13) applies to
integral polynomials only. Its proof crucially depends on a divisor estimate
that is otherwise not available. If the test sequence stems from a positive
polynomial that is no longer integral, different methods have to be applied,
and this is the main reason why in the non-integral case our exceptional
set estimates are considerably weaker. We proceed by presenting two mean
value estimates relating to general polynomials, and then illustrate their
use within the proof of Theorem 1.6.

5.4. An inequality involving quadratic polynomials

The sole purpose of this section is to establish the following simple mean
value theorem. Although the result is not needed until chapter 6, the
method is a model for the work in §5.5 which is more relevant for our
immediate needs.

Lemma 5.2. Let ¢ € R[t] denote a quadratic polynomial. Suppose that
Z C [1,M]NZ, and write Z = card Z. Finally, let Q(M, Z) denote the
number of solutions of the inequality

|¢(ma) + ¢(mz) — ¢(ms) — ¢(ma)| <1 (5.18)
with m; € Z. Then one has Q(M, Z) < M**¢Z.

Proof. We may write ¢(t) = Aot + 114 \o for some real numbers Ag, A1, Ao
with Ag # 0. Given a solution of (5.18) counted by Q(M, Z), let k1 and ko
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be defined by means of the equations

ki =ml +m—ml—mi (j=1,2). (5.19)
The inequality (5.18) then reduces to
|>\2]€2 + )\1/€1| < 1. (520)

Substituting from the linear equation in (5.19) into the quadratic one,
we find that

2(m1 —ms3 — kl)(mQ —ms3 — kl) = 2mgk1 + k‘% — ko. (521)

We note that |k1| < 2M, and that for any given kp, the inequality (5.20)
allows only O(1) possible choices for k2. Thus, when the right hand side of
(5.21) is non-zero, there are O(M Z) possible choices for ki, k2 and mg, and
for any one of these choices, a divisor function estimate shows that there
are O(M?®) possible values for m; and my satisfying (5.21). The solutions
of this type consequently contribute O(M*¢7) to Q(M, Z). On the other
hand, when the right hand side of (5.21) is zero, one has either k; = 0 or
ms3 = (ka—k})/(2k1), and this implies that there are at most O(M) possible
choices for k1, k2 and mgs. For each fixed choice of this type, one finds from
(5.21) that m; = mgs + k1 for j = 1 or 2, whence there are at most O(Z)
integers my and mg satisfying (5.21). The solutions of this second type
therefore contribute at most O(MZ) to Q(M, Z). The conclusion of the
lemma now follows. O

5.5. An application of Vinogradov’s method

A version of Lemma 5.2 for polynomials of higher degree can be fabricated
through a suitable generalisation of the idea exploited in §5.4. The prob-
lem may be addressed through an application of Vinogradov’s mean value
theorem. Let Jj s(M) denote the number of solutions of the simultaneous
equations
S

-y =0 (1<i<k),

j=1
with 1 S xj,yj S M.

Lemma 5.3. Let ¢ € R[t] denote a polynomial of degree d > 3. Let s > 2,
and let Uy (M) denote the number of solutions of the inequality

> @l - ow))| <1, (5.22)
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in integers x;,y; with 1 <xj;,y; < M. Then
Uy s (M) < MU 7y (M),

Proof. Motivated by the argument used to prove Lemma 5.2, we begin by
writing ¢(t) = Mgt + -+ A\t + Ao, with Ay # 0. Given a solution of (5.22)
counted by Uy (M), we define k1, ..., kq by

k= Z(xé — yé) (5.23)

j=1
Then (5.22) implies that [Agkq + -+ 4+ Aki| < 1. If kq,..., kq—1 are de-
termined, then this inequality leaves O(1) possibilities for k4. On not-
ing that |k;| < sM!, we find that the number of choices for ki,..., kg is
O(M2%d=1)) "and hence
U¢’S(M) < M%d(dil) max Jd,s,k(M),

R
where Jg s k(M) denotes the number of solutions of the diophantine system
(5.23), with 1 < z;,y; < M. But a well-known argument (see inequality
(5.4) of Vaughan [35]) shows that Jy k(M) < Jgs(M), and the lemma
follows. O

An upper bound for Jy 4(M) is now required that is of the expected
order of magnitude. According to Theorem 3 of Wooley [42], there exists a
constant C' with the property that whenever

s> d*(logd + 2loglogd + C), (5.24)

one has Jg (M) < M?s=24d+1)_Subject to the condition (5.24), one de-
duces from Lemma 5.3 the bound

Ug.o(M) < M*%, (5.25)

5.6. Linear forms in primes, yet again

In this section, we briefly indicate how (5.25) may be applied to establish
Theorem 1.6. Thus, we now work under the hypotheses of that theorem. In
particular, we suppose that A\;/A2 is an algebraic irrational, and ¢ € R[t]
is a polynomial of degree d. The argument, at the beginning, is largely
similar to that proceeding in §4.1, but we need to replace the test sequence
by vy = ¢(m), and the parameter M by ¢(2M) = N. In all other respects,
we use the notation and work from §4.1 that is partly inherited from Lemma
2.3 and §3.4. This defines a complementary compositum, a parameter X
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with X < N, and E-(v) via (3.15). The substitute for Lemma 4.1 is the
following estimate.

Lemma 5.4. Let s denote a natural number, and suppose that (5.25) holds.
Then, whenever 0 < 7 <1 is fized, one has

> B (¢(m))] < MN'TH/ G0t
M<m<2M

This implies Theorem 1.6, as we now demonstrate. By Lemma 5.4,
the inequality |E,(¢(m))] > N(logN)~# can hold for no more than
O(MN—Y(65)+22) of the integers m with M < m < 2M, and for the
remaining values in this range, the relation (4.1) yields the asymptotic
formula

7 om) = 8+ O (tog M) ).

The now familiar transference principle takes this to an asymptotic for-
mula for o(7,¢(m)), outside an exceptional set that still has no more
than O(M N ~'/(65)+22) members. But M =< N/ and (5.25) holds when-
ever s satisfies (5.24). Consequently, a dyadic dissection argument deliv-

ers the conclusion of Theorem 1.6 with a permissible value of § satisfying
§ =% 4+ O(loglogd/logd).

It remains to prove Lemma 5.4. Define the numbers 7, by putting
Nm = 0 when E(¢(m)) = 0, and otherwise via the equation |E;(¢(m))| =
NmEr(p(m)). Also, write

K@= Y  nme(—ag(m)).

M<m<2M

Then, by (3.15) and Holder’s inequality,

> IE0m)] = [ K(@h(a)h(za)d,a

M<m<2M ¢
< / K(a)Pdea) e ) B0,
where
J= /|h()\1a)h(A2a)|2dTa, Jy = / |h(Na)*d a.
¢
A consideration of the underlying diophantine inequality reveals that

/ K (0) 2 dpar < Uy (M),
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and we may now apply (5.25), (3.19) and (3.18) to infer that

Z |E-(¢(m))] < (M2s~ 41/ (29)(N8/3+e)1/(25) (N og N —1/5,
M<m<2M

The proof of Lemma 5.4 is completed by recalling that M = N1/4,

Note that when ¢ is an integral polynomial, the work of Ford [20] gives
much better bounds for Uy s(M), and there is then no essential difficulty in
improving the exceptional set estimate to a full analogue of Theorem 1 of
I1. On the other hand, it seems more difficult to relax the hypothesis that
A1/A2 be algebraic. If A; /A2 is merely supposed to be irrational, one might
have to accept weaker exceptional set estimates.

6. Outstanding arts
6.1. Smooth cubic Weyl sums

This chapter is devoted to all the remaining results concerned with additive
representation in thin sequences. In the next section we consider diagonal
cubic forms in six variables, and we establish Theorem 1.3 by applying a
complementary compositum estimate, the proof of which is the central fo-
cus of §6.3. We then pause to discuss diagonal cubics in five variables, the
topic of Theorem 1.4, and a situation in which we are restricted to contem-
plating only lower bound estimates via the methods of IV. The argument
here makes use of an asymptotic lower bound for the number of solutions
of the diophantine inequality in question, a matter we defer to §6.5, incor-
porated into a mean value involving the exceptional set within §6.4. Some
preparatory work concerning smooth Weyl sums of higher degree leads from
§6.6 to the proof of Theorem 1.8 in §6.7. Finally, in §6.8, we consider prime
numbers close to diagonal forms using the methods of VI, completing our
journey with the proof of Theorem 1.9. All of these discussions are depen-
dent, in some way or other, on mean value estimates for smooth Weyl sums.
We finish this section by recording here those estimates that are needed to
establish Theorems 1.3 and 1.4.
Define

AP,R)={zeN:z < P, p|lr = p < R}.
Also, let n > 0 denote a small real number, and write

glay= > e(az®). (6.1)

zEA(X,XM)
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Lemma 6.1. Let u be one of 6 and 77/10. Then, there ezists a real number
1o > 0 such that, whenever 0 < n <19, one has the estimate

1
/ lg(a)[*da < PH=,
0

where pg = 3.2495 and pr7/10 = 4.7.

The permissible exponent p,, claimed in Lemma 6.1 is a consequence of
Theorem 1.2 of Wooley [43] when u = 6, and is a special case of Theorem
2 of Briidern and Wooley [16] when u = 77/10. In fact, in the case u = 6,
we have rounded up; for a microscopically better bound see [43].

6.2. Senary cubic forms

In this and the next section we establish Theorem 1.3. Let Aq,..., A be
positive real numbers with A1 /g irrational. As always, our leading param-
eter is N, and X is chosen in accordance with (2.11), so that X® < N.
With f(a) and g(a) defined by (2.10) and (6.1), and fixed 0 < 7 < 1, we
consider the integral

p'(r) = [ fua)fOea)gaa) - gOa)e(-va)da (6:2)

By considering the underlying diophantine inequality, it follows that for all
v € R one has

pe(T,v) > p* (T, V). (6.3)
The central interval is chosen as
¢={aeR:|a| < (logN)/*N"1}. (6.4)

Then, as a consequence of Lemma 8.5 of Wooley [39], there exists a number
C = C(n) > 0 such that, whenever a € €, one has

FA10) f(A20)g(Asa) - - g(Agar) — Co(Aia) - - - v(Ager) < XO(log X)~1/2,

where v is defined in (2.17). Now, much as in the proof of Lemma 2.2, it
follows that

/¢ Ffaa) f(Aea)g(Asa) - g(Asa)e(—va)d,a
= C/oo v(ha) - v(Asa)e(—rva)dra + O(X3(log X)~1/4).

The integral on the right hand side here has also been evaluated in the
course of the proof of Lemma 2.2, the result being T'(3)%(A; - - o) V3w
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for 0 < v < N. In particular, we may conclude from the above that when-
ever %N < v < N, then one has

/Cf()\la)f()\ga)g()\ga) < g(As)e(—va)dra > 2¢eN, (6.5)

where ¢ > 0 denotes a certain positive constant independent of v and N.

For the treatment of the complementary compositum ¢ = R\€, we en-
gineer an amplification procedure that is quite similar to the one used in
83.3. The amplifier here will be

D={acc: Ma€ S)JT(X3/4), docr € 93?(X3/4)},

We show in the next section that
[ 1707 sa)g0a) -+ gxsa)ldra = o(N), (6.6)
D

a conclusion that for the remainder of this section we take as granted.

On the complement ? = ¢\D, the averaging method described in §5.2
is required. Let ¢ be a positive quadratic polynomial. For large N, let
M be the unique positive solution of ¢(2M) = N. Then, for any m with
M < m < 2M, we have 15N < ¢(m) < N. We define Z(M) to be the set
of integers m with M < m < 2M for which pg(7, $(m)) < ¢N, where c is
the number introduced in (6.5). In addition, we write Z(M) = card Z(M).
We note that Theorem 1.3 follows from a dyadic dissection argument, once
one has established the bound

Z(M) < M*/%7 (6.7)
Write
H(v) = / Fu)f(Rea)g(Asa) - g(Asa)e(—va)d a.

Then, one finds from (6.2), (6.3), (6.5) and (6.6) that for m € Z(M), one
has |H(¢(m))| > N. For m € Z(M), define n,, through the equation
|H(p(m))| = nmH(¢(m)), and then define K(«) by means of (5.11). By
the argument that delivered (5.12) we now infer that

NZOD < [ 1) fOaalg(sa) -+ g0 K (@)l (65)
?
In the next section we show that

/ [f(Ae) f(A2a)g(Asa) - - g(Aee) |3 d o < X#/9720 0 (6.9)
0
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where v = 1075, Equipped with this estimate, we may apply Holder’s in-
equality to the right hand side of (6.8) and bound the fourth moment of
K («) by utilising Lemma 5.2. This yields

NZ(M) < (M1+€Z(M))1/4X43/12_U,

and the desired conclusion (6.7) follows.

6.3. Two technical estimates

For notational convenience, we now write f; = f(A\ja) and g; = g(\ja),
and we define

a) = / | f1 f293949596) /2 dr .
a
We split 0 into the three subsets
={a€c: Maem, ae N},
={acc: acm \ia e N},
3 ={a€c: Maem, o €m},

where, as on earlier occasions, we put M = M(X3/4), m = m(X3/4). By
making use of (3.4) in order to estimate fi, an application of Holder’s
inequality shows that

() < X1+6(/ £2l'd-a) /|gj| d.0)
A2a€M
The eighth moment of g; is O(X?); this can be seen either via (3.10), on
considering the underlying diophantine inequality, or by reference to Lemma
6.1. By (3.9), the restricted fourth moment of f; is O(X'*¢), and thus we
deduce that J(2,) < X'4/3+2 By symmetry, the same bound holds also for
J(02). In order to estimate J(03), meanwhile, we again use (3.4) to bound
f1 and |f5|8/9, and then apply Holder’s inequality, thereby confirming that

J(os) < X7/ ( /|f2| d-a) /|gj|6d o

Here the fourth moment of |fa| is O(X 2+5), as one finds by considering
the underlying diophantine inequality, or by reference to Hua’s lemma. The
sixth moments of g; are each O(X*¢), by Lemma 6.1. This then yields the
estimate J(03) < X*3/9-2Y In combination with our earlier bounds for
J(01) and J(02), the estimate (6.9) is confirmed on noting that J(d) =
J(Dl) + J(ag) + J(ag).
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We now turn to the proof of (6.6). Let T = T}, /x, ((log N)/*) be defined
via (2.22). Then T' — oo as N — oo. Now let

e={ac®D: NaecMTY) for j=1,2}, e=2D\C
Then, one finds from Theorem 2.4 that

/ |f1f2ggg4g5gﬁ|d-,—04 < X6/ dra g X3T71/2, (610)
[ ¢

which is acceptable. Moreover, on combining (3.4) with the major arc upper
bound for |fi f2| derived from (3.13), we infer that

sup | f1fo| < X2T7/12,
(4
Now, by Holder’s inequality,

/ | f1f293949596|dr ¢
4

37/154
< (sup|f1f2|)1/44(/)\ |f1|301/74d7a)
(4

1TaEM

37/154 5 10/77
% (/ |f2|301/74d70‘) H (/IngW/lOdTa) .
A€M =3

The moments of g; can be bounded using Lemma 6.1, and the moments of
f1, f2 by (3.9) (where it is important to note that 221 > 4). It follows that
the integral in question is O(X3T~1/52%), The desired estimate (6.6) now
follows by combining this bound with (6.10).

6.4. The lower bound variant

We now embark on the proof of Theorem 1.4. The method derives from
IV to which we refer for a discussion of the main idea. Fundamental to its
success is a lower bound for the number of solutions of a related equation
or inequality in which the test sequence occurs as an additional variable.
Thus, we need the following result.

Lemma 6.2. Let ¢ € R[t] denote a positive quadratic polynomial, and let
A, ..., A5 denote positive real numbers with M /A2 ¢ Q. Let X be suffi-
ciently large, and let M be a positive real number with M = X3/? satis-
fying the condition that ¢(2M) < 2X\; X3 for all j. Finally, for any fived
0<7<1, let

V=> @, (Mad 4+ Aszd — ¢(m)),
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with the sum extended over m,x1,...,xs5 in the ranges
x1,20 < X, w3,x4,25 € AX, X"), M<m<2M.
Then, one has V > X2M.

Note that V' counts solutions of the diophantine inequality
IMzd + - A2 — p(m)| < T, (6.11)

with a certain non-negative weight attached. A related result occurs as
Theorem 2 of Briidern [4], but it does not cover Lemma 6.2. The cited
work predates the innovations of Bentkus and Gotze, and of Freeman, and
therefore, one would find a lower bound for V only for a certain sequence
of values of the parameter X. Secondly, in [4] the polynomial ¢ has to be a
monomial. It is relatively straightforward to attend to these two problems.
More importantly, however, the method in [4] is laid out only for an alge-
braic irrational coefficient ratio. Therefore, we spell out a proof of Lemma
6.2 in the next section.

It is a delightful exercise to deduce Theorem 1.4. Let N be a large real
number, let X be defined in accordance with (2.11), and choose M as in
the statement of Lemma 6.2. Next, let Z(M) denote the set of all m with
M < m < 2M for which the diophantine inequality (6.11) has at least one
solution in positive integers x;, and put Z = card Z(M). We write

®la)= ) elag(m)), k@)= ) elag(m)),

M<m<2M meZ(M)
G(a) = fi(a)fa(a)gs(a)ga(a)gs(a).

Then, on considering the underlying diophantine inequality, one verifies
that

/G(a)q)(—a)dTa:/G(a)k(—a)dTa. (6.12)

By orthogonality, the left hand side here is equal to the quantity V' defined
in Lemma 6.2. Hence, by that lemma, it follows that the integrals in (6.12)
are asymptotically bounded from below by X?2M.

We now estimate the integral on the right hand side from above. With
this end in view, we cover the real line by the three sets

¢ ={aeR: \jaem} (j=1,2),
¢ ={aeR: \aeM lhac M}
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When a is any one of these sets, we write
I(a) :/|G(a)k(a)|d7a.
a
By (6.12) and the discussion thereafter, it follows that

X2M < I(er) + I(e2) + I(€). (6.13)

It remains to establish upper bounds for I(e;), I(e2) and I(€). On the
set €, we use the trivial bound |k(«)| < Z, and apply Holder’s inequality
to infer that

1/4 1/4
re<z( [ ipfaa) ([ i)
Araem Az €M
5 1/6
<T1( [ 1rda.a)™
j=3
One may estimate the first two integrals by applying (3.9). An upper bound
for the sixth moments of g; is given in Lemma 6.1, and we deduce that

I(€) < X187 (6.14)

A similar argument may be used to estimate I(e;). By (3.4), we find
that fi(a) < X3/4 whenever a € e;. Holder’s inequality now reveals that

5
I(e) < X3/4+5(/|kf2|2d7a)1/2H (/|gj|6d70z)1/6.
=3

As before, the sixth moments of g; may be estimated through Lemma 6.1.
Moreover, by Lemma 5.1, we have

/ |k(a) f2(0)|?dra < X522 + X Z.

Therefore, it follows that I(e;) < X'/8(Z% + X Z)'/2, and by symmetry,
the same bound holds for I(e2). On combining these estimates with (6.13)
and (6.14), we conclude that

X2M < XV 7 4 X872 4 X 7)V/2.

This implies the lower bound Z > M?3/4, as required to complete the proof
of Theorem 1.4.
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6.5. An auxiliary inequality

In the notation of the previous section, our object is to evaluate the integral

V= / Ga)d(—a)d.a. (6.15)

Define € as in (6.4). Then, just as in the discussion following the latter
definition, there is little difficulty in adapting the arguments applied to
prove Lemma 2.2 so as to establish here the lower bound

/G a)d-a > X2M. (6.16)

We feel entitled by now to omit the details.

The treatment of the complementary compositum depends on a tech-
nique sometimes referred to as pruning, and made available for diophantine
inequalities by Briidern [4].

Lemma 6.3. Let ¢(t) = M? + ut + ¢ € R[t], with X\ # 0. In addition, let
R={aeR: ) aeMX)}, and let ¢ = R\R. Then given a fized non-zero
real number w, for any 0 < 7 <1, one has

/|‘I’ Vg9(wa)Pdra < X2TE,
[ 1@l lg(on)Paa < axTre
:
Moreover, these estimates remain valid if f is substituted for g.

Proof. Note that ¢, w and 7 are fixed in the current context. We may
substitute § = A« in both integrals. This replaces w by w/A, and 7 by
7/A. Hence, we may assume that A = 1 in the proof of this lemma. This is
mostly for notational convenience. Note that we now have & = M(X) and
t=m(X).

Next, we define the function Y on R by taking
Y(a) = (¢ + N|ga — a|) 71, (6.17)

when a € Em(%M ), and a and ¢ are the unique coprime integers with
1<q<iM and|ga—a|l < M/(5N). We put T(a) = 0 for a ¢ M(: M).
Then, by Weyl’s inequality and a familiar transference principle (see [35],
Lemma 2.4 and Exercise 2 of §2.8), for all & € R, one has

|®B(a)* < M*T5Y(a) + M e, (6.18)
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Next, by Lemma 3 of Briidern [4], one finds that whenever 1 < Q < %M ,
one has

/ T(a)|g(wa)|*d,a < (QX + X*)N=1. (6.19)
Mm(Q)

We choose Q = X and observe that for a € 901(X) one has Y(a) > £ X1,
so that |®(a)? < M?*T(«). The first bound claimed in the lemma is
therefore immediate. In order to establish the second bound, we begin by
covering m(X) by a dyadic dissection of the form M(2Q)\M(Q), with X <
Q < {5 M, and the residual set m* = m(X) \ 9M(: M). Then one finds from
(6.18) that |®()|> < M1*¢ for o € m*, whence

/ |®(a)|*g(wa)|?d,a < M*TE / lg(wa)Pd,a < X M?TE.
e

Also from (6.18), one sees that when o € MM(2Q)\IM(Q) and Q < M,

then one has |®(a)|* < M**¢Q 1Y (), and thus (6.19) yields the bound
/ 1®(a)[A|g(wa)Pd,a < (X + X2Q~1) M2+,
M(2Q)\M(Q)
The second bound of the lemma now follows on adding the contribution aris-
ing from the O(log N) values of @ comprising the aforementioned dyadic
dissection, and incorporating our earlier bound for the contribution stem-
ming from m*. Finally, when ¢ is replaced by f, then the conclusion of
Lemma 6.2 follows mutatis mutandis. O

We now consider the integral

/|G a)ldra.

In view of (6.16), it suffices now to show that Z(c) = o(X2M), for it then
follows from (6.15) that

V> X2M, (6.20)

as required to complete the proof of Lemma 6.2. Recall the notation of the
statement of Lemma 6.3. We begin an amplification argument by consider-
ing the set

e={a€c: Aaem(X)}.
Then, by Hélder’s inequality, one finds that

7(6) < ([ 191415 Pdr0) (i) "I ([1sPd-0)"
j=3
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By Schwarz’s inequality, followed by applications of (3.10) and Hua’s
Lemma (see Vaughan [35], Lemma 2.5), we deduce that

/|f1|2|f2|4d70‘ = (/|f1|4dra)1/2(/|f2|8d7a)1/2 < XT/%E,

Consequently, by Lemmata 6.1 and 6.3, it now follows that
I(e) < (MPX)VAXT/8Te(xHo) /2 = o(MX?),

a bound which does not interfere with the desired conclusion (6.20).
On the remaining set, we may suppose that Aa € 9(X). We next
dispose of the subsets

¢ ={aecc: daeMX)and A\ja € m(X3/4)}.

Then, by (3.4) and Holder’s inequality, we have

5
I(¢) < X3/4+€(/ﬁ|<1>f2|2d7a)1/21_[ (/IQJIGdTa)l/ﬁ.
=3

The first integral may be estimated by applying Lemma 6.3, and for the
sixth moments of g; we again make use of Lemma 6.1. We then find that

I(¢)) < X3/4+€(X2+5)1/2(XH6)1/2 < MX/8,

By symmetry, the same bound holds for Z(&,).
It remains to consider the amplifying set

D ={acc: aeMX)and \jo € MX34) (j =1,2)}.

The endgame is almost identical to the one described in §6.3. If T is de-
fined as in the discussion surrounding (6.10), then one may show that the
portion of ®, wherein Ajar € M(TH4) and oo € M(T/*) hold simulta-
neously, makes a contribution to Z(D) that is O(MX2T~'/2) = o(M X?).
The required argument follows exactly that leading to (6.10). This leaves
the two sets

D;={acD: Njaem(TY"} (j=1,2).

Here we apply (3.13) to bound f(Aja), and thereby conclude that one has
f(\ja) < XT~Y12 throughout D, whence

sup |fife|l < xX2p—1/12,
a€ED1UDo
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We now infer from Hoélder’s inequality that

a€D1UD,
17/8 17/80
% (/ |f1|70/17d7a) /|f2|70/17d70¢) .
) 3

The last two integrals can be bounded with the aid of (3.9), and for the
eighth moments of g;, one may apply Lemma 6.1 combined with a trivial
estimate. In addition, when Ao € (X)), one may apply the recent work
of Vaughan [36] to show that ®(a) < MY (\a)'/2, with T defined as in
(6.17). Then, a straightforward calculation reveals that

5
101092 < s [ARl( [ [0Fda)” 11 ([1sPa-a)”

/ |®(a)]Pdrar < M3,
D

Note here the important feature that there is no inflation of the estimate
by an unacceptable logarithmic factor. Collecting together the estimates of
this paragraph, we find that Z(D; U D) < MX2T~1/9, In summary, we
have shown that Z(®) <« MX?T~1/% and hence also Z(¢) = o(MX?).
The proof of Lemma 6.2 is therefore complete.

6.6. Additive forms of large degree

In the last three sections of this chapter, we discuss the distribution of the
values of the additive form (1.1) for larger degree. Theorem 1.8 will be
established in §6.7, and Theorem 1.9 in §6.8. Here, we summarize results
on smooth Weyl sums over k-th powers. The definition of g(«) in (6.1) is
now to be replaced by the more general

g(a) = Z e(azk).

zEA(X,XM)

It will also be convenient to define
to(k) = [$k(logk + loglogk + 1)] + [1k(1 + 1/\/logk)].

Lemma 6.4. For any € > 0 there exists no(e) > 0 such that whenever
0<n<n andt € N, one has

1
/ |g(a)|2tda < X2t7k+At+e’
0
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where the real number A; satisfies Are®t/F < ke'=2t/F . Moreover, when
t > to(k), then

1
/ lg(a)[*'da < X2F,
0

Proof. The first estimate is the corollary to Theorem 2.1 of Wooley [41],
the second is (5.2) of V. O

Lemma 6.5. Let Y = X?/3. Then, uniformly for a € m(Y), one has
g(a) < X17H for some p = pp > 0. Moreover, for 1 < T < (log X)?
and a € m(T), one has g(a) < XT==Y R Finally, for any real number
t > 4k, one has

/ lg(a)'da < X7F,
N(Y)

Proof. The first bound, of Weyl’s type, follows from Theorem 1.4 of Woo-
ley [40], for example. By combining Lemmata 7.2 and 8.5 of Vaughan and
Wooley [37], one may confirm that

()| < X (g + X¥|ga — af)== /@R

whenever ¢ < Y, |[ga —a| < YX % and (a,q) = 1. The second upper
bound for g(«) is now transparent, and the major arc estimate follows via
a straightforward calculation. O

We also present a rather general treatment for the expected main terms.
Suppose that Ay, ..., \; are positive real numbers. Also, define
X =200 A R NYE (6.21)
Then, whenever 1 <v < N and 0 < 7 <1, and z; € N satisfy
Azh - Nk - <7,

one finds that x; < X. The central interval € remains defined by (6.4).
Then for any fixed 7 € (0,1], uniformly in 1 < v < N, it follows that
whenever ¢ > k one has

/cg()\la) —gnva)e(—va)d,a = at/FT 4 O(X TR (log X)), (6.22)

Here, the constant ¢ > 0 is independent of v and X. This is readily estab-
lished by following the method of proof of Lemma 2.2, but the approxima-
tion of g(\j«) is accomplished via Lemma 8.5 of Wooley [39], for example.
The reader is entitled to be spared further details.
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6.7. Proof of Theorem 1.8

Consider the situation described in Theorem 1.8. Suppose that 1 < v < N,
and that X = N'/* is chosen in accordance with (6.21). In particular, let
s € N with s > max(3to(k) + 1, 4k + 3), and consider the integral

3) = / gOna) -+ ghsa)e(—va)dra, (6.23)

where 0 < 7 < 1 is fixed from now on. Then by (6.22), uniformly for %N <
v < N, the central interval € contributes > X*N ! to the integral in (6.23).
On the complementary compositum ¢, we first define 7' = T} /5, (log N) via
(2.22), and then the amplifying set by

D ={aecc: aeMTY), o e MTYH}.

Then, as in (6.10), one may employ Theorem 2.4 to establish that the
contribution of ® to the integral (6.23) does not exceed O(X*N~1T~1/2),
uniformly in v.

We are now reduced to the set @ = ¢\D, and here we average over the
quadratic polynomial ¢. Let M be the positive solution of ¢p(2M) = N.
Suppose that m is an integer with M < m < 2M for which

Maf + -+ Al — d(m)| < T

has no solution in natural numbers x;. Then J(¢(m)) = 0. Let Z(M) be
the set of all such m, and write Z (M) for its cardinality. Recalling what has
just been said concerning the contributions of € and © to (6.23), it follows
that for all m € Z(M), one has the lower bound

| [ a0ua) - grale(=o(mpard,a] > X°N .

We sum over these exceptional m. Then, for suitable n,, € C with |n,,| = 1,
and with K (o) defined by (5.11), we infer that

X*N~'Z(M <</|g (Ma)- sa)K(a)|d-a.

Let Y = X?/3, and let 2, be the set of all a € d with A\;a € m(Y).
Then, by Holder’s inequality and Lemma 6.5,

lg1 -+ g9sK|d-a

[
/4 ° 3/(4s—4)
< X1-n /|K|4dT 1 /| |@s=0/3q .
(fraa) TL(f w00
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We estimate the first integral using Lemma 5.2. Also, since 3 (s—1) > 2¢o(k),
one may apply Lemma 6.4 to the moments of g;. Thus we obtain the upper
bound

g1+ gsK|dra < (MM Z(M))/AX =3k 40,
01

By symmetry, the same bound holds for any other 9;. It therefore remains
only to discuss the contribution from the set

e={acd: NjaeMY)(1<j<s))

The definition of ® combined with Lemma 6.5 shows that for o € ? one has
gha)g(haa) < X2T==1/ k) Moreover, by applying Holder’s inequality
in combination with the major arc estimate from Lemma 6.5, it is clear
that

/|g3g4 te gs|d‘ra < X8727k,
(4
whence
/|g1 g K|dra < XSTRTEVER Z(ar).
(4

Assembling together the estimates of this section, we find that
XSN71Z(M) < Xsfk‘T&fl/(Sk‘)Z(M) + (M1+€Z(M))1/4X873k‘/47u,

and we may therefore conclude that Z(M) < M'teX~*/3  This estab-
lishes Theorem 1.8.

6.8. Proof of Theorem 1.9
In this section, we discuss the diophantine inequality
Mah+ o+ Azh—p—1 <3 (6.24)

by the methods of §6.7. If p is a prime and z1, ...,z are natural numbers
satisfying (6.24), then

[Alx’f 4t )\Sxf] =p.

We choose N and X in accordance with (6.21), and set 7 = . In the
present context, it is appropriate to modify the definition of hA(a) so that

h(a) =) (logp)e(pa).

p<N
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We then put
7= /g(Ala)---g(ASa)h(—a)e(—ga)dTa. (6.25)

This integral provides a weighted count of the solutions of (6.24) with
z; < X and p < N, in which the weight is non-negative. We assume the
Riemann hypothesis for Dirichlet L-functions, and proceed to show that for
s> %k + 2, one has J > X*. This suffices to establish Theorem 1.9.

It will be useful to denote the contribution to (6.25) from a measurable
set a C R by J(a). In order to estimate J(€), we choose v = p+ % and
T = % in (6.22). Multiplying by logp and summing over primes p < N,
we confirm the lower bound J(€) > X*. Hence, if ¢ denotes the comple-
mentary compositum, it now suffices to show that J(c¢) = o(X?). It is only
at this point that the Riemann hypothesis is required, and it is invoked
through Lemma 2 of Briiddern and Perelli [14]. As a consequence of the
latter, we have

sup k()| < N®/6Fe,
a€m(N1/6)
Also, when a € 9(N'/%), one has h(a) < Y*(a), where for a = a/q + 8
with (a,q) = 1,1 < ¢ < NY6 and |8] < ¢"'N~%/6, the function Y* is
defined by

T*(a) = No(a)~ (1 + N|5)) 7"

Here ¢(g) denotes Euler’s totient.
We split ¢ into various subsets of which we first treat

e={acc:aecmNVO.

On this set, Holder’s inequality yields

J(e) < NO/6+¢ f[ (/ |9j|8d7a)1/s,
j=1

and since s > %k + 2, we may apply Lemma 6.4 to establish the bound

/ lgj|°dra < D G Ll

for some p > 0. Consequently, one deduces that J(e) < X*~#%¢ which is
acceptable.
It remains to consider the set ¢ N 9M(N'/6). The auxiliary estimate

1
/ T*(a)lg(Aje) P d,a < N° (Nl/ﬁ/ lg(a)]?tda + XQt) (6.26)
IM(N1/6) 0
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is now required, and this may be verified by a route paralleling that which
arrives at (6.19). Note here that the irritating factor ¢(q) ™! can be replaced
by ¢~! at the cost of an inflationary factor O(loglog V) that can be ab-
sorbed into the term IN°. The amplification is now similar to the work in
86.7. Let

0 ={accnMNYS): Njo e m(Y)}.

Then, by Lemma 6.5 and Hélder’s inequality, one obtains
2k+1

1/(2k)
J) < X H / T*(a)|g(Aja)[*d, a) xs—2k—1

On combining (6.26) with the first estimate of Lemma 6.4, it readily follows
that J(01) < X* #*¢. By symmetry, the same is true for 7 (9;) when
2<j<s.

It now remains to discuss the set

¢={aeccnNMNY): \jaecMY)for1<j<s}.
Define T'= T}, /»,(log N) as in (2.22) once again, and put
D={aece:\aecMTY*) and \aa € M(T/*)}.

Then, again as in §6.7, one finds that J(®) < X*T~/2 which is again
acceptable. For o € €\D, it follows from Lemma 6.5 that

gMa)g(hea) < X2t/ 6R),

The estimate

/ T*(a)d,a < / T*(a)3d,a < N?
¢ M(N1/6)

follows by a simple calculation. In addition, on noting that 3(s — 1) > 4k
and Aja € M(Y) for all j, an application of Holder’s inequality in alliance
with Lemma 6.5 confirms the upper bound

/(|9192|1/2|93 . 'gs|)3/2d‘ra < X3(s—1)/2—k.
¢

Here, and in what follows, we have written g; for g(A;«). It now follows by
Holder’s inequality that

1/3
/ IT* () g1 -+ gs|drar < WQMMW%/TWM%W)
e\D ¢

acC\D
2/3
< ([ gl las-+-)2a,0)
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We therefore deduce that J (€\D) < X*T¢~1/(16) 'a hound that in concert
with our earlier estimates yields J(¢) = o(X?®). This suffices to complete
the proof of Theorem 1.9.

7. An appendix on inhomogenous polynomials
7.1. The counting integral

In this final chapter we sketch a proof of Theorem 1.10. Freeman’s work
[24] will be invoked when appropriate, but the argument relies heavily on
Lemma 5.3, and is otherwise largely standard.

We keep as much notation from earlier chapters as is possible, and in
particular apply the conventions of §1.5. We can then rewrite the polynomi-
als ¢; as ¢;(t) = )\jdjtdi +-- -+ Ajit, and rearrange the indices of @1, ..., @s
so as to assure that

A1, and Aoy, are not in rational ratio (7.1)

for some 1 < l; < dy, 1 <y < dy. To see this, suppose first that all the
¢; are multiples of rational polynomials. Then, there exist non-zero real
numbers p; such that p;¢; € Q[t]. Under the current hypotheses, there
must be an index j with p1/p; ¢ Q. Exchanging j with 2, we find that
(7.1) holds. In the contrary case, at least one of the polynomials ¢, is
irrational, and we may assume that this is so for ¢;. Then d; > 2, and
A1d, /A1; s irrational for some ¢ with 1 < ¢ < d; — 1. Hence, one of the
numbers A14, /A2d,, A1:/A2d, is also irrational, as required.

From now on, suppose that (7.1) holds, and that v is large. Define X
to be the unique positive solution of ¢;(X;) = v. Then, for any positive
solution of (1.9) with 0 < 7 <1, one has z; < 2X;. Define the Weyl sums

fil) =" e(ag;(z)), (7.2)
r<2X;

and the integral

po(r.v) = [ @)+ fula)e(-valdra.

In view of (7.1) and (2.6), this is a counting integral with weight, of the type
considered in (2.6), and can therefore be compared with the number pg (7, V)
through the now familiar mechanism based on Lemma 2.1. In particular,
the proof of Theorem 1.10 is made complete with the verification of the
asymptotic formula

Po(T, V) = Le(d)rvP 40P ). (7.3)
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7.2. The central interval

In the interests of brevity, we put
I(a) = /fl(Oé) - fo(@)e(—va)d,a.
a

Set d = maxd;, and write Y = v'/29)~1 and € = [V, Y]. One may closely
follow the proof of Lemma 2.2, or the arguments of Freeman [24], pp. 239
243, in order to evaluate Z(€). One replaces f;(«) with the function

2X;
vy(a) = / e(ad; (t))dt,

and then completes the singular integral

Too(v) = /v1 (@) - vs(@)e(—va)d,a.

The error terms in these processes can be controlled by appealing to Lemma
4.4 of Baker [1] (see also Lemma 4 of [24]) and Theorem 7.3 of Vaughan [35].
In this way, one may confirm that

I(€) = T (v) + O(wP~171/2D),

provided only that s > 2d. This asymptotic relation is more than we need
later. Under the same condition on s, the concluding part of the proof of
Lemma 2.2 is readily modified to yield

Too(v) = Le(@)rvP 1 (1 4+ O(v~/2D)),

where ¢(¢) is the positive real number defined in the statement of Theorem
1.10. If ¢ = R\ €, then, in order to confirm (7.5), it now suffices to show
that Z(c) = o(vP~1).

7.3. The complementary compositum

The prearrangement in (7.1) is required only within the following lemma,
which combines Lemmata 8 and 9 of Freeman [24]. We choose § = 1/(2d)
in Lemma 9 of [24], and then conclude as follows.

Lemma 7.1. Suppose that (7.1) holds. Then there exists a monotone func-
tion T(v), with T(v) — 0o as v — o0, such that

sup | fi(@) ()] = o(X1X2).
Y <[al<TW)
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We remark that this is an estimate of Bentkus-Gotze-Freeman type. In-
stead, it would be possible to work with Theorem 2.4, but at this stage the
tidy reference for Lemma 7.1 saves some effort.

Now let C' > 1 be a suitably large positive number with the property
that t(d) = d?(log d+2loglog d+ C) is an integer. From (5.25) we have the
bound

/ fi(@)P D0 < XM7Y <« XU, (7.4)

By Lemma 11 of Freeman [24] (which is essentially already in Davenport
and Roth [18], Lemma 2), it then also follows that

/ o £5(0) P Dd, 0 < XDy ()L, (7.5)
o|>1 (v

Write
L={a: Y <l|o|<T)} and [={a: |of>T{)}.

Then for s > 2¢(d)+2 and j > 3, we may apply (7.7), together with Holder’s
inequality and Lemma 7.1, to confirm the estimate

Z(L) = o(X1 Xz Xovh).
Likewise, by Holder’s inequality and (7.8), we infer that
() = o(X1 Xo--- Xv 1),

These two bounds combine to deliver the conlusion Z(¢) = o(v”~1), which
was all that was required to complete the proof of Theorem 1.10.
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RECENT PROGRESS ON DYNAMICS OF A
SPECIAL ARITHMETIC FUNCTION

CHAOHUA JIA

Institute of Mathematics, Academia Sinica,
Betjing 100190, China
E-mail: jiach@math.ac.cn

In this paper we introduce some basic concepts of dynamics and give a survey
on the recent progress on the dynamics of the w function.

1. Introduction

In calculus, when studying a function f(z), we let 2 run through some set
S. In functional analysis, we often fix x € S and let f vary in some family
of functions. This is a symmetric relationship in which we can exchange the
roles of x and f. In the theory of dynamics, we should manage the family
of functions

f@),  f(f@),  fUU@), - : (1.1)

where x runs in some set S and the condition f(x) € S is needed. For
simplicity, we write

Pla)y=z, fiz)=f(z), f2)=f(fx), - : (1.2)

If fi(z) = x for some i > 1, x is called periodic. If some f7(x)(j > 1)
is periodic, x is called preperiodic. The principal goal of dynamics is to
classify the elements x € S according to the behavior of the sequence (1.1).

If S is a set of positive integers, f is an arithmetic function. The dynam-
ics of arithmetic function is an important subject. In 2006 Wushi Goldring
[4] introduced a special arithmetic function named w function. The study
on the dynamics of the w function requires a lot of knowledge on the dis-
tribution of prime numbers.

Now we introduce some notations. Let P be the set of prime numbers
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and P(n) denote the largest prime factor of the integer n > 1. Write

Cs ={pip2ps : pi € P(i=1,2,3), pi #p; (i # j)},

Bz = {pipap3 : pi € P(i =1,2,3), pr =p2 or p1 =p3
or pg = p3, but not py = p2 = p3},

D3 ={p*: peP}.

Then
{p1paps : pi € P(i=1,2,3)} =C3U B3 U Ds,
where no two of C3, Bs and D3 intersect. Let
Az = C3 U Bs.
For n = p1paps € As, we define the w function by
w(n) = P(p1 + p2)P(p1 + p3) P(p2 + p3). (1.3)

The value of w(n) does not depend on the order of p; so that it is well
defined. Wushi Goldring [4] showed that if n € Az, then w(n) € A3 (Lemma
2.1 in [4]). Therefore we can consider the dynamics of the w function in As.

2. Dynamics of the w function
The calculation shows that
w'(20) =98, w?(20) =63, w?(20) =75 w*(20) = 20,

which means that every element in the set {20, 98, 63, 75} is periodic.
For the other elements in Az, Wushi Goldring [4] proved that they are
preperiodic in the following theorem.

Theorem 2.1. Ifn € Az, then there exists a positive integer i such that
w'(n) = 20.

It is natural to ask how many steps there are to go from n to 20. We
define the periodicity index as the least positive integer i such that w’(n) =
20 and denote it by ind(n). Wushi Goldring [4] first gave the following
estimate for the periodicity index.

Theorem 2.2. Ifn € Az, then
ind(n) = O(w(P(n))).
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By the prime number theorem, for sufficiently large P(n), we know that
P ~—_—
m(P(n) log P(n)’

where f(m) ~ g(m) means ﬁ — 1 as m — oo. Wushi Goldring [4] put

forward the following conjecture.

Conjecture 2.1. If n € Az, then
ind(n) = O(log P(n)).

In 2008 Yong-Gao Chen and Ying Shi [2] proved the following result
which is a big improvement on Theorem 2.2 and is quite approximate to
Conjecture 2.1.

Theorem 2.3. Ifn € Az, then
ind(n) = O(log® P(n)).

In the opposite direction, Wushi Goldring [4] made the following con-
jecture on the periodicity index.

Conjecture 2.2. There is a subset in As in which the elements have ar-
bitrarily large periodicity index.

Yong-Gao Chen and Ying Shi [2] gave a positive answer to Conjecture
2.2. One can further ask the following problem: Are there infinitely many
n € Az such that

ind(n) > log P(n)? (2.1)

3. Inverse problem

Inverse problems are important in the dynamics of the w function. Wushi
Goldring [4] asked three inverse problems:

1) For n € A3, can we find m € Az such that w(m) = n?

2) If so, how many such elements are there?

3) What form do they have?

For n € Ag, if there is m € As such that w(m) = n, we call m a
parent of n. If this m € S C As, we call it S-parent of n. It is obvious that
the element of C5 has no Bs-parent. Wushi Goldring [4] put forward the
following conjecture.

Conjecture 3.1.
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1) Every element of Cs3 has infinitely many Cs-parents;
2) every element of Bs has infinitely many Cs-parents;
3) every element of Bs has infinitely many Bs-parents.

Wushi Goldring [4] obtained the first result on the inverse problem in
the following theorem.

Theorem 3.1. There are infinitely many elements of By which have at
least seven parents.

In 2008 Yong-Gao Chen and Ying Shi [3] got the following improvement
on Theorem 3.1.

Theorem 3.2. For any given positive integer k, there are infinitely many
elements of B3 which have at least k Bs-parents.

On the other hand, Yong-Gao Chen and Ying Shi [3] proved the follow-
ing conclusion which denies the assertion in part 3) of Conjecture 3.1.

Theorem 3.3. There are infinitely many elements of Bs which have no
Bs-parent.

The dynamics of the w function is concerned with the distribution of
prime numbers. In the process of their study, Yong-Gao Chen and Ying Shi
[3] put forward the following conjecture.

Conjecture 3.2. For any integer a # 0, there are infinitely many p € P
such that p 4+ a have the same largest prime factor.

In [5] Chaohua Jia studied inverse problems, especially on the Cj-
parents of elements in C3 which had not been attacked by previous authors.
The novelty in [5] is an application of the following theorem.

Theorem 3.4. Let r € P, n; (1 < j < Z) be distinct positive integers
not exceeding N and Z(N; r, a) denote the number of those n; which are
congruent to a (modr). If X > 2, then we have

dor Z( (N; 7, a) —%)2<<(N+X2)Z.

r<X a=1

Theorem 3.4 is Theorem 1 in [1], which is obtained by the large sieve
method. The large sieve method has been playing an important role in
analytic number theory for forty years and more.
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Chaohua Jia [5] proved the following theorem which asserts that there
are infinitely many elements of C's which have enough Cs-parents. In the
following, p, p1, p2, P3, ¢, 7, 71, T2 € P and ¢y, ca, c3, ¢4 denote positive
constants and x is sufficiently large.

Theorem 3.5. There exists an element riraq of Cs which satisﬁes
x3 loge < r; < 273 logz (i = 1,2), ¢ < 4x and has at least cll dzf
ferent Cs-parents p1paps with x < p; <2z (i =1,2,3).

By similar means, Chaohua Jia [5] proved the following theorem which
asserts that there are infinitely many elements of Bs which have enough
Cs-parents.

Theorem 3.6. There exists an element qr? of B3 which satisfies q <
4z, z? loge < r < 2w3 logx and has at least 621 — different Cs-parents
p1peps with x < p; < 2z (i=1,2,3).

Chaohua Jia [5] also proved the following theorem which asserts that
there are infinitely many elements of B3 which have enough Bs-parents.
This is a quantitative improvement on Theorem 3.2.

Theorem 3.7. There exists an element qr’ of Bs whzch satisfies © < q <

2z, x3 loge < r < 2w2 logx and has at least c3 %~ IO — different Bs-parents
pq? with v < p < 2z.

4. The sketch of the proof of Theorem 3.5
Firstly it is deduced from Theorem 3.4 that

3 3 ( 3 1—% S 1)2 (4.1)

1 1
2% logz<r<2z? logIz<p1§2fc _z<p§2fc r<p<l2zx
p=—p1 (modr)

2

logz’

We estimate

N(z) = |{pip2ps : = <p; <2z (i=1,2,3), x? logz < P(p1 + p2)
<2z2logw, 22 loga < P(p1 +p3) < 212 log z}|.
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Note the fact that if p > n2, then p|n <= P(n) = p. Then we write

D D D !

r<p1<2x T<p2<2x r<p3<2x
1 1 1 1
22 logz<P(p1+p2)<2z2 logz 2 logx<P(p1+p3)<2z2 logz

2
) ( S 1) . (4.2)
r<p1 <2z r<p<l2x
z% log $<P(p+p1)§2$% log =

N(z)

The inner sum can be transformed into

by 2 1= ) >, b

r<p<l2zx r<p<l2zx

1 1
P(p+p1)=r 22 logo<r<2z2 logz —p1 (modr)

1 1
z2 logr<r<2x2 logx

By the estimate (4.1), N(z) is equal to the sum

1 2

) ( ) =N 1) (4.3)
r

T<p1<2w w% loga:<r§2m% log x T<p<2z

with a small error term. The lower bound of sum (4.3) is > ég? by the
prime number theorem. Therefore we have

3
N(z) >

log®

By an elementary discussion, w(pipaps) can be confined to Cs so that we
have

[{pipaps € Cs: v <p; <2z (i =1, 2, 3), z? logz < P(p1 + p2)

< 202 log x, z? logz < P(p1 + p3) < 22 logz, w(p1p2ps) € Cs}| (4.4)
25

> .
log” x

On the other hand, the number of triples (r1, r2, ¢) is O(%
z2logr < r; < 222 logx (1 =1, 2), ¢ < 4x. Therefore in the set in (4.4),
there are at least ¢4 17— g different triples (p1, pe, p3) satisfying P(p1+p2) =
r1, P(p1 + p3) = 7o, P(pg + p3) = ¢ for some (r1, 72, q). In other words,
there are at least 1, Cqa—5— log — different numbers n = p1paps € C3 such that
w(n) = r17r2q. Thus Theorem 3.5 holds true.

), where
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1. Introduction

Let G be a finite group, k a field of an arbitrary characteristic and k(t) the
rational function field over k with n indeterminates t = (¢1,...,%,). We call
a Galois extension L/K a G-Galois extension if Gal(L/K) is isomorphic to
G.

A k-generic polynomial for G supplies us all G-Galois extensions of K
for every those fields K which contain & (cf. [46], [22]).

Definition 1.1 (Generic polynomial). A monic separable polynomial
fE(X) € k(t1,...,tn)[X] is called k-generic for G if it has the following
two properties:

) the Galois group of f&(X) over k(t) is isomorphic to G;

i) every G-Galois extension L/K, K D k, may be obtained as
L = Spl fS(X), the splitting field of f$(X) over K, for some
a=(a,...,an) € K™

(Gi
(Gi

For example, Kummer theory shows us that if char k, the characteristic
of k, dose not divide n and if k contains a primitive n-th root of unity, then
X™ — t is k-generic for the cyclic group C,, of order n. Similarly if char
k = p then X? — X —t is k-generic for C}, by Artin-Schreier theory.

A standard way to construct a k-generic polynomial for GG is known as
Noether’s strategy (cf. [22]). Noether [41] asked whether the invariant field
k(t1,...,t,)% under the action of permutation group G' < S, is rational
(= purely transcendental) over k or not. Indeed if this problem has an
affirmative answer then we may obtain a k-generic polynomial for G.

More generally Kemper-Mattig [24] showed that if the invariant field
k(V)E of a faithful linear representation V of G is rational over k then
we may get a k-generic polynomial for G in m = dim(V) parameters as
a generating polynomial of the field extension k(V)/k(V)Y. Examples of
k-generic polynomials for G are known for various pairs of k and G (for
example, see [23], [24], [22], [44]).

Let f&(X) € k(t)[X] be a k-generic polynomial for G. Since a k-generic
polynomial f&(X) for G covers all G-Galois extensions over K O k by
specializing parameters to elements of K, it is natural to ask the following
problem:

Problem 1.1 (Field isomorphism problem of a generic polynomial).
For a field K D k and a,b € K", determine whether Sply f&(X) and
Sply fS(X) are isomorphic over K or not.



DIOPHANTINE PROBLEMS ARISING FROM GENERIC POLYNOMIALS 89

In particular, it would be desirable to give an answer to the problem
within the base field K by using the data a,b € K".

The minimal number of parameters in k-generic polynomials for G is
called the generic dimension for G over k, which is denoted by gd,(G)
(cf. [22]). In the case of k = Q, it is known that gdo(G) = 1 if and only
if G = Oy, C3, S3 via the essential dimension of finite groups given by
Buhler-Reichstein [1] (see also [22], [32], [3]). For a transitive subgroup G
of S, (n =4,5) we also have gdg(G) = 2 (cf. [22, Chapter 8]).

To investigate the field isomorphism problem of f&(X), i.e. to determine
all G-Galois extensions over K D k, we take fC(X) with exactly gd,(G)
parameters, because a large number of parameters in f&(X) give rise to
many overlaps of splitting fields of f&(X) over K by specializing parameters
t—aec K"

For example, we take Q-generic polynomials fl(X) = X3 + ;X + ¢4,
JE(X) = X3+ 41X +to, f2(X) = X3+, X% +t2X + t3 for the symmetric
group Ss of degree 3 with 1, 2, 3 parameters respectively and consider the
overlap of the splitting fields LY, := Splg fi(X) (i = 1,2,3) by specializing
parameters t — a € Z'. For i = 2,3, we see that for a given a € Z' there
exist infinitely many b € Z' such that L, = L}. However, for f}(X) =
X3 + ;X + t;, we obtained a result which claims that for a given a € Z
there exist only finitely many overlaps L} = L} with b € Z (see Corollary
2.2).

Let S, (resp. D,, C,) be the symmetric (resp. the dihedral, the cyclic)
group of degree n. In this article, for a field k with char k& # 2, we take
k-generic polynomials

(X)
(X)) = X2 —tX2 — (t+3)X — 1 € k(t)[X],
FPHX) = X+ X2+t € k(s,t)[X],
FEHX) = XY+ sX? + 8%/ (u? +4) € k(s,u)[X],
X)) =X+ (t-3)X*+ (s —t+3)X°

+ (12—t —25 — 1) X2 +sX +t € k(s,t)[X],

for G = S3, Cs3, D4, C4, Ds, respectively. We note that ftS?’ (X), tC?’ (X)
and fff (X) are also k-generic even in the case of char k = 2.

Kemper showed in [25] that if k is infinite, the condition (Gj;) of generic
polynomials is equivalent to the following much stronger condition:

(Giji) for each subgroup H < G, every H-Galois extension L/K,
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K O k, may be obtained as L = Sply f&(X), the splitting field of
f&(X) over K, for some a = (ay,...,a,) € K™

DeMeyer [5] gave a definition of a generic polynomial in terms of the
conditions (G;) and (Gi;) instead of (G;) and (Gy;) (see also [31]). Note that,
when k is a finite field, the generic polynomial f&(X) might not satisfy the
condition (Gy;) in general (see [6, Example 4]). For instance, Fa-generic
polynomial ftc3 (X) does not satisfy (Gij;;) when K = Fp and H = {1}
because both of f$#(X) and of f*(X) are irreducible over Fy.

With regard to the condition (Gij;), the following two problems naturally
arise:

Problem 1.2 (Subfield problem of a generic polynomial). For a
field K O k and a,b € K", determine whether Sply f&(X) is a subfield
of Spl fS¢(X) or not.

Problem 1.3 (Field intersection problem of a generic polynomial).
For a field K D k and a,b € K", determine the intersection of Sply f&(X)

and Sply f&(X).

In this article we only treat the field isomorphism problem of generic
polynomials; for the subfield problem and the field intersection problem see
the papers [17], [18], [19], [20].

2. Some results: the cubic case

In [16], we gave an answer to the field isomorphism problem of f*(X) =
X3 +tX +t via formal Tschirnhausen transformation (see also [17], [18],
[19], [20]). The discriminant of f*(X) being —t2(4t + 27), we assume that
for a € K, f73(X) is separable over K, i.e., a # 0, —27/4.

Theorem 2.1. Assume that char K # 3. For a,b € K \ {0,—-27/4} with
a # b, the splitting field over K of f73(X) = X%+ aX + a and that of
bss (X) = X34+ bX + b coincide if and only if there exists u € K such that

a(u? 4+ 9u — 3a)3
(u? — 2au? — 9au — 2a® — 27a)?’

b:

We note that b = 0 (resp. b = —27/4) corresponds to u? + 9u — 3a = 0
(resp. u? + 9au + 27a = 0). Hence for a given a € K \ {0, —27/4} we have
Slebe3 (X) = Sply f53(X) where b is given as in Theorem 2.1 except for
finitely many u € K with (u® — 2au? — 9au — 2a* — 2a)(u? + 9u — 3a) (u® +
9au + 27a) = 0. Hence we see the following;:
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Corollary 2.1. Let K be an infinite field of char K # 3. For a fixed a €
K\ {0,—-27/4}, there exist infinitely many b € K such that Sply f3(X) =
Splic £ (X).

The discriminant of f&3(X) = X? — sX2 — (s +3)X — 1 is given by
(52 + 35+ 9)2; we assume that for m € K, f53(X) is separable over K, i.e.
m? +3m+9 # 0. For f&3(X), we obtained in [17] the following theorem
which is an analogue to the results of Morton [40] and Chapman [2].

Theorem 2.2. Assume that char K # 2. For m,n € K with (m? + 3m +
9)(n? + 3n +9) # 0, the splitting field over K of f$3(X) = X® —mX? —
(m+3)X — 1 and that of f$3(X) = X3 —nX? — (n+3)X — 1 coincide if
and only if there exists z € K such that either
- om(2*—32—-1)—92(2+1)
 omz(z+ 1)+ 234322 -1
m(z3 4322 —1)+3(2% - 32— 1)
 mz(z+1)+23+4322-1

or

n =

By a similar argument to the one for ftS 3(X) given above, we obtain the
following corollary:

Corollary 2.2. Let K be an infinite field of char K # 2. For a fixed
m € K with m? +3m + 9 # 0, there exist infinitely many n € K such that
Sply 12 (X) = Spl f7%(X).

The following theorem is well-known as Siegel’s theorem for curves of genus
0 (cf. [28, Theorem 6.1], [29, Chapter 8, Section 5], [14, Theorem D.8.4]).

Theorem 2.3 (Siegel). Let K be a number field and Ok the ring of in-
tegers in K. If a rational function ¢(t) € K(t) has at least three distinct
poles, then there are only finitely many u € K such that p(u) € Ok.

In contrast with Corollaries 2.1 and 2.2, by applying Siegel’s theorem
to Theorems 2.1 and 2.2 we get the followings:

Corollary 2.3. Let K be a number field and O the ring of integers in K.
For f53(X) = X34aX +a with a given non-zero integer a € Ok, there exist
only finitely many integers b € Ok such that Sply f23(X) = Slebe?’ (X).

Corollary 2.4. Let K be a number field and Ok the ring of integers in
K. For f$3(X) = X3 —mX? — (m+3)X — 1 with a given integer m € Ok
(m? +3m + 9 # 0), there exist only finitely many integers n € O such
that Sply f52 (X) = Splg f,7*(X).



92 AKINARI HOSHI AND KATSUYA MIYAKE

In the next section, we investigate this phenomenon in detail for f<?(X)
and K = Q.

3. A parametric family of Thue equations

We consider the following parametric family of Thue equations

Fr(X,Y):= X3 —mX?% — (m+3)XY2-Y3= (3.1)

for m € Z and j € Z \ {0}. We first note that
F o 3(X,Y) = Fp(=Y,—X), (3.2)
—F(X,Y) = F, (=X, -Y). (3.3)

From (3.2) and (3.3), we may suppose that —1 < m and 0 < j without
loss of generality. In the case of j = £1, the Thue equations (3.1) is solved
completely. Thomas [47] showed that if m +1 > 1.365 x 107 then the equa-
tion F,,(X,Y) = 1 has only the trivial solutions (0,—1),(—1,1), (—1,0).
Moreover he also showed that for 0 < m + 1 < 103 non-trivial solutions
exist only for m = —1,0,2. Mignotte [38] solved completely the equations
F,.(X,Y) = 1. He proved that for —1 < m non-trivial solutions occur only
for m = —1,0,2.

For —1 <m € Z and j = 1, all integer solutions of the equations (3.1)
are given by trivial solutions (z,y) = (1,0), (0, —1), (—1, 1) for an arbitrary
m and additionally

(z,y) =(-1,-1),(-1,2),(2,-1) for m= -1,
(z,y) = (5,4), (4,-9),(-9,5) for m=-1,
(z,y) = (2,1),(1,-3),(-3,2) for m=0,
(z,9) = (=7,-2),(=2,9),(9,-7) for m=

(cf. also the textbook [9, p. 54]). Note that if (z,y) is an integer solution
of (3.1) then (y, —x — y) and (—z — y, z) are also integer solutions of (3.1)
because F,(X,Y) is invariant under the action of C5 = (o) where o :
X+—Y+—-X-Y.

Mignotte-Petho-Lemmermeyer [39] studied Thue equation F,,,(X,Y) =
j for general j € Z and gave a complete solution to Thue inequality
|Frn (X, Y)| < 2m+3 with a result of [35]. For —1 < mand 1 < j < 2m+3,
all solutions to F,(X,Y) = j are given by trivial solutions for j = ¢ and

(x,y) € {(_la _1)a (_L 2)7 (2a _1)a
(—m—1,-1),(-1,m+2),(m+2,—m—1)}
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for j = 2m+3, except for m = 1 in which case (3.1) has the extra solutions:

(x,y) € {(3, 1)7 (la _4)a (_4a 3)7 (Sa 3)7 (Sa _ll)a (_lla 8)}

for j = 5 *. The Thue inequality |F,,,(X,Y)| < j(m) for j : Z — N is also
investigated by Lettl-Pethé-Voutier [36] and Xia-Chen-Zhang [49] under
some conditions.

Take the k-generic polynomial f&3(X) = X3 —tX? — (t +3)X — 1 €
k(t)[X] for C5. We consider the case of k = K = Q and m € Z. Then we
have f$3(X) = F,,(X,1). For m € Z, we call the splitting fields

Ly, == Splg f5(X)

the simplest cubic fields (cf. [45]). Note that F,,,(X,1) = F_,,,_3(—1,—X).
Thus if 2 is a root of f&3(X) then 1/z becomes a root of f<3 (X), and
hence L,, = L_,,_3 for m € Z.

By using Theorem 2.2 we obtained in [15] the following theorem which
asserts a correspondence between some integral solutions of Thue equations
(3.1) and isomorphism classes of the simplest cubic fields.

Theorem 3.1. Let m be an integer. There exists an integer n € 7\
{m,—m — 3} such that L,, = Ly if and only if there exists a solution
(z,y) € Z* with zy(z +y) # 0 to the cubic Thue equation

Fo(z,y) =3 forsome j >0 with j|m?+3m+9.
Moreover integers m, n and solutions (x,y) € Z? above satisfy either

(m? 4+ 3m + 9)zy(z + y)
F(z,y)
(m? +3m + 9)zy(x +y)
Fo(z,y) .

Note that the discriminant of F,,(X,Y) equals (m? + 3m + 9)2.

Ennola [8] verified that for integers —1 < m < n < 10* the overlap
L,, = L,, occurs only in the case of L_1 = L5 = L3 = L1259, Lo = L3 =
L5y, Ly = Lgg and Lo = Lagsgg. In [17], we checked that this claim is also
valid for —1 <m < n < 10° by using Theorem 2.2.

Okazaki [42] studied Thue equation f(X,Y) = 1 for an irreducible
cubic form f(X,Y) with positive discriminant and established a very
strong result on gaps between solutions. For example, applying Theo-
rem 1.3 in [42] to F,(X,Y), we see that if m + 1 > 4 x 10? then

Q) n=m-+

I —-n-3=m+

*In [39, Theorem 3], there is a misprint: it should be added (—11, 8).
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F,.(X,Y) = 1 has only three trivial solutions (instead of Thomas’ esti-
mate m + 1 > 1.365 x 107 as we mentioned above). Using the gap principle
given in [42], Okazaki showed the following theorem. Although the result
seems to be unpublished yet (up to now), a brief sketch of the proof is
available at http://wwwl.doshisha.ac.jp/ rokazaki/papers.html as a
presentation sheet (cf. also Wakabayashi’s paper [48]).

Theorem 3.2 (Okazaki). For integers m,n > —1, if L,, = L,, (m # n)
then m,n € {-1,0,1,2,3,5,12,54, 66,1259, 2389}. In particular,

L_1=Ls=Li2= Lizsg, Lo=L3s=1Lss, L1=Les, La2= Lassg.
As a consequence of Theorem 3.1 and Theorem 3.2 we obtain the followings:

Theorem 3.3. For m > —1, all integer solutions (z,y) € Z* with xy(z +
y) # 0 of Thue equations F,,(x,y) = j with j € N and j|m? +3m + 9 are
given on Table 1.

Table 1

m n Type j m2+3m+9 | (z,9)

-1 12 (1) 1 7 (-1,-1), (-1,2), (2 1)

-1 | 1259 @) 1 7 (5,4), (4,-9), (-9,5)

—1 5 @) 7 7 (2,1), (1,-3), (-3,2)

0 54 [0) 1 32 (2,1), (1,-3), (=3,2)

0 3 (M) 3 32 (—1,-1), (—1,2), (2 —1)

1 66 (1) 13 13 (=5,-2), (=2,7), (7,—5)

2 2389 | (I0) 1 19 (-7,-2), (=2,9), (9,-7)

3 0 (11) 32 33 (—1,-1), (-1,2), (2,-1)

3 54 (I1) 32 33 (—4,-1), (=1,5), (5, —4)

5 -1 @) 72 72 (3,-1), (— 1,—2),( 2,3)

5 12 (M) 72 72 (—4,-1), (—1,5), (5, —4)

5 1259 ) 72 72 (19,3), (3, —22) (—22,19)

12 -1 (11) 33 33.7 (-1,-1), (-1,2), (2,-1)

12 1259 | (II) 33 33.7 (—13,-1), (—1,14), (14, —13)

12 5 (I1) 33.7 33.7 (—4,-1), (=1,5), (5, —4)

54 0 6} 73 32.73 (3,—1), (—1,-2), (—2,3)

54 3 (M) 3.73 32.73 (—4,-1), (—1,5), (5, —4)

66 1 (I | 33-132 33.132 (=5, -2), (—2,7), (7,-5)
1259 | —1 @ 613 7613 (9, —4), (=4, =5), (=5,9)
1259 12 (11) 61° 7-613 (—13,-1), (—1,14), (14, —13)
1259 5 @) 7613 7-613 (22,-3), (=3,—19), (—19,22)
2389 2 (1m) 673 19-673 (—=7,-2), (—2,9), (9,-7)

Corollary 3.1. For m > —1, integer solutions (z,y) € Z* with xy(z +
y) # 0 of Thue equations Fy,(z,y) = m? + 3m + 9 exist only for m =
—-1,1,5,12,66,1259 as on Table 1.
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We provide more detailed data of Table 1 in the last section (Appendix)
of this paper for the reader’s convenient.

4. The case of Dy

For a field k with char k # 2, we take a k-generic polynomial fsl?t“ (X) =
X4+ 5X?%+t € k(s,t)[X] for Dy with discriminant 16t(s* —4¢)2. We assume
that for a = (a,b) € K2, f2}(X) is separable over K, i.e., b(a® — 4b) # 0.

In this case, for an infinite field K D k and a fixed a = (a,b) € K2,
there exist infinitely many a’ = (a’,d’) € K? such that Sply fP+(X) =
Splifar (X) because fih(X) and fi74, (X) = f14 0 (X) = frp(X/e) - *
have the same splitting field over K for arbitrary c € K. Hence we consider
the non-trivial case of a2b' — a’*b % 0 or b/ /b # ¢* for any ¢ € K.

In [18], we gave the following theorem which is a generalization of the
result of van der Ploeg [43]:

Theorem 4.1. For a = (a,b), a’ = (a’,V’) € K? with bb'(a? — 4b)(a? —
4b') # 0 we assume that Cy < Gal(fP1/K) and Cy < Gal(f*/K). We
also assume that a?b' — a’>b # 0 or b /b is not a fourth power in K. Then
the quotient fields K[X]/(fP1(X)) and K[X]/(f5*(X)) are K-isomorphic
if and only if there exist u,w € K such that

a' = (a® — 3ab — 2a*u + 4bu + au?)w?, b =b(b— au + u?)*w?.

Suppose that K is a Hilbertian field; that is to say, suppose that Hilbert’s
irreducibility theorem holds for K. Then, as a consequence of Theorem 4.1,
we get

Corollary 4.1. Let K D k be a Hilbertian field. For a = (a,b) € K2
with b(a®? — 4b) # 0 and Cy < Gal(fP1/K), there exzist infinitely many
a’ = (a’,V') € K? which satisfy the condition that V' /b is not a fourth power
in K and that Sply fP+(X) = Slef:,)“(X).

Proof. Applying Theorem 4.1 to w = 1, it follows that for arbitrary v € K
Sply fPH(X) = Slefgfb, (X) where o’ = (a® — 3ab — 2au + 4bu + au?),
b= b(5—au+u2)2. By Hilbert’s irreducibility theorem, there exist infinitely
many u € K such that X2 — (b—au+u?) = X% — (u? —a/2)% + (a® — 4b) /4
is irreducible over K, since a? — 4b # 0. For such infinitely many u € K,
we have b’ /b = (b — au + u?)? which is not a fourth power in K. m|

It follows from the assumption C; < Gal(fP4/K) that b is not a square
in K, i.e., Gal(fP*/K) £ A4. Applying Theorem 4.1 to (u,w) = (0,1),
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we have Sply f} (X) = Splgfi4,(X) for (a/,b) = (a(a® — 3b),b%) with
b' /b = b* which is not a fourth power in K. By repeating this process, we
see that for a given (a,b) € Z? with b(a? — 4b) # 0 there exist infinitely
many (a’,b’) € Z* such that b'/b is not a fourth power in Z and that
Splefg( )= Splea, %, (X); this shows a fact in contrast with Corollaries

2.3 and 2.4 although fS’ (X)) have the least possible number of parameters
over Q.

5. Numerical examples: the case of Cj,

We take the k-generic polynomial f<4(X) for Cy:
52
u?+4
with discriminant 16s%u*/(u? + 4)3. We assume that for a = (a,c) € K*,

1(X) is well-defined and separable over K, i.e., ac(c? +4) # 0.
n [18], we gave the following theorem:

YX)= X" +sX2+

s,

€ k(s,u)[X]

Theorem 5.1. For a = (a,c), a’ = (a/,¢') € K2 with ad’cd (¢ + 4)(’* +
4) # 0, we assume that ¢ # :I:c and ¢ # +4/c. Then the splitting field of
fE4(X) over K and that of £ ' (X) coincide if and only if either f,%(ﬁ (X)
or X“C_(X) has a linear factor over K where A = —aa’ and C* = (cc' F
4)/(c ).

Example 5.1. For f4(X) = X* 4 aX? + a?/(c* + 4), we first note that
Sl faa(X) = Splcfa* o(X) and  Splg fi(X) = Splyc ot (X)
for a,c,e € K. By Theorem 5.1, we have
Slefac;é(X) = Slefg%+4)/a,c(X) (5.4)

since g4c+(X) = (X -2)(X+2)(X —¢)(X +c) for (¢/,c) = ((c*+4)/a,c).
Although Theorem 5.1 is not applicable to the case of ¢/ = 4/¢, it follows
from Sply (X?* + aX? 4+ b) = Splg (X?* + 2aX? + a® — 4b) that

Splic S74(X) = Splyc £2, o (X) (5.5)

(cf. [18]). For example, by (5.4) and (5.5), the polynomials f{4(X) and
f20(i2+4)/a’4/c(X) have the same splitting field over K.

Example 5.2. We take K = Q and the simplest quartic polynomial
ho(X) = X* —nX? - 6X*+nX +1€Q[X], (n€Z)
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with discriminant 4(n?4-16)? whose Galois group over Q is isomorphic to Cy
except for n = 0, +3 (cf. for example, [11], [12], [30], [35], [27], [13], [7], [37],
and the references therein). We see that h,,(X) and

Hy(X):=f (X)=X*— (n*+16)X? + 4(n? + 16)

Cy
—(n2+16),n/2
have the same splitting field over Q (cf. [18]). For n € Z, we may assume
1 < n because SplyH,(X) = SplgH_,(X) and H,(X) splits over Q only
for n = 0, £3. For 1 < m < n, we apply Theorem 5.1 to H,,(X) and
H,(X) as (a,c,a’,c) = (—(m? + 16),m/2, —(n? + 16),n/2), then we see
for (m,n) = (2,22), (1,103), (4,956),

Fiice (X) = (X = 60)(X + 60)(X — 80)(X + 80),

FSi (X)) = (X — 255)(X + 255)(X — 340)(X + 340),

£S5 (X) = (X — 2080)(X + 2080)(X — 4992)(X + 4992)

respectively. Hence we get
Splychm(X) = Splhn(X) for (m,n) € {(1,103),(2,22), (4,956)}.

We may not apply Theorem 5.1 to two cases (m,n) = (1,16), (2,8). In
these cases, we may use the transformation (5.5) in the previous example.
We checked by Theorem 5.1 that for integers m,n in the range 1 <
m < n < 10°, fgflci (X) has a linear factor over Q, i.e. Splgh,(X) =
Splyh, (X), only for the values of (m,n) = (1,103), (2,22), (4, 956).

6. Numerical examples: the case of Dy

We take the Brumer’s quintic generic polynomial for Ds:

X)) =X+ (t-3)X '+ (s —t+3)X°>
+ (2 —t—25s— 1)X? +5X +t € k(s)[X]

with discriminant ¢2 - §2 where s = (s,t) and
0 = 2 =48>+ 4t —14st — 3052t — 91t — 3dst? + s2t2 + 4083 + 24583 + 41 — 4¢°.

We assume that for a = (a,b) € K2, fP5(X) is separable over K, i.e.,
b-0a # 0. We first see the following lemma (cf. [19]).

Lemma 6.1. For a = (a,b) € K2 with b- 5 # 0, we have Spl fP5(X) =
Ds
P fiatse) o2, —1/6(X)-
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In the case of char k # 2, we take

2
Fl (X) = (X5 St —NX X+ 2x2 4 Dx g C—O)

2 2 2
ds Os/ 2 ’ ’ ’ ’ 2
-2 (X St - D)X+ (s—t+s —t +tt—|—2)),

FSQ,S’(X) = F(ls+5t)/t2,71/t,s’,t’(X)

where s = (s,1), s’ = (¢/,¢') and

c3 = [25 — 21t + 3t% — t(2 — t)s’ — £2¢'] + 31 — 355’ + 5t

2 = [2(—10s + 56t + 4st — 16t* 4 %) + ¢(5 — 135 — 12¢ + 4t%)s — (155
— 14t — 22 + 825"t — 23'*) — 102 + 2755 — 1191t — sts't + 643"

1 = [2(165 + s — 64t — 135t + 30t 4 2st% — 4t%) + (=657 — 7t + 38st
+9t% — 5st2 — 1263 4+ 2th) s’ + (25 — 77t + 35t + 82’ + 2t(—10 — 4s
43t 4+ 128" £ 12(=29 + s+ 180)8'¢ — 2(s — 56)t%"%] + 80 — 37ss’
+ 145t — 4sts't + 24824 — 831"

co = [2(—8s — &% + 28t + 125t + 7t — 19t” — 4st® + 41%) + (55° — 2t
— 38st — Ts2t + 5t2 + 13st? + 8t + 2st> — 4th)s’ — t(104s + 335>
— 105t — 355t — 4t% — 165t + 6t° + 26t + t(—21 — 11s — 2t + 2st
F41%) 8" — (s — 36t + 14st + 612 — 66%)s't’ — 12(37s — 22t + 2st

— 82t 835t 4 81257t — oM7) — 24 4 1458 — 8525 — 2248¢/

2 2 3
+ sts't! — 101427 — st?s't"" — 83t

with [u] :=u+t(u), (u € k(s,t, 8, '), for 1: s s/, t = t'.
In [19], we gave the following result (for the case of char K = 2, see [19]).

Theorem 6.1. Let K D k be a field of char K # 2. For a = (a,b),
a’ = (a/,b') € K? with aa6adar # 0, we assume that Fy ,,(X)FZ (X)) has
no repeated factors. Then the splitting field of fP5(X) over K and that of
f23(X) coincide if and only if either Fy o(X) or FZ ,/(X) has a root in K.
Remark 6.1. Note that we may assume that F, ,,(X)F2, (X) has no
repeated factors after suitable Tschirnhausen transformation of f5°(X)
(cf. [10], [4], [19], [21]). For example, we may apply Lemma 6.1 for a = (0, 1),
a’ = (4,—1) as follows: the polynomial Fyj, , ;(X) splits into irreducible
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factors over QQ as

F()1,1,4,—1(X) = (X - 1)*X - 3)(X*-3X +14)
(X —8X* 4+ 36X3 — 47X 4+ 60X + 193).

It follows from Lemma 6.1 that Sple4 22 (X) = Spleijil(X), and we have
the Q-irreducible decomposition of F5; _; ,(X) as

Fo2,1,—1,1(X) = X(X? - 3X +14)(X? - 5X + 18)
(X5 — 88X 447X — 17T1X% 4 299X — 235).

Thus we see Sple(ff(X) = Splgfy D5 (X) (= Sple_1 1(X)). This con-
clusion may directly be obtained also from the Q-decomposition type of

F()1,1,4,71(X) (see [19]).

By Theorem 6.1, we give some numerical examples of the field isomor-
phism problem of fff (X) over K = Q and for integral points a,a’ € Z2.
We do not know, however, for a given a € Z? whether there exist only
finitely many a’ € Z? such that SpIQfaD5 (X)= Splef5 (X) or not.

As in Remark 6.1, if F; o (X) has a repeated factor then we retake an-
other (modified) F; 2 (X) which is squarefree and arises from some Tschirn-

hausen transformation of £2°(X).

Example 6.1. Take K = Q and ¢ := 1. Then we have f7(X) = X° —
2X4+ (s+2)X3 - (2s+1)X?+sX + 1. For a,a’ € Z in the range —10* <
a < a’ <10% Splyfr; (X) = Splgf% (X) if and only if (a,a’) € X1 U X,
where

X1 ={(-6,0),(—1,41),(—94,-10)},
X2 ={(-1,0),(-6,-1),(-18,-7),(1,34),(0,41), (—6,41), (—167,—8)}.

It was directly checked by Theorem 6.1 that, for a,a’ € Z in the range
—10* < a < a’ <10 (a,d’) € X; if and only if (modified) F} , ., (X) has
a root in Q for each of i = 1, 2.

Example 6.2. Kida-Renault-Yokoyama [26] showed that there exist in-
finitely many b € Q such that Sple(ff (X) = Spleff (X). Their method
enables us to construct such b’s explicitly via rational points of an associ-
ated elliptic curve (cf. [26]).

They also pointed out that in the range —400 < a,b < 400 there are
25 pairs (a,b) € Z? such that Sple(ff (X) = Splefg (X). We may classify
the 25 pairs by the polynomials Fy , , ,(X) and Fg, ,,(X). In the range
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above, for i = 1,2, (modified) Fg, ,,(X) has a root in Q if and only if
(a,b) € X; where

X; = {(0,1), (4,-1), (4,5), (=6,1), (—24,19), (34,11), (36, —5),
(46, —1), (—188,23), (264, 31), (372, —5), (378, 43)},
={(=1,-1),(=1,1),(5,—1), (41,1), (=43, 5), (47, 13), (59, —5),
(59,19), (101, 19), (125, —23), (149, 11), (155, 25), (— 169, 55)}.

By Theorem 6.1, we see that if £y, , ,(X) (resp. F02,1,a,b(X))7 (a,b) € 72,
has a root in Q then (a,b) = (even, odd) (resp. (a,b) = (odd, odd)) because
F§ 1 0p(X) € Z[X] splits into irreducible factors over the field Fy of two
elements as

F0,1,00(X) (X5 + X3 +1)2,
Foioa(X)=X(X+1D)"X°+ X +1),

Fop10X)=X"+ X"+ X"+ X% +1,

F0111(X) (XP+ X3+ D)(XP+ X3P+ X2+ X +1)

and F02,1,a,b(X) € Z[X] also splits into irreducible factors over Fy as

F100(X) = (X°+ X% +1)%
Fiioa(X)=(X°+X°+ D)(X°+ X+ X? + X +1),
FoipoX) = X"+ X"+ X0+ X+ X2+ X +1,
Za(X) = X3 (X + 1)2(X5+ XP + X2+ X +1).

By Theorem 6.1, we have checked pairs (a,b) € Z? in the range —2 x
10* < a,b < 2 x 10* and added just {(526,41), (952,113), (2302, 95),
(6466,311), (7180,143), (7480, —169)} to X1, and {(785, —25), (3881, 29),
(—11215,299), (19739, —281)} to X».

Example 6.3. Let h,(X) be Lehmer’s simplest quintic polynomial
Tschirnhausen transformation
hn(X) = X° 4+ n2X* — (203 + 60 + 10n + 10) X3
+ (n* 4+ 503 + 1102 + 150 +5) X2 + (n® + 4n® + 10n + 10) X + 1

(cf. [33]), and take K = Q. We regard n as an independent parameter
over Q. For Brumer’s quintic fff (X), we see by the result in [21] that
Splg(nyhn(X) = SplQ(n)fft‘" (X) where s = —20—5n+10n2+12n3+5n%+n5,
t = —7—10n —5n2 — n®. By Theorem 6.1, we checked pairs (m,n) € Z? in
the range —10* < m < n < 10 to confirm that Splyh.,(X) = Splyh,(X)
if and only if (m,n) = (-2, -1).
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7. Appendix

For the reader’s convenience, we give more detailed data of Table 1 of
Theorem 3.3 as the following table (Table 2) which is meant to be compared
with the known results of Thomas [47], Mignotte [38] and Mignotte-Petho-
Lemmermeyer [39].
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A STATISTICAL RELATION OF ROOTS OF A
POLYNOMIAL IN DIFFERENT LOCAL FIELDS II

YOSHIYUKI KITAOKA *

Department of Mathematics, Meijo University,
Nagoya, 468-8502, Japan
E-mail: kitaoka@ccmfs.meijo-u.ac.jp

Let f(z) be a monic polynomial in Z[z]. We make an observation on the sta-
tistical relation of roots of f(z) modulo p for different primes p, for which f(z)
decomposes completely. Based on it, we propose several conjectures.

1. Introduction and Conjectures

Let
f(x) =a" + an_12" ' + ...+ a12 + ap € Z[x]
be a monic polynomial with integer coefficients. We put
Spl(f) ={p| f(z) mod p is completely decomposable},

where p denotes prime numbers. Let r1,....,7, (r; € Z,0 <71; <p—1) be
roots of f(z) = 0 mod p for p € Spl(f); then clearly a,_1+>_7r; = 0 mod p.
Whence there exists an integer Cp(f) such that

n
an1+ Y i = Gp(Dp. (1)
i=1
We stress that the local roots are supposed to satisfy

0<r;<p—-1 (r; €Z).

Hence the integer Cp,(f) satisfies 0 < Cp(f) < n for sufficiently large primes
.

*Partially supported by Grant-in-Aid for Scientific Research (C), The Ministry of Edu-
cation, Science, Sports and Culture.
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Example 1.1. Let f(x) =+ a (a € Z); then we have, for primes p with
finitely many exceptions

1 ifa>0
C = ’
o) {Oﬁa<&

Proof. We confine ourselves to primes p larger than |a|. If @ > 0, then the
local root mod pis p —a € [0,p — 1], and so Cp(f) = 1. If @ < 0, then the
local root is —a € [0,p — 1], and C,(f) = 0. |

The following is the second exceptional case where we can evaluate
Cy(f) explicitly ( [5]).

Theorem 1.1. Let m be a natural number and let
2m ‘
f(z) = Zaixl € Zlx]
i=0

be a monic polynomial without integer roots which decomposes as f(x) =

f1(f2(2)) (¢f. (1.2) below) with f1(x), fo(x) € Q[z] and deg fa(x) = 2. Then
we have

1
Co(f) = m (= 5 des f(2))
for primes p € Spl(f) with finitely many exceptions.

Although we do not know the real meaning of C,(f), we know the following
characterization in a particular case.

Theorem 1.2. Let p (# 2,5) be a prime number, and let the purely periodic
decimal expansion of 1/p be

0.1+ Ce=0.c1+ CoC1Corv, (0 ¢; <9)

where e is the minimal length of periods, i.e. e = the order of 10 mod p.
Suppose e = nk for natural numbers n (> 1), k. We divide the period into
n parts of equal length k, and add them. Then we have

Cl"'Ck+ck’+1"'02k+"'+c(n71)k+1”'c’nk
= (10* = 1)Cy(f)
=99 % Cy(f),

for f(z) =2 —1, and Cp(f) =n/2 if n is even, and 1 < C,(f) <n—2 if
n is odd.
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The study of the distribution of C,(f) in this theorem was the starting
point ( [4], [3]) for our research.

Except two cases above, the values Cp( f) seem random. Hereafter, we study
the distribution of C,(f) for a given monic polynomial f(x) in Z[z].

First, the range of C,(f) is more precisely described by the following ( [5]).

Proposition 1.1. Suppose that f(z) = 2" +a,_12" 1 +...+a1z+ag € Z[z]
is a monic polynomial without integer roots. Then we have, for p € Spl(f)

1< Cp(f )<n-—1
except finitely many primes.

Proposition 1.2. Let f(z) be a monic polynomial of degree n without
integer roots. Then we have

Co(=1)"f(=2)) = n = Cp(f(x)) and Cp(f(z + a)) = Cp(f(2)) (a € Z)

except finitely many primes.

Proof. Let r1,--- , 7, be roots of f(x) modulo p with 0 < r; <p—1. We
note that there are only finitely many primes p such that r; # 0, hence for
such primes 0 < p —r; < p— 1 and p — r;’s are the roots of (—1)"f(—x)
modulo p. Now (1.1) reads —an—1 + Y . (p — ri) = (n — Cp(f))p, and so
the first equality follows.

Next, noting that f(z +a) = 2" + (ap—1 +na)z" "t +--- and r; — a’s are
the roots of f(z+a), we have Cy,(f(z+a)) = (an—1+na+> (r; —a))/p =
Cp(f(x)) under the assumption 0 < 7; —a < p. If there are infinitely many
primes such that r; —a > p,i.e. 1 < p—1r; < —a, then there is an integer b
such that 1 < b < —a for which p —r; = b holds for infinitely many primes.
Hence f(—b) = f(r;) = 0 mod p for infinitely many primes. This implies a
contradiction f(—b) = 0. Similarly, we have 0 < r; — a except finitely many
primes. O

To state the main conjecture based on our observation in the next sec-
tion, we prepare notations and terminologies.
(1) For a monic polynomial f(z) € Z[z] and a positive number X, we define
the natural density by
Prik, £, x) = 2AP1P € SPUS).p = X, Cyp(f) = k}

#{p|pesSpl(f),p< X}

(2) Let f(xz) be a monic polynomial in Z[z]. If there are polynomials
g(x), h(x) € Q[z] such that

f(x) = g(h(x)), (1.2)
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then we call this expression a decomposition of f. We may suppose that
h(z) is in Z[z] and primitive; then g(z), h(x) are in Z[z] and monic.

Proof. Suppose that there is a prime number p such that g(x) ¢ Z,[z]
where Z,, signifies the ring of p-adic integers; then there is a natural number
a such that p®g(x) is primitive in Z,[z]. Therefore we have

pag(x) nxn+m0dpa a’n?_éomOdpa

a
h(z) = bpa™ + -+ mod p, by, £ 0 mod p,
which yields

p*f(z) = p*g(h(z)) = an(bmz™)™ + - - mod p.

Comparing both sides, we have a contradiction 0 = a,b]’, mod p. Hence
g(x) € Zylx] for all p and so g(x) € Z[z]. Now g(z) and h(z) are clearly
monic since f(z) is monic. m|

Therefore, for a decomposition f(z) = g(h(z)), we may assume that
g(x), h(x) are in Z[x] and monic. Moreover, putting hi(z) = h(x) — h(0),
we have f(z) = g(h1(z) + h(0)) = g1(h1(x)) for another monic polynomial
g1(x) € Z[z]. Consequently, we may assume in (1.2) that

g(x), h(z) € Z[x] are monic and h(0) = 0, (1.3)

which we call a reduced decomposition of f(x). Then h(z) divides f(x)—
f(0). A reduced decomposition is not unique. Indeed,

{g(w) = f(z), {g(x) =z + f(0),
h(z) = =, h(z) = f(z) — f(0)

are reduced decompositions. We call these trivial. If a polynomial f(x)
has a non-trivial reduced decomposition, we say that f(z) is reduced,
otherwise non-reduced. When f(z) is reduced, we call the degree of h(x)
a reduced degree of f(x). Thus every reduced degree is larger than 1 and
smaller than deg f. For example, the reduced degrees of f(z) = z™ are all
proper divisors m of n because of f(x) = (z™)™/™. Note that deg f(z) =
deg g(x) - deg h(x), hence each reduced degree divides the degree of f(x).
Therefore, if deg f(z) is a prime number, f(x) is non-reduced.

Every reduced polynomial treated in Section 5 of [5] has only one non-
trivial reduced decomposition. Therefore, the definition of the reduced de-
gree adopted there to be the minimum of reduced degrees coincides with
the above definition, and causes no trouble to study examples there. But
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it turned out to be inappropriate when f(x) has many reduced decompo-
sitions, as examples in case of n = 12 below exhibit and we are to modify
the definition of the reduced degree as above.
(3) A mapping p from the set of integers Z to the set of non-negative real
numbers is called a table of frequency distribution if it satisfies (i)
p(n) # 0 for only finitely many integers n, (ii) p(n) =0if n < 0, and (iii)
> onezP(n) = 1.
The mean y and the variance o2 of p are defined as usual by

p(p) = np(n), o*(p) =Y _ n’p(n) — pu(p)*.

nez nez

To a table of frequency distribution p, we associate the generating poly-
nomial d, by

dy(a) = 3 pln)a”
Then we have "
d)(z) = 3" p(njna ",
d)(2) + d (@) = (ad)(2)) = 3 pln)n®a"".
These yield
dp(1) = 1, /(1) = up), 4/(1) = o*(p) + p(p)® — ulp).  (14)

Let p, ¢ be tables of frequency distribution. The convolution p * ¢ is defined
by
pxq(n) = Y p(i)q(),
i+j=n
which is indeed a finite sum. It is easy to see that p*q is a table of frequency
distribution, and that

dpiq(7) = dp()dy (7).
(1.4) yields
u(p * q) = u(p) + u(q), o (p*q) = o*(p) + *(q). (1.5)

We define the table of frequency distribution p™ inductively by p' =
p, p™ = p* p™~! for a natural number m.

(4) Let us introduce Eulerian numbers A(n, k). Let A(1,1) = 1 and we
define inductively A(n,k) (1 <k <n) by

An,k)=n—k+1DAn—-1,k—1)+kA(n — 1,k).



DISTRIBUTION OF ROOTS OF A POLYNOMIAL MODULO PRIMES 111

We suppose that A(n, k) = 0 unless 1 < k < n. Their values are

n\kl| 1| 2 3 4 5 6 7 819
2 ||1]1
3 ||1] 4 1
4 1111 11 1
5 ||1]26]| 66 26 1
6 ||1]57 | 302 | 302 o7 1
7 || 1]120| 1191 | 2416 | 1191 | 120 1
8 || 1]247| 4293 |15619| 15619 | 4293 | 247 | 1
9 || 1]502]14608|88234|156190|88234|14608| 502| 1

The values for n = 7,9 in [5] are incorrect and 12, 15619 there should be
120, 156190, respectively.
For natural numbers n (> 2), we define the normalization E,, by
A(n —1,k)

(n—1)!
Since A(n, k) > 0 and Y ,_, A(n,k) = nl, E, is a table of frequency distri-
bution, which we call an Eulerian table, and

p(B2) =1, [ p(En) =n/2,
{02(E2)=0, {02(En):n/12 for n > 3, (1.7)

E, (k) = (1.6)

which is easily proved by induction on n. Therefore, for a natural number
n = mr we have, by (1.5)

u(Ey") =m, p(E") =n/2,
f > 3.
{02(@”) =0, LBy =ni2 77
Obviously, dg, () = x and dg, (z) = 32 + 32%. Hence we get, by dgn (z) =
dg, ()™ = 2™ and dgp (v) = dg, (2)™ = (F2(1 4+ z))™, iec.
1 if k =m,
0 otherwise,
27m( ™ ) ifm <k <2m
E (k) = k—m o
5 (k) { 0 otherwise.

Eulerian tables E™, for which E™ (k) is by definition above equal to

kvt kg =k i=1

By = {

have the properties that
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(1) they are symmetric and unimodal, i.e. E™(k) = E™(rm—k) for 'k € Z
and EM™(1) < EM™(2) <--- > E™(mr —2) > E™(mr — 1).
(2) E-(1)=1/(r—1)!#0and E(1) =0if m > 1.

1.1. Irreducible case
Now we can state our main conjecture.
Conjecture 1.1. Let f(x) € Z[z] be a monic irreducible polynomial of

deg f(z) = n > 2 and suppose that f(x) is non-reduced. Then for any
integer k, the limit of natural density

lim Pr(k, f,x) (= Pr(k, f) say)
exists and is equal to
E,(k);

in other words the table of frequency distribution Pr(f) : k — Pr(k, f) is
equal to E,, :

Pr(k, f) = zh_)rgo Pr(k, f,x) = E, (k).

Remark 1.1. The conjecture 1.7 in [5] should be modified as follows, be-
cause the concept of the reduced degree therein has been modified as before.

Let f(x) be a monic irreducible polynomial of degree n (> 3) in Z[z].
We assume that 2 is not a reduced degree of f(x). Then the table
of frequency distribution defined by Pr(f) : c+— Pr(c, f) satisfies

u(Pr(f)) =n/2, a*(Pr(f)) = n/12,
Pr(k, f) = Pr(n —k, f) for "k,
Pr(l,f)SPr(2,f)§ZPr(n—2,f)2P7'(n—1,f)

A classical example of a random variable with mean 1/2 and variance 1/12
is a uniform distribution on the interval [0,1): If 21, - - - , 2, are independent
uniform distributions on [0, 1), the mean and the variance of the sum x; +
-+ x, is n/2 and n/12, respectively. Hence recalling (1.7), we see that
the above conjecture suggests the existence of uniformity. The following
conjecture stated in Remark 2 in [3] may fall in this category.

Conjecture 1.2. Let F = Q(a) (# Q) be an algebraic number field gener-
ated by an algebraic integer o, and let k be a non-negative integer. For a
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prime number p which decomposes fully in F' and for a prime ideal p lying
above p, we write in F, = Q)

a=cp(0) +cpy(L)p+--- (cp(i) €Z,0 < cp(i) <p).

Then the points (cy(0)/p,cp(1)/p, -+, cp(k)/p) (€ [0, 1)*1) are uniformly
distributed when p,p rTun over prime numbers and prime ideals described
abowve.

Remark 1.2. Let f(x) be the minimal polynomial of o over Q; then c,(0) is
a root of f(x) =0 mod p. Conjecture 1.2 is true if a is quadratic irrational
and k=0 ( [1], [6]).

Let us give remarks related to Conjecture 1.1 from the view point of the
uniform distribution. From now on, we assume that f(z) € Z[z] is a monic
and irreducible polynomial of deg f > 2.

(1) The definition (1.1), i.e. Y 7i/p = Cp(f) — an—1/p shows that the set
of points (r1/p,--- ,r,/p) are in a proper subset of [0,1)" defined by
k—e<mi+z+-+x,<k+e(1<k<n, e>0)by|a,_1/p|<e
for large primes p, hence they are not uniformly distributed in [0, 1)".

(2) We denote by [x] the least integer which is larger than or equal to x,
ie. [z] =1 <z < [z], and put [x] = [z1 + -+ + x,] for a vector
x = (21, ,x,) € R
Then E, (k) in (1.6) is the volume of the set

Spy={xel0,)""|[z] =k},

which was suggested by Dr. Satoshi Fukutani (cf. [2]).
Hence, if @, € [0,1)"! are uniformly distributed, then we have

i U @m € Se} g
m—0Q m
(3) For n local roots 71, -+ ,r, of f(x) =0 mod p, the condition
(r1/ps-++ ;rn—1/p) € Sk (1.9)

is equivalent to Cp(f) = k except finitely many primes p. For, the
condition (1.9) implies that

k—1+ (an—l + Tn)/p < C;D(f) < k+ (an—l + Tn)/p

If Cp(f) > k+ 1, then we obtain 0 < p — 7, < ap—_1. This can occur
for finitely many primes, otherwise there exists some integer a with
0 < a < ap—1 such that p —r, = a, i.e. f(—a) =0 mod p for infinitely
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many primes p, hence f(—a) = 0, which is a contradiction. Similarly
Cp(f) < k —1 can occur for only a finite number of primes. Hence
Cp(f) = k holds except finitely many primes.

Our conjecture 1.1 for a non-reduced polynomial f suggests that the
points (r4(1)/Ps" " s To(n-1)/P) € [0, 1)"~1 for all permutations o of
the set {1,2,---,n}, to make local roots distribute impartially are uni-
formly distributed when p — oo. This may explain the background why
Eulerian numbers appear in this case.

Suppose that f(z) = g(h(x)) is a reduced decomposition (1.3). Then
putting

9(z) =2™ + apm_1™ 40 (m>1),
h(z) =a" +by_g2" '+ (r>1),

we have
fl@) =a™ +mby_1z™ " 4 -
For a prime p € Spl(f), we group local roots as follows:
{ri | f(ri) =0mod p} = U {riz, -+ i},
where 7; ; satisfies
h(ri;) =7s;imodp (1 <5 <7), g(s;) =0 mod p.

Hence r; ; (1 < j <) are roots of a polynomial h(z) — s; over Z/(p).
Then, notifying that

ColPp=mbr—1 + Y rig =) (br-1+ Y 7iy),
i i=1 j=1
we see that the summand is Cp(h(z) — s;)p, whence
Cp(f) =Y Cp(h(z) — s)
i=1
Proposition 1.3. For any choice of r — 1 elements in {r; 1, - ,Tir},

say {ri1, - ,Tir—1}, we have
Cp(h(x) —5;) = ’—(7’1,1 + -+ m,r_l)/p]

except finitely many primes p.
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Proof. Put k= [(r;1 + -+ 7ir—1)/p]. Then noting the identity
(rig + -+ rir1)/p = Cp(h(x) = 8i) = br1/p = 7ir /D,
we obtain
kE—1<Cplh(z) —s;) —br_1/p—1ir/p <k

If Cp(h(x)—s;) > k+1 holds for infinitely many primes p, then we have
k+1—0b_1/p—rir/p <k, whence 1 < p —r; , < b,_; for infinitely
many p. Consequently, there is an integer a (1 < a < b._1) such that
a = p — r;, for infinitely many p, which implies f(—a) = f(r;,) =
0 mod p for infinitely many p. Thus —a is a root of f(z), which is a
contradiction. Similarly Cp(h(z)—s;) < k—1 for infinitely many primes
p leads to a contradiction. Thus we have Cp,(h(x) — s;) = k. m|

Putting

we see that
vol(Spm,r(k))
= Z vol{(ml,--- ) | 2 €0, 1) [ :ki}.
k14 +km=k

Now the summand can be written as
Hvol{m € [o, 1)T_1 | [x] = k;},
i=1

which is

Hence
vol (S, (k) = E* (k)

by (1.8). Therefore, if the points (ri(u,01), - ,rm(p,om)) €
[0, l)m(r—l) with rg(u, o) = (TM(/C)Jk(l)/p’ e aru(k),ak(rfl)/p) for all
permutations p of {1,2,- -+, m} and all permutations oy, of {1,2,--- ,7}
are uniformly distributed, then by (2) we have Pr(f) = E™. If a re-
duced decomposition is unique and 2 is not a reduced degree, this seems
true. But, as the case of deg f = 12 below shows, the situation is not
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simple if there are plural reduced decompositions. By Theorem 1.1,
Pr(f) = EQ% 46() 15 true in case that 2 is a reduced degree of f(z),
even if there exist other reduced decompositions. How does one neglect
reduced degrees other than 27

Examples of deg f = 15,21, 35,105 suggest Pr(f) = E™ for the least
reduced degree.

How are reduced degrees or reduced decompositions involved and what
is Pr(f) if f has plural reduced decompositions 7 Is it likely that points
(ri/p, -+ ,7mn/p) are uniformly distributed up to relations induced by
rii/p+ -+ rie/p €Z (1 <i<m)for all reduced decompositions
with h(x) # x?

(5) Conjecture 1.2 immediately implies u(Pr(f)) = 3 deg f(z) (cf. [3]).

1.2. Reductble case

For reducible polynomials, let us give some observations.

(1) Let g,h be monic polynomials in Z[z]; then Cp(gh) = Cp(g) + Cp(h)
for p € Spl(gh) is easy to see. Considering Pr(f) as a random vari-
able defined by f, the probability theory suggests that Pr(gh) =
Pr(g) * Pr(h) (the convolution) if Pr(g) and Pr(h) are independent.
Number-theoretically, it may mean that the intersection of the fields
defined by g, h is the rational number field. Hence, we expect that if
the intersection of minimal splitting fields of g, h is the rational number
field, then Pr(gh) = Pr(g) * Pr(h) holds.

(2) In view of Cp(g™) = mCy(g), the identity Pr(k,¢™) = Pr(k/m,g)
clearly holds, whence we have u(Pr(¢g™)) = mu(Pr(g)) and
a?(Pr(g™)) = m20%(Pr(g)), so that the identity 02 = deg /12 does
not hold in this case.

(3) If 2 is a reduced degree of g, then Pr(gh) = Pr(g) = Pr(h).

(4) If g is a power of an irreducible polynomial of degree > 1 and h is
irreducible over the field Q(«), « being a root of g then Pr(gh) =
Pr(g) x Pr(h).

(5) Let g,h be irreducible polynomials of degree 3. If either Q[z]/(g) is
not isomorphic to Q[z]/(h), or ¢(z) is not linear in Q[z]/(h) for any
isomorphisms ¢ : Q[z]/(g) = Q[z]/(h), then Pr(gh) = Pr(g)* Pr(h) =

(6) If F is an irreducible polynomials of degree 3, we put g = a®>F(z/a), h =
b3F(x/b) where a, b are any non-zero integers.

Put d = ged(a,b), A =a/d and B = b/d; then we have [Pr(1,gh),- -,
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Pr(5,gh)] =10,1/4+1/(4AB),1/2—1/(2AB),1/4+1/(4AB),0]. The
mean is 3 (= deg(gh)/2), but the variance is 1 (# deg(gh)/12).

(7) Even if f(z) is reducible, the properties u(Pr(f)) = 4 deg f and the
symmetry Pr(k, f) = Pr(deg f —k, f) are possible if f(z) has no linear
factors. But the unimodality fails in general.

1.3. Generalization

Although we considered prime numbers p for which f(z) mod p is com-
pletely decomposable, the following generalization is possible. Let n be
a natural number and let natural numbers d; < dy < -+ < dy satisfy
>~ d; = n. Consider prime numbers p such that f(z) = fi(z)--- fg(z) mod p
where each f;(z) mod p is irreducible and deg f;(x) = d;. Put f(z) =
2" +a, 12" '+ - and fi(z) = 2% + a¢7di_1md”’_1 + .-+ ; then clearly
Ap—1 — Zi ai,4,—1 = 0 mod p. Hence in this situation, we may define the
probability Pr in a similar way and it seems to exist.

2. Numerical data
2.1. n=3

In the following table, Pr(c) is the abbreviation of Pr(k, f,10%) and #Spl =
#Spl(f,10%). The expected values E3 of Pr(k, f) are listed in the last line.
We use these abbreviations hereafter, and the values are rounded off to four
decimal places.

f Pr(1)| Pr(2)| #Spl
-z -1 0.4998(0.5002| 8474030
3+ 2% + 2 —1 [0.5002(0.4998| 8472910
3 —3r+1 0.4999/0.5001|16949354
x3 + 2% — 4z + 1{0.4999(0.5001 |16948980

Es 12 | 1/2

22. n=4

We put
fi=at—ad—a?—z—1,
fo=a'—2* -2+ +1,
fs=a*+23+ 2242+ 1.

These polynomials are non-reduced.



118 YOSHIYUKI KITAOKA

f Pr(1) Pr(2) Pr(3) #Spl
fi 0.1664 0.6667 0.1669 2118177
fa 0.1667 0.6667 0.1666 6354490
f3 0.1666 0.6667 0.1667 |12711386
E4|1/6 =0.1667|4/6 = 0.6667|1/6 = 0.1667
23. n=5
We put
fi=a% —ad—a® —x+1,
fo=a®—a* —a? —x+1,
fa=a’ 4+t —2® -2 41,
fa=a%+a* —42® — 322 + 3z + 1.
f Pr(1) Pr(2) Pr(3)| Pr(4) | #Spl
fi 0.04160 0.4578 0.4587(0.04187| 423981
fa 0.04228 0.4600 0.4561|0.04157| 423719
f3 0.04110 0.4590 0.4579|0.04193| 422711
fa 0.04180 0.4582 0.4584(0.04167|10169695
E5(1/24 =0.04167|11/24 = 0.4583|11/24| 1/24
24. n=6
We put

fi=2b+z+1,
f2:x6+x5+a:4+a:3+a:2+a:+1,
fs=v"+y+1 (y=2°+27),
fi=yP+y+2 (y=2°+a)

f1, f2 are non-reduced.

f| Pr(1) | Pr(2) | Pr(3) |Pr(4)|Pr(5)| #Spl
f1l 0.0086 | 0.2135 | 0.5513 |0.2177{0.0089| 70292
f2| 0.0084 | 0.2164 | 0.5501 |0.2167|0.0083|8474221
Ee| 1/120 | 26/120 | 66,120 |26/120[1/120

= 0.0083|= 0.2167|= 0.5500
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f3, fa have a unique reduced degree 3.

2.5. n=
We put

f |Pr(1)| Pr(2)| Pr(3)

Pr(4)|P

<
—~

ot
~

#Spl

f3
fa

0.2497]0.4997
0.2506|0.4996

0.2506

0.2498

705553
706369

E3

oo O

1/4

1/2

1/4

o)l O

7

f1:9€7

fo=a’

5 4

2% — 25 —

—ab gt -2t —a® —a 4

.134—.13

L,

S g —x+1,

fa=a" + a5 —122° — 72* 4+ 2823 + 1422 — 9z + 1.

Pr(1)

Pr(2) | P

r(3)

Pr(4)[ Pr(5)

Pr(6)

#Spl

h
f2
f3

0.0016
0.0017
0.0014

0.0790 | 0.

0.0823 | 0.4206
0.0779 | 0.4189

4192

0.4113
0.4228
0.4198

0.0832
0.0775
0.0792

0.0011
0.0014
0.0014

10076
9994
7264359

E;

1/6!
= 0.0014

57/6! | 302/6!
= 0.0792|= 0.4194

302/6!

57/6!

1/6!

2.6. n =
We put

8

fi=a¥+a2+2,

fo=a®+2" -

fs=y"+1
fi=y*+2

(y=2a"+ua),
(y =2t + 2% + ).

728 — 625 + 152 + 1023 — 1022 — 4z + 1,

f1, fo are non-reduced. f3, f4 have a unique reduced degree 4.

Pr(1)|Pr(2)| Pr(3)

Pr(4)

Pr(5)

Pr(6)

Pr(7)

#Spl

h
fo

0 1|0

0.0002(0.0240(0.2364

.0204/0.2514

0.4686
0.4793

0.2376
0.2361

0.0220
0.0238

0
0.0002

1225
6354766

Eg

0.0002(0.0238|0.2363

0.4794

0.2363

0.0238

0.0002

119
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f1Pr(1)| Pr(2) | Pr(3) |Pr(4)|Pr(5)|Pr(6)|Pr(7)| #Spl
f3| O 0.0267 | 0.2203 |0.5028(0.2227]0.0276| 0 |44089
fal O 0.0288 | 0.2221 [0.5020|0.2200]0.0270] 0 |44112
E2l 0 1/36 8/36 |18/36|8/36 | 1/36 | 0
= 0.0278|=0.222| = 0.5
2.7. n=9
We put
fi=2"+a2+1,
fo=a+ 2% — 82" — 725 + 212° + 152 — 202® — 1022 + 5z + 1,
fa=y>+2 (y =2° + ),
fa=yP+yi+1 (y=2°+2).

f1, fo are non-reduced. f3, f4 have a unique reduced degree 3.

f1 fo /3 fa

0 0.0000 0 0

0.0064| 0.0061 0 0
0.1026| 0.1064 [0.1267{0.1240
0.3654| 0.3871 |0.3768(0.3763
0.4295| 0.3877 0.3758(0.3737
0.0962| 0.1065 [0.1208(0.1259

0 0.0061 0 0

0 0.0000 0 0
156 (564935838912 | 38802

¥ 3 3 S
LN
NN

< 3
A
=N o

<
—~
oo

<
—~
(@)

~|N e D DD —

3
<

The following is the table of Ey.

k|l 1 2 3 4 5 6 7 8
0.0000{0.0061|0.1065{0.3874{0.3874(0.1065]0.0061{0.0000

3 ig
E3 is

o
o

0.125]0.375]0.375|0.125

o
o
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2.8. n=10

We put
fi=a"+a+1,
fo= (" =1)/(z 1),
fs=v"+y+2 (y = 2°),
fi=y*+3y+3 (y = ).

f1, f2 are non-reduced, and 5 is the reduced degree of fs, f4.

bil f2 /3 Ja
Pr()| 0 | 0.0000| 0 0
Pr(2)] 0 0.0014 {0.0018| 0.0018
Pr(3)] 0 0.0403 {0.0387| 0.0383
PT(4) 0.1818] 0.2432 |0.2483| 0.2477
Pr(5)|0.3636| 0.4302 |{0.4235| 0.4239
Pr(6)|0.3636| 0.2432 {0.2475| 0.2483
Pr(7)]0.0909| 0.0404 |0.0385| 0.0382
Pr(8) 0 0.0014 {0.0017| 0.0017
Pr(9)| 0 |0.0000| 0 0
#Spl| 11 |5084435|254385(1271165

The following is the table of Eqg.

k|l 1 2 3 4 5 6 7 8 9
0.0000{0.0014/0.0403{0.2431{0.4304|0.2431{0.0403|0.0014|0.0000

E2 is
k] 2 3 4 5 6 7 g8 [9
0[0.0017]0.0382[0.2483[0.4236{0.2483]0.0382[0.00170
2.9. n =12
We put
fi=(E"-1)/(z-1),
fo=y+y+1 (y=2°+u),
fs=y>-3y+1 (y =a* +a),

=+ P +y+ 1 (y=2°+2a).
f1 is non-reduced. The reduced degree of fs, f3, f4 is 6,4, 3, respectively.
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f1 fa /3 fa
Pr(1)] 0.0000] 0 | 0 | 0

Pr2)| 00001 0 | 0 | 0

Pr(3) | 0.0038 0 1(0.0031] O

Pr(4) | 0.0550 {0.1296{0.0541{0.0605
Pr(5) | 0.2444 |0.2593(0.20850.2556
Pr(
Pr(
Pr(
Pr(

6) | 0.3938 |0.33330.4093|0.3707
7) | 0.2438 |0.2407(0.2556|0.2537
8) | 0.0553 |0.03700.0649|0.0594
9)|0.0038| 0 [0.0046] 0
Pr(10)| 0.0001 | 0 0 0
Pr(11)| 0 0 0 0
#Spl [4237228] 54 | 1295 | 9362

The following is the table of E15 for 1 < k < 6.

k|l 1 2 3 4 ) 6
0.0000]0.0001|0.0038]0.0552|0.2440|0.3939

E? is
k|1l 2 3 4 5 6
0{0.0001|0.0036]0.0561|0.2419(0.3965
E} is
k12| 3 4 5 6
0{0]0.0046|0.0556|0.2361|0.4074
FEj is

k|1|2(3| 4 5 6
0]0{0{0.0625(0.25]0.375

We give examples which have 3,4 only as reduced degrees. Polynomials
with reduced degrees 3,4 only are of the form

o' 4 3cx® 4+ 3¢%2% + 22 + d
=y +d (y = z* + cx)
=yly+o’+d  (y=2%)
aside from the substitution of x + a for z. For
fo =22 —92% +272% — 2723 +3  (c=-3,d=3),
fo =12 — 329 + 325 — 23 +3 (c=-1,d=3),
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[Pr(3,f),---,Pr(8, f)] are

f5 :0,0.0677,0.2342,0.3993, 0.2323, 0.0665] (#Spl = 353455),
f6 :[0.0000, 0.0667,0.2350, 0.3987, 0.2333, 0.0663] ( #Spl = 352211),

where 0.0000 does not mean zero but a very small number. They are ap-
proximated by a table of frequency distribution P defined by

[Pl4],---, P[]
=[1/15,7/30,2/5,7/30,1/15]
=[0.0667, 0.2333,0.4000, 0.2333, 0.0667],

whose mean and variance are n/2 = 6 and n/12 = 1, respectively. If n < 4
or n > 8, then P[n] should be 0.

Suppose that a polynomial f(x) of degree 12 has reduced degrees 3,6,
that is f(x) is a quadratic polynomial of a polynomial g(z) of degree 6 with
g(0) =0, and it is also equal to a quartic polynomial of a polynomial h(x)
of degree 3 with h(0) = 0; then by comparing coefficients, we have g(x) =
h(x)? + dh(z) for a constant d given by f(x) = h(x)* + 2dh(z)3---. Here
these polynomials above are monic. Therefore the reduced decomposition
of reduced degree 6 is meaningless. Let us give an example.

F=y' 42y’ — P2 +5 (y=2+22% + 22)
=22-2:45  (z=a5% +42° + 821 +92° + 622 + 22 = % +y).

Pr(k,f) (4<k<8)is
[0.0629,0.2500,0.3576,0.2599, 0.0695] #Spl = 604.

We may regard the above as being approximated by E4 on considering
#Spl = 604 being small.

If a polynomial f(z) of degree 12 has reduced degrees 4, 6, then 2 is also
a reduced degree of f(z).
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2.10. n=15
We put

fi=a'® + 2 — 14213 — 13212 4+ 782 + 66210 — 2202°
—16525 4 33027 + 2102° — 2522° — 1262* + 8423
+282% — 8z — 1,

fo = at® — 325 4+ 1,

fa=a'® £ 210 — 225 — 1,

fo=a'® + 2% —42% — 325 + 323 + 1,

fs=aP+2=(2*)° +2=(2°)° + 2,

where f; is non-reduced, and the reduced degree of fa, f3 (resp. f4) are 5
(resp. 3). The reduced degrees of f5 are 3 and 5, and #Spl is #Spl(fs,1010).

J1 J2 f3 Ja f5
Pr(1) | 0.0000 0 0 0 0
Pr2) | 0 o | o | o o
Pr(3) | 0.0001 {0.0001|0.0001 0 0
Pr(4) | 0.0023 {0.0025]0.0024| 0 0
Pr(5) | 0.0295 |0.0278|0.0280{0.0314|0.0313
Pr(6)
Pr(7)
Pr(8)
Pr(9)

0.1472 {0.1491)0.1495/0.1553|0.1562
0.3206 {0.3195|0.3200/0.3139{0.3125
0.3212 {0.3205|0.3190]0.3139|0.3127
0.1474 {0.1498|0.15000.1542|0.1562

Pr(10) | 0.0294 |0.0283[0.0284 [0.0314]0.0311
Pr(11) | 0.0023 {0.0024|0.0026| 0 0
Pr(12))| 0.0000 [0.0000{0.0001| 0 0
Pr(13)| 0 0 0 0 0
Pr(14)| 0 0 0 0 0

#Spl |3389785(169310(169660| 62503 |422912

The following is the table of E15 for 1 < k < 7.

El 1 2 3 4 ) 6 7
0.0000]0.0000(0.0001|0.0023(0.0295|0.1473{0.3209

3 ig
EY is

k|12 3 4 5 6 7
0.0001|0.0024|0.0287(0.1490|0.3199

o
o
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5.
E3 is

k|1|2
0|0

w
>~

5 6 7]
0.0313]0.1563]0.3125|

==}
=}

We give other examples whose reduced degrees are 3, 5.

fo=v" =2y +4° +3 (y = 2* — 32° + 3z)

=y +3 (y = 25 — 52t + 102 — 922 + 3z),
fr=y"+yt =2 — 2 +y+3 (y=2°— 32+ 32)

=2 +3y°+3y+3 (y = 2° — 52t + 1023 — 822 + 1),
fe=v"=3y* +3y° — > +3 (y = 2%

=y*+3 (y = 2° — 2?),
fo=y"+3 (y = 2°)

=y*+3 (y = a°).

The following are [Pr(3, f),---, Pr(10, f)].

f6 :[0,0,0.0309,0.1560, 0.3109, 0.3142, 0.1561, 0.0320] ( #Spl = 70506)
£7:[0,0,0.0309,0.1554, 0.3122, 0.3147, 0.1552, 0.0316] ( #Spl = 70228)

fs 1[0.0000, 0,0.0301,0.1575,0.3110, 0.3126, 0.1573, 0.0315] ( #Spl = 70729)
o :[0,0,0.0316,0.1557,0.3113,0.3128,0.1571, 0.0314] ( #Spl = 423207).

These are approximated by E3.

2.11. Other examples

For f = 22 +2, Pr(c, f,10%) is
[0,0,0,0,0,0,0.0075,0.0555,0.1657,0.2727,
0.2719,0.1642, 0.0546, 0.0080, 0, 0, 0, 0, 0, 0]

and #Spl = 201543.

=[0,0,0,0,0,0,0.0078,0.0547,0.1641, 0.2734,

0.2734,0.1641,0.0547,0.0078, 0,0, 0,0, 0, 0].

For 2% + 2, Pr(c, f,10%) (11 < ¢ < 24) is

[0.0002,0.0011, 0.0069, 0.0292,0.0806, 0.1594, 0.2220,
0.2252,0.1582,0.0798,0.0289, 0.0072,0.0011, 0.0001],
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and #Spl = 60365. EI(c) (11 <c¢ < 24) is

[0.0001, 0.0012,0.0071,0.0288, 0.0807,0.1592, 0.2228,
0.2228,0.1592,0.0807,0.0288,0.0071,0.0012, 0.0001],

For f =219 +2, Pr(c, f,10%) (42 < ¢ < 65) is

[0.0004, 0.0003, 0.0012,0.0060,0.0115,
0.0242,0.0435,0.0683,0.0963, 0.1183, 0.1348,
0.1303,0.1145,0.0944, 0.0663, 0.0455, 0.0254,
0.0107,0.0060, 0.0012, 0.0004, 0.0002, 0, 0.0001],

and #Spl = 9954. E3%(c) (42 < ¢ < 65) is

[0.0002, 0.0007, 0.0021, 0.0053,0.0121,
0.0243, 0.0430, 0.0675, 0.0945,0.1182, 0.1321,
0.1321,0.1182,0.0945, 0.0675, 0.0430, 0.0243,
0.0121,0.0053, 0.0021, 0.0007, 0.0002, 0, 0)].
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1. Introduction

The purpose of this short survey paper is to discuss certain arithmetical
properties proved in [5] of Fourier coefficients of the so-called generalized
modular functions. These are complex-valued functions on the complex
upper half-plane H that satisfy the usual defining conditions of a classical
modular function, except that the character need not be unitary. Many
strange things may happen in this context, for example in general there
exist non-constant generalized modular functions of weight zero with empty
divisors, contrary to the classical situation.

Generalized modular functions used to be studied in the general frame-
work of modular functions on “Grenzkreisgruppen” by Petersson (1937).
An intensive study from a more modern point of view was initiated in 2003
by Knopp and Mason [3], pointing out in particular their connection with
conformal field theory in physics. Indeed, generating functions of graded
traces of automorphisms of certain vertex operator algebras appear as gen-
eralized modular functions, and the results of [5] also have some potential
applications in this area.

2. Generalized modular functions, main features of the
theory and examples

We start with the following formal

Definition 2.1. Let I' C Ty := SL2(Z) be a subgroup of finite index. A
generalized modular function (GMF) (of weight zero) on T is a holomorphic
function f : H — C such that
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i) f(voz)=x()f(z) (Vv eT)
where x : I' = C* is a (not necessarily unitary) character of T',

ii) f is meromorphic at the cusps of I', i.e. for all v € I';y one has
including the Fourier expansion

flyeoz)= Y an)g"™

n>mno

for some nyg € Z and M € N (depending on «y) convergent in a punctured
neighborhood of ¢ = 0. Here ¢ = €2™%* for z € H as usual.

We recall that x is called unitary if |x| = 1. In this case we will call f
classical.

More generally, one can define GMF’s of integral or even real weight
(admitting multiplier systems) as is done in [3]. Note that what we call
here a GMF was called a PGMF in [3] (where the letter “P” stands for
parabolic).

Remark 2.1. i) In the following we will always suppose that f = 0.

ii) Since by our requirement ii) above f is invariant under parabolic
elements of T', the character y must be parabolic, i.e. x(y) =1 for Vy € T
that are parabolic.

iii) It is a well-known fact that the abelianized group I'/[I", '] has rank
2gr +tr — 1, where gr is the genus of I and ¢r is the number of cusps of T'.
Hence if gr > 0, then there exist “many” non-unitary parabolic characters
of I'.

Let us now discuss main features of the theory and also give some ez-
amples.

Example 2.1. For each parabolic x of I'; there exists a GMF on I' with
character x. Indeed, for a large positive even integer ¢ the Eisenstein series

Ex(z)i= Y x(Uez+d)™" (€M)

(; C'l) o

is well defined (since x is parabolic) and abolutely locally uniformly con-
vergent. The latter follows from a deeper result of Eichler (1965) on an
estimate of the minimal length of a word in I". Now one constructs f as

By, .
f= TEXP(J)
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where Ej is the classical Eisenstein series on I'y of weight ¢ and P(j) is a
polynomial in the j-invariant. For details we refer the reader to [3, §7].

Example 2.2. If f is a GMF on I', then its logarithmic derivative

f/

f
is a meromorphic modular form of weight 2 on I' with trivial character,
such that

a) ¢ has at most simple poles on H with residues equal to positive
integers (in fact, res,g = ord, f);

b) ¢ is meromorphic at the cusps of I', and the constant term in the
expansion of g at the cusp s (essentially) is an integer (namely ord, f).

g: (2.1)

Conversely, if g is a meromorphic modular form of weight 2 on I" with
trivial character satisfying the conditions given in a) and b), then there is
a GMF f on ' (uniquely determined up to multiplication with non-zero
complex numbers) satisfying (2.1).

In the context of Example 2, holomorphic modular forms g correspond to
GMEF’s f with divisors supported at the cusps, and cusp forms g correspond
to f with empty divisor.

Example 2 follows from more or less standard calculations. Note that
for a given g, one sets

f = expG,

where G is an anti-derivative of g on H with the poles of g removed. The
assumption that the poles of g are simple and the residues are positive
integers together with the fact that H is simply connected then guarantee
that expG indeed is single-valued and extends holomorphically to the whole
of H.

Since the genus gr is the dimension of the space of holomorphic cusp
forms of weight 2 on I', we obtain as an immediate corollary that for gr > 0
there exist non-constant GMF’s f on I" with empty divisor. This, of course
is in contrast to the classical case |x| = 1.

iii) Let V be a rational, holomorphic, Co-cofinite vertex operator algebra
over C with a decomposition

V=CleVieVed---

into finite-dimensional L(0)-eigenspaces V,, and with central charge ¢ a
positive integer divisible by 24, and let G be a finite group of automorphisms
of V leaving each V,, stable. (For basic terminology about vertex operator
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algebras we refer to [2,5].) A famous example is the Frenkel-Lepowsky-
Meurman Moonshine Module V = V¥, with ¢ = 24 and G = M the Monster
simple group.

Let a,, be the character of G afforded on V,,, i.e.

an(h) == tr(hyy,) (h €@G).
For h € G let us define a formal ¢-series by

F(hyz) = q~/** " an(h)q". (2.2)
n>0

This is called a “graded trace function”. In particular

F(l;z)=q /% Z(dim V)" =q
n>0

is the "graded dimension” of V.

General theory imples that the coefficients a,,(h) are always real alge-
braic integers in Z[(x], where (x is a primitive N-th root of unity and N
is the order of h in G.

Theorem 2.1. i) (Zhu [6], 1996) The function F(1; z) is a (classical) mod-
ular function of weight zero on I'y.

i) (Dong-Li-Mason [2], 2000) The function F(h;z) is a« GMF onT1(N)
where N is the order of h in G. If F(h;z) has integral Fourier coefficients,
it is in fact on To(N).

Recall that the groups I'g(/N) and I'1 (V) are defined as the subgroups of
matrices <CCL Z) in I'y such that ¢ =0 (mod N) and ¢ =0 (mod N), a =

d = 1 (mod N), respectively. Regarding statement i), recall that every
character of the full modular group I';y is unitary (in fact has order dividing
12).

Now one has the following general
Conjecture. The function F(h;z) is always a classical modular function
on a congruence subgroup of I'y.

In the case V. = V!, G = M the conjecture was proved in a cele-
brated paper by Borcherds (1992), in which case the F(h;z2) indeed are
“Hauptmoduln” (i.e. generators of function fields) of genus zero subgroups
of SLy(R). In general the conjecture remains open. However, there is an
approach by physicists that provides an argument, but it is not rigorous
and relies on other seemingly even more difficult conjectures.
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3. Fourier coefficients of GMF’s

The general expectation is that the Fourier coefficients of a non-classical
GMF are “badly” behaving. More precisely, let f be a non-classical GMF
with rational Fourier coefficients a(n) and non-zero leading coefficient equal
to 1. Then the a(n) should have unbounded denominators. (In the case of
the group I'g(IN) this is stated as a formal conjecture in [5, §1].)

This expectation of course is theoretically supported by the conjecture
in combination with Theorem 2.1 ii) stated in §2.

However, there are also numerical examples independent of the above
that seem to support it, and the simplest is probably the following.

Example 3.1. Let
7mz/12 H 27mnz (Z e H)
n>1

be the Dedekind eta-function and put

9(2) = (n(2)n(112))*.

Then g is a cusp form of weight 2 on I'g(11) whose Fourier expansion starts
with ¢. Let us write (cf. (2.1))

f/
f
and normalize the Fourier expansion of f to start with 1. Then f is a
GMF of weight zero on T'g(11) which is not classical (cf. §2) and (as can
be seen inductively from (3.3)) has rational Fourier coefficients. Numerical
calculations suggest that the a(n) have unbounded denominators and in
fact that infinitely many different primes p occur in the denominators.

2mig = (3.3)

Let us point out that to produce numerical examples as given above,
one has to assume that g is a cusp form. Indeed, if p is a prime and one
starts say with the Eisenstein series of weight 2 on I'g(p) given by

9(2) == P(z) —pP(pz) (2 €H)
where
P(z):=1-24> o1(n)q",

then one can obtain (3.3) with
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and f is classical and has integral Fourier coeflicients. Here
A =np* (3.4)

as usual denotes the unique normalized cusp form of weight 12 on I';.

In the following, we shall give three results which under certain special
and rather restrictive hypotheses show that the above expectation indeed
is true. For complete proofs we refer the reader to [5].

Theorem 3.1 ([5]). Let f be a GMF of weight zero on T' with empty di-
visor. Suppose that a(n) is integral for alln >0 and a(0) = 1. Then f =1
15 a constant.

Let us sketch the proof. For simplicity assume that M = 1 and write

i
27rigi = Z b(n)q"
f n>1
which is a cusp form of weight 2 on T' (cf. §1). By general theory, the
function f has a g-product expansion

F=IIa—=a™  (ad <)

n>1
where the exponents c¢(n) are uniquely determined complex numbers and
the general power of complex numbers as usual is defined in terms of the

principal branch of the logarithm. The numbers b(n) and c¢(n) are related
by the fomulas

b(n) == de(d) (3.5)
d|n
or
n
== ulap (%) 3.6
nelr) = =32l (G (36)
with p indicating the Mdbius function (see for example [1]).
Since by hypothesis a(n) is integral for all n, the same is true for ¢(n)
for all n, as is well-known and can directly be seen.

However, by a classical and well-known result of Rankin-Selberg (valid
for any subgroup I' of I'; of finite index) one has

b(n) <4 nt/oFe (e >0).

Therefore by (3.6), ¢(n) = 0 for all n large enough, whence by (3.5) the
sequence of the b(n) is bounded. We thus deduce that the Rankin-Selberg
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zeta function

Ry(s) == Z b(n)?n=*° (R(s) > 2)

must converge for R(s) > 1. But the latter is known to have a pole at s = 2
with residue a non-zero absolute constant times the square of the Petersson
norm of g. Therefore g = 0 and hence f =1 as claimed.

One can prove a somewhat stronger result if one assumes that ' is a
congruence subgroup.

Theorem 3.2 ([5]). Let f be a GMF on the congruence subgroup I' C T'y
with empty divisor. Assume that a(n) is rational for all n > 0 and in fact
is p-integral for all n > 0, for all but a finite number of primes p. Then f
15 a constant.

The proof uses similar ideas in the proof of Theorem 10, a bit harder,
though for example, one uses the fact that the space of cusp forms of weight
2 on I" has a basis of functions with integral Fourier coefficients.

Note that Theorem 3.2 implies that the GMF in Example 3.1 discussed
above indeed has unbounded denominators.

Now finally let us look at the case I' = T'g(IN). Recall that the cusps
of T'g(N) are represented by the numbers £ where ¢V and a runs through
natural numbers 1 < a < N, (a, N) = 1 that are incongruent modulo (c, &).

If fis a GMF on I'g(IV), then we say that f saitisfies condition (C) if
for each ¢[N the order orda f is independent of a.

Theorem 3.3 ([5]). Let f be a GMF on I'g(N) that satisfies condition
(C). Assume that the divisor of f is supported at the cusps. Furthermore
suppose that a(n) is rational and p-integral for all n, for all but a finite
number of primes p. Then f is an eta-quotient, i.e. there are integers m # 0
and my (t|N) and there is a non-zero complex number ¢ such that

fr(z) =c]JA@tz)™

t|N

where A is given by (3.4).

For the proof one applies a similar argument as given in [4] in the case
of N squarefree, granting condition (C), to reduce to the case where f has
empty divisor. One then applies Theorem 3.2.

One can show that the graded trace functions F'(h;z) discussed in §2
satisfy condition (C) [5]. Hence applying Theorem 3.3 one deduces
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Theorem 3.4 ([5]). Let V be a rational, holomorphic, Ca-cofinite vertex
operator algebra and let h € G be an automorphism of V' of order N. Sup-
pose that F(h; z) has integral Fourier coefficients and its poles and zeros are

at the cusps. Then F(h;z) is an eta-quotient. In particular it is a classical
GMF on Ty(N).

One can show that if V = V# and h € M or if V = V;, is the vertex
operator algebra attached to an even positive definite self-dual lattice L
and h arises from a fixed point free automorphism of L, then F(h;z) has
integral coefficients.

Unfortunately, it seems to be quite hard to verify a priori the condition
imposed on the divisor of F'(h;z) in Theorem 3.4. In general, of course, this
condition need not be true. In the case of V = V! it is known (a posteriori)
that for a number of elements h € M there exist constants «j € C such
that F'(h; z) + «y, satisfies the condition.
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We report on the theory of functional relations among zeta-functions of root
systems, including known formulas for their special values. In the first part of
this paper, we present known results on value-relations and functional relations
for zeta-functions of root systems of A type. Also, in view of the symmetry of
underlying Weyl groups, we discuss a general framework of functional relations.
In the second part of this paper, we prove several new results; we give a method
for constructing functional relations systematically, and prove new functional
relations among zeta-functions of root systems of types As, C2(~ B2), B3 and
C3, which include Witten’s volume formulas as value-relations with explicit
values of coefficients.

1. Introduction

Let N be the set of natural numbers, Ny the set of non-negative integers, Z
the ring of rational integers, Q the field of rational numbers, R the field of
real numbers and C the field of complex numbers.

The multiple zeta value (MZV) of depth r is defined by

1
C(kl,k27---,kr) - Z Tk ks (11)

mi>mao>-->me>1 my=my™ -« My
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for k1,ke, ...,k € N with k1 > 1 (see Zagier [51] and Hoffman [12]). It
was Euler who first studied the double zeta values and gave some relation
formulas among them such as

E
=

¢,k —3) = C(k) (1.2)

<.
||
N

for k € N with k > 3, where ((s) is the Riemann zeta-function. Equation
(1.2) is called the sum formula for double zeta values (see [9]). Research
on MZVs has been conducted intensively in this decade (see the survey,
[4,13,15]). A recent feature of studies on MZVs is to investigate the structure
of the Q-algebra generated by MZVs.

On the other hand, in the late 1990’s, it was established that the mul-
tiple zeta-function ((s1, $2,...,,) of complex variables can be continued
meromorphically to the whole complex space C” by, for example, Essouabri
( [7,8]), Akiyama-Egami-Tanigawa ( [1]), Arakawa-Kaneko ( [3]), Zhao
( [52]) and the second-named author ( [23,25]).

Based on these researches, the second-named author raised the following
problem several years ago (see, for example, [27]).

Problem. Are the known relation formulas for multiple zeta values valid
only at positive integers, or valid continuously also at other values?

In other words, is it possible to find certain functional relations for
multiple zeta-functions, which include some value-relations for MZVs? A
classical example is the following formula which is often called the harmonic
product relation:

C(s1)¢(s2) = C(51,82) + ((s2,81) + C(51 + 52).

As a related result, Bradley showed a certain class of functional relations
called partition identities (see [5]). However, there are many kinds of rela-
tions among MZVs, so it is natural to expect that there will be many other
classes of functional relations. For example, it seems interesting to prove
certain functional relations which include sum formulas for MZVs. In order
to give an “answer” to some specific cases of this Problem (the specifica-
tion being clear from the context), we consider a wider class of multiple
zeta-functions as follows.

Let g be a complex semisimple Lie algebra with rank r. The Witten
zeta-function associated with g is defined by

Cw(sig) =Y (dimp)~*, (1.3)

@
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where the summation runs over all finite dimensional irreducible represen-
tations ¢ of g.

Witten’s motivation [50] for introducing the above zeta-function is to
express the volumes of certain moduli spaces in terms of special values of
(1.3). The expression is called Witten’s volume formula, which especially
implies that

Cw(2k; g) = Cw (2k, g)m>*" (1.4)

for any k£ € N, where n is the number of all positive roots of g and
Cw(2k,g) € Q (Witten [50], Zagier [51]). In their work, the value of
Cw (2k, g) is not explicitly given.

Let A be the set of all roots of g in the vector space V' equipped with an
inner product (-,-), A4 the set of all positive roots of g, ¥ = {a, ..., }
the fundamental system of A, and o7 the coroot associated with a; (1 <
J < r). Let Ai,..., A\ be the fundamental weights satisfying (o), ;) =
Aj(ay) = &;; (Kronecker’s delta). A more explicit form of (w(s;g) can
be written down in terms of roots and weights by using Weyl’s dimension
formula (see (1.4) of [18]). Inspired by that form, we introduced in [18] the
multi-variable version of Witten zeta-function

¢r(s59) = Z Z H (¥, maAy + -+ meA) 75 (1.5)

mi=1 my=1a€A

where s = (Sa)aca, € C™. In the case that g is of type X,., we call (1.5)
the zeta-function of the root system of type X,., and denote it by ¢,.(s; X,),
where X = A, B,C,D,E,F,G. We also use the notation (w (s; X,) and
Cw (2k, X,.), instead of (w (s; g) and Cw (2k, g), respectively. Note that from
(1.5) and [18, (1.7)], we have

Cw(s; X)) = K(X0)%¢r (s, ..., 8 X,0), (1.6)
where
K(X) =[] (@ d+-+ ) (1.7)
aEA L

For example, K (A43) =2 and K(Cs) = 6 (see [18, (2.4) and (2.10)]).

More generally, in [18], we introduced multiple zeta-functions associated
with sets of roots. In fact, we studied recursive structures in the family of
those zeta-functions, which can be described in terms of Dynkin diagrams
of underlying root systems. The meromorphic continuation of those zeta-
functions is ensured as a special case of Essouabri’s general theorem ( [7,8]).
It can also be proved by using the Mellin-Barnes integral formula (see [26]).
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In [19], we established a general method for evaluating ¢, (s,...,s; X;)
at positive integers by considering generalizations of Bernoulli polynomials.
In terms of those generalized Bernoulli polynomials, we gave a certain gen-
eralization of Witten’s volume formula (1.4) with explicit determination of
the constant Cyw (2k, X).

Several cases of zeta-functions of root systems had already been studied.
A typical case is of As type:

o0 o0

1
Ca(s1, 82,833 A2) = Z Z e (m ) (1.8)

m=1n=1

In the 1950’s, Tornheim [39] first studied the value (2(d1,ds,ds; As) for
di,da,ds € N, which is called the Tornheim double sum. Independently,
Mordell [33] studied the value (2(2d,2d,2d; A2) (d € N) and proved, for
example,
L 6
C2(2,2, 2,A2) = mﬂ' . (19)

This determines the value of Cy (2k, A2) in (1.4). Following their works,
several value-relations for (»2(s1, S2,$3; A2) were obtained by several au-
thors (see [6,14,37,40,51]), and also those for its alternating analogues
( [41,43,48]). On the other hand, from the analytic viewpoint, the second-
named author [24] studied the multi-variable function (2(s1, s2, s3; A3) for
$1,82,83 € C which is also called the Mordell-Tornheim double zeta-
function, denoted by (arr,2(s1, 82, 53).

Using (2(s1, 82, 83; A2), we can give an “answer” to the Problem, that
is, functional relations, for example,

Cls+1,1) = Gals, 1,15 Ag) + (5 4+ 2) = 0 (1.10)

which holds for all s € C except for singularities of the three functions on the
left-hand side. In fact, letting s = k — 2 for k£ > 3 in (1.10) and considering
partial fraction decompositions, we can obtain the sum formula (1.2). This
implies that (1.10) is an answer to the Problem. More generally the third-
named author ( [47]) proved functional relations for (2(s1, s2, $3; A2) which
include (1.10) (see Theorem 3.1), and for its alternating analogues ( [45]),
and its y-analogues ( [46]). A little later, Nakamura gave simple proofs of
these results ( [34,35]) whose method was inspired by Zagier’s lecture.

As for the case of Cy type, the second-named author defined
Ca(s1, $2, 83, 54; C2) and studied its analytic properties (see [26]). A lit-
tle later, the third-named author gave some evaluation formulas for
Cg(kl, ko, ks, ky; 02) (kl, ko, ks, k4 € N) when kq + ko + k3 + k4 is odd ( [44])
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As for the case of A3 type, Gunnells and Sczech [10] gave explicit forms
of Witten’s volume formulas of this type. Recently the second and the third-
named authors [30] studied (3(s; A3), and gave certain functional relations
for them.

Based on Zagier’s work [51] and, in particular, on Nakamura’s obser-
vation mentioned above, we found that the structural background of those
functional relations is given by the symmetry with respect to Weyl groups.
From this viewpoint, we considered this structure in [16-19]. In particular,
in [19], we gave general forms of functional relations for zeta-functions of
root systems. We will recall this result in Section 5.

In the first half of this paper, we summarize known results on func-
tional relations for zeta-functions of root systems, which can be regarded
as answers to the Problem. In Section 2, we recall a method of studying
relations among Dirichlet series, which is called the ‘u-method’, introduced
in [42]. In Section 3, we summarize known results on functional relations
for ¢a2(s; Az). In Section 4, we introduce another method to construct func-
tional relations for multiple Dirichlet series ( [31]) which was inspired by
Hardy’s method of proving the functional equation for {(s) ( [11]). In Sec-
tion 5, we recall general forms of functional relations for (. (s; X,) which
we gave in [19]. This is the most general result stated in the present paper,
but in general, from this theorem, it is not easy to deduce explicit forms of
functional relations in each case. Therefore in the latter half of the paper
we give a different method of constructing explicit functional relations. In
Section 6, we prove a key lemma (Lemma 6.2) to give a certain procedure to
construct functional relations systematically, which has the same flavour as
the u-method. In Section 7, by using this lemma combined with a new idea
of making use of polylogarithms, we give a functional relation for (3(s; As)
which includes the explicit form of Witten’s volume formula of As type.
(By “explicit form” we mean that the exact value of Cy(2k, g) is also de-
termined.) In Sections 8 and 9, by a combination of the methods in Section
4 and in Section 7, we give functional relations for (s(s; C2), for (3(s; Bs),
and for (3(s; Cs3) which include explicit forms of Witten’s volume formulas.

2. A method to evaluate the Riemann zeta-function

In this section, we introduce a method for evaluating the (multiple) Dirich-
let series at positive integers from the information of its trivial zeros, which
is called the ‘u-method’. In [42], the third-named author first established a
method to prove Euler’s formula for {(2k) (k € N). By applying this method
to multiple series, several value-relations and functional relations for them
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have been given (see [40,44-47]). Here we briefly explain this method and
recover Euler’s formula for {(s):

(_1)m7122m71ﬂ_2m
(2m)!

where B, is the nth Bernoulli number defined by t/(ef—1) =
> n>0 Bnt™/nl. For a small § > 0 and u € [1,1+ §], we let

¢(2m) = Bom (m € N), (2.11)

oo n

=> & (t| < =), (2.12)

n=0

F(t
(1) = ——
where each &, (u) is a rational function in u and is continuous for u € [1,1+
8] because (9% /0t*) F (t; u) is continuous for (¢t,u) € {|t| < 7} x[1,1+6]. Let
yEeRwith0 <y <, and C, : 2 = e’ for 0 < ¢ < 2w, where i = y/—1.
From (2.12), we have

n!

/ F(z;u)z " tdz = (2mi)En(u) (n € Np). (2.13)

Let M = M(y) := max|F(z,u)| for (z,u) € Cy x [1,1+ 6], which is inde-
pendent of u € [1, 1+ 6]. Then we obtain

1€ (u)]

M(T?/) (TL S No)

( n—1
<
Wl L /|szua x| < =

We let ¢(s;u) =Y, o (—u) "n~* for s € C. As is well known, ¢(s;u) is
convergent for ®s > 0 when u = 1 and is convergent for any s € C when
u > 1. Furthermore, we see that ¢(s;1) = (217° — 1)((s). When u > 1, the
second member of (2.12) can be expanded as —2 ), (—u) "e™. Hence
we have &, (u) = —2¢(—m; u) for m € Np. -

For any k € N and 0 € (—m,7), we set

= (—u)""sin(nd
Li(O3u) =i ()n%% (2.14)
n=1
Suppose u € (1,14 6] and 6 € (—m, ), then
Ik(e;u)
> (i0)%+1
=D 02k = 2jiu)
k—1 . ; S .
B B (w)Qngl _1 (19)2m+2k+1
e T A 2. &l gy
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If 8] < v < 7, we see that the right-hand side of (2.15) is uniformly
convergent with respect to w on [1,1+ §], so is continuous on u € [1,1 + J]
(see Remark 2.1 (ii)). On the other hand, the left-hand side of (2.15) is also
continuous on u € [1,1 + §] from the definition of I (#;u). Hence we can
let v — 1 on both sides of (2.15).

Now we arrive at the crucial point of the argument. We use the fact that
¢(—2m) =0, that is, €3, (1) = 0 for m € N and & (1) = 1 (see Remark 2.1
i)). Then, for § € (—m,7), we have

(i9)2j+1 (i9)2k+1
(2j+1)!  2(2k+1)I°

k—1

L(6;1) = ) 6(2k — 245 1) (2.16)
§=0

Since k > 1, each side of (2.16) is continuous in 6 € [—m, 7]. Hence we can

let & — 7 on both sides of (2.16) to obtain

1 . \2j+1 - \2k+1
0=1I(m1) = ¢(2k‘—2j;1)((;7;)+ 1! o 2((127Tk)+1)!.

j=

Ed

(=)

For simplicity, we define
(2m)!
(im)2m
and Ap = —1/2. Then (2.16) implies that

k

2k + 1)

Z . Azg—2; =0
= <2] +1

for k € N. Since Ay = —1/2, we obtain

(2m)!
(im)2m

Ao = ¢(2m; 1) (2172™ —1)¢(2m) (m € Np), (2.17)

[e'S) k 0o
t 2k +1 2kl t2m o\ el — et
5= (S G2 ) g = (S A ) 2
We can easily check that
2t 2tet > t2m
= = 2 — 22™) By,
et —e—t g2t _ 1 Z ( ) 2 (2m)!

so we have Ay, = (22™~1 — 1) By, for any nonnegative integer m. In view
of (2.17), we obtain Euler’s formula (2.11).

Remark 2.1. (i) It should be noted that the fact
—2¢(—2m; 1) (= =2 (2> — 1) ((—2m))

(2.18)
=&m(1)(=0) (meN)
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(the trivial zeros of zeta-function!) plays a vital role in the above argument.
In fact, equation (2.18) can be obtained by proving

S (-20(-m; 1)) 1 = Z{ 2 (2 1) ¢(-m)} &
n=0

i g1 _ ”*1(nf1)' (2.19)
. 4 2 2e!

e2—1 et—1 e+1

because ((1 — k) = —By/k (k € N; k > 2) and ¢(0) = —1/2. (ii) Also we
note that ¢(s;u) is continuous in w as u — 14 0 for any s € C. In fact,
similarly to the case of {(s), we can easily see that

1 et .
P(s;u) = (e2ﬂs—1)r(s)/cet+ut Lat, (2.20)

where C'is the contour, that is, the path which starts at +oc0, passes through
the real axis, goes around the origin counterclockwise and goes back to +oco.
From (2.20), we immediately obtain the desired continuity.

3. Functional relations for (2(s1, s2, s3; A2)

By applying the method introduced in Section 2 to (a2(s1, se, s3; Aa), the
third-named author gave value-relation formulas for (a(s1, s2,s3; Aa) (see
[40]). Moreover, applying the above method to the double series in complex
variables, he gave functional relations for (2(s1, s2, s3; A2) (see [47]). The
original form in [47, Theorem 4.5] is a little complicated. By using a certain
transformation formula (see Lemma 6.1, which is [28, Lemma 2.1]), we
obtain the following simpler form.

Theorem 3.1. For k,l € Ny,
Gk, 1, 53 A2) + (—1)"Calk, 5,1 A2) + (—1)'Ca(l, s, k3 Az)

(k/2]

> (k e )<<2p><(s +h+1-2) a1

[1/2]
+2Z (kH 2p_1)§(2p)((s+k+l—2p)
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holds for all s € C except for singularities of functions on both sides.

Proof. For 0,r,u € R with r > 1 and u € [1,1+ 4], and k,p € Ny, we let

F(i0;r;u) i

-n znt

Pt

Tp(i0; k;u) =

{3(i0; ks u) + (—1)P ' F(—ib; ks u) }

. i6)J
¢(k e U) 5p+1+j%7

M

(=)

Jj=

where €, = {1 + (—=1)™}/2 for m € Z. Then, similarly to the proof of
(2.16), we see that if k£ # p (mod 2) and 6 € (—m, w) then J,(i0; k;u) — 0
as u — 1. Let

00
. . B (_u)72m7n
R(sla 525833 ’U,) - Z msinsz2 (m + n)
m,n=1
[e'S)
o B (_u)fmfn
S(Sla 523 833 U) - Z msins2 (m + n)SS
m,n=1

which are double analogues of ¢(s;u). Then, for v € (1,1 + 4],
Tp(i0; k; w)F(i6; 7 w)

=1 %{S(k,r; —N;u) + (=P R(k,—N;r;u)
N=0
(i)™
N!

+ (=P NR(r, —N; k; u)}

-2 > (jj>¢(k—j;U)¢(r+J N; U)€p+1+a(]0v),

As noted above, the left-hand side tends to 0 as w — 1 when k # p (mod 2)
and 0 € (—m, m). Therefore, similarly to the case of ((s), we can obtain the
original form of the functional relation ( [47, Lemma 4.5]):

CQ(ka la S; AQ) + (_1)k<—2(1€a S,l; AQ) + (_1)lg2(la S, ka AQ)
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k
=2 > (2" 1) ¢k —3)

(im)2+ <z—1+j—2ﬂ

(2u)! Jj—2p )CUHJFS_QM)

n=0

[(J_l)/Q] (ZW)QM

l
2 e & 07

k
—4 > (27 1) ¢k - j)
=0 pn=0

J
i=k (2) v

—14j-2
x(” +J—2u

i1 )((V—i—j+8—2u)

holds for all s € C except for singularities of functions on both sides, where
k,l € N. Additionally, using a transformation formula in Lemma 6.1 below
( [28, Lemma 2.1]), we obtain (3.21). O

Example 3.1. Setting (k,1) = (2,2), (3,2) in (3.21), we have

$2(2,2,8; Ag) + 2(2(2, 8,2; Ag) = 4¢(2)C(s + 2) — 6((s + 4), (3.22)

C2(3a S, 27 AQ) - C2(3a 27 S35 AQ) - C2(27 S, 37 A?)
= 10¢(s +5) — 6¢(2)¢(s + 3). (3.23)
Setting s = 2 in (3.22) and (3.23), we have (1.9) and
(2(2,2,3; Az) = 6¢(2)¢(5) — 10¢(7), (3.24)
respectively, where (3.24) was given by Tornheim [39]. Note that
Ca(k,0,1; Ag) = ((I,k). Then, setting s = 0 in (3.23), we have ((2,3) —
€(3,2) = 10¢(5) — 5¢(2)¢(3). On the other hand, it is well-known that

€(3,2) +¢(2,3) = €(2)¢(3) — ¢(5). Combining these results, we obtain the
known results

€(2,3) = 5¢(5) —2¢(2)¢3);  €(3,2) = —%C@) +3¢(2)¢3),

which were originally obtained by double shuffle relations.



FUNCTIONAL RELATIONS FOR ZETA-FUNCTIONS OF ROOT SYSTEMS 145

Remark 3.1. In [32], the second and the third-named authors generalized
the result in Theorem 3.1 to the case of polylogarithmic analogues, that is,

0o n [e'S) n 0o m+n

x & x . x
v i(.1 v i(1 v
2 Gy %n;_l ety Y L ey
[k/2] oo
k+1-2p—1 ™
Z < )Q(Qp) Z s tRH—2p
=0 m=1
W2 kpr—2p—1 < g
Z ( )Q(QP) Z ey (3.25)
= m=1

for x € C with || < 1. The idea of this generalization gives an important
key to construct functional relations for zeta-functions of the type of As,
Cs, Bs and C5 (see Remark 7.1).

In [34], Nakamura gave an alternative simple proof of (3.21) whose
method was inspired by Zagier’s lecture. We explain this method. We
denote by {B,(z)} the Bernoulli polynomials defined by te*!/(e! — 1) =
> >0 Ba(z)t"/n! ([t] < 2m). It is known (see [2, p.266 - p.267]) that
BQj(O) = ng fOl"j € Ny and

] K 627rikw

— 1 ,
(2mi)i Koo 2=k

k0

(j eN), (3.26)

where [-] is the integer part. For k € Z, j € N we have

! 6727rikw (1) dr = 0 (k = O)’
/0 Bj(x)de = {—(2m‘k)jj! (k #0), (3.27)

by (3.26). We further quote [2, p.276 19.(b)], for p,q > 1, which is

max(p,q)/2 q D Bop Byt 2k(m)
By(x)By(a) = Y {p<2k) i q(%>} Trra-o

k=0 (3.28)

» D¢
NRACET)

On the other hand, for a,b > 2, and R(s) > 1, we have

P+q-

2wimx X —2mwinx

27r1lr e e
/0 mb Z ns dr = CQ(CL,ZLS;AQ),

=1 m:l n=1
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X  _—2minx

27mmw e
= 'A
~/O lz m_|_l alb Z ns dx <2(b385a7 2)7

1 627ril:r el e—2minT .
| S Y Sde=dabs ).

=1 m=1
Combining these relations and (3.26)-(3.28

<2(CL,b,S;A2) ( ) §2(b S, a; A2
max(a,b)/2

w5 ) ola))

x (a+b— 2k — 1)1(2k)IC(2k)C(a + b — s — 2k), (3.29)

, we see that

+ (—=1)%a(s,a,b; As)

which coincides with (3.21). Nakamura also gave some more generalized for-
mulas for double zeta and L-functions and triple zeta-functions of Mordell
and Tornheim type ( [35,36]). Furthermore triple zeta and L-functions were
studied by Nakamura, Ochiai, and the second and the third-named authors
( [28,29]). The aforementioned Lemma 6.1 first appeared in those studies.

4. Another method to construct functional relations for
Dirichlet series

In this section, we introduce another method to study functional relations
for Dirichlet series, whose basic idea was originally introduced by Hardy.
Hardy gave an alternative proof of the functional equation for {(s) ( [11], see
also [38] Section 2.2). By generalizing this method, we can give functional
relations for multiple zeta-functions, for example, (3.21) in Theorem 3.1.

First we consider a general Dirichlet series Z(s) = >~ am,m™* where
{an} C C. Let Rs = p (p € R) be the abscissa of convergence of Z(s). This
means that if Rs > p then Z(s) is convergent and if Rs < p then Z(s) is
not convergent. We further assume that 0 < p < 1.

Theorem 4.1 ( [31], Theorem 3.1). Assume that Y ,°_, am sin(mt) =
0 is boundedly convergent for t > 0 and that, for p < s <1,

. s—1 - o
A11_>rr01o 2::1 am/)\ t°7 " sin(mt)dt = 0. (4.30)
Then Z(s) can be continued meromorphically to C, and actually Z(s) =0
for all s € C. The same conclusion holds if we assume the formulas similar
to the above but “sin” (two places) is replaced by “cos”.



FUNCTIONAL RELATIONS FOR ZETA-FUNCTIONS OF ROOT SYSTEMS 147

We give a simple example showing how to apply this theorem. From
(2.16) and the formula obtained by differentiating both sides of (2.16), we
have

Jo%) Y 08 P _1\vp2

3 (1)[2+(“9) =3 o(2p—2v) % (4.31)
=1 v=0 '

R Y/ in q _1\vp2v+1

> S 2= ota—) Gigr 6
=1 v=0 '

for p € N, g € Ny and § € (—m,m). Note that the case ¢ = 0 in (4.32)
is a little delicate. To prove this case, we define Iy(0;u) for 6 € (—m, )
and u € [1,1 + 6] by (2.14). Then equation (2.15) in the case ¢ = 0 holds
for w € (1,14 ¢]. From [49, § 3.35] (see also [31, Lemma 4.1]) and Abel’s
theorem (see [49, § 3.71]), we can let u — 1 in (2.15) for Io(f; u). Then, as
well as (2.16), we obtain the case ¢ = 0 in (4.32). Additionally we note that
if p,q € N then (4.31) and (4.32) hold for § € [—m, «| because both sides
are continous for 6 € [—m, 7.

Combining these results and putting ¢ = §+7, we obtain, for ¢t € R\27Z,

i cos((m + n)t) 49 Z cos(mt)

m,n=1 m2n2 m,n= 1n2m+n
o (4.33)
cos cos(mt
+6 Z —ac) Y 0
m=1

(see [31, Lemma 2.2]). We denote by f(¢) the left-hand side of (4.33). Note
that each sum on the left-hand side of (4.33) is absolutely and uniformly
convergent for ¢ € R. Hence, for s € R with 0 < s < 1, we have

0= /Ooo 57 (t)da

< = cos((m + n)t) cos(mt)
= st 2
[Ten{ 3 el 5 el

m,n=1 m,n=1
t 9]
+6 Z costmt) _ 4e(0 > cos(m } (4.34)
m=1

By the same argument as in [38, Section 2.1], we have

*cos(Nz) ,  [sin(Nz)]™ s—1 [®sin(Nz) 1
/)\ xrl—s dr = |:N£C15 N N N xr2—s dr =0 N)\L-s
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for N € N. Using this result, we see that

. = 1  cos((m + n)x)
Alg]go mZnZI m2n? /A xl=s iz =0,
- Zoo 1 /°° cos(mx) dr =0
Aﬂoomnfl n2(m+n)2 A pl—s o

COS mx
1 = = 4
JEEOZW/ T Wm0 =2

hold for 0 < s < 1. Hence we can justify term-by-term integration on the
right-hand side of (4.34). Therefore it follows from Theorem 4.1 and the
facts

/Oo cosbxd s sec(m(1 — )/2)
0

2l T T(1—s)
/ Slrllbxdx - cosec(m(1 — s)/2)
0 xtTS 2 F(l — S)

for b> 0 and 0 < s < 1 (see [49, Chapter 12]) that the functional relation
2(2,2, 53 Aa) + 2a(s,2,2; Ag) + 6¢(s +4) —4¢(2)¢(s +2) =0 (4.35)

holds for 0 < s < 1 (and then for any s € C by analytic continuation). This
coincides with (3.22).

By using this method, we can give functional relations for more general
types of multiple zeta-functions (see [31]).

5. A general form of functional relations

In the previous sections, we present various methods to obtain functional
relations. However in those methods, it is not clear why these functional
relations exist. From the viewpoint of Weyl group symmetry in the un-
derlying Lie algebra structure, we can give a certain explanation of this
phenomenon. In fact, in view of the Weyl group symmetry, we can show a
general form of functional relations for zeta-functions of root systems. For
the details, see [19,22].

First we prepare some notation. Let V be an r-dimensional real vector
space equipped with an inner product (-,-). Let A be a finite reduced root
system in V' of X, type and ¥ = {a,...,a,} its fundamental system. Let
A, and A_ be the set of all positive roots and negative roots respectively.
Then we have a decomposition of the root system A = A, [JTA_. Let QY
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be the coroot lattice, P the weight lattice, Py the set of integral dominant
weights and P, the set of integral strongly dominant weights respectively
defined by

Q" :éz%v’ PZéZAu Py :éNox\i, Py = éNAi, (5.36)
=1 i=1 i=1 i=1

where the fundamental weights {\; }321 form a basis dual to ¥V satisfying
(), ;) = 0i;. The reflection o, : V' — V with respect to a root & € A
is defined by o4 (v) = v — (@",v)a. For a subset A C A, let W(A) be the
group generated by reflections o, for a € A. Let W = W(A) be the Weyl
group. Then 0; = 04, (1 < j < r) generates W. We denote the fundamental
domain called the fundamental Weyl chamber by C = {v € V | (¥V, v) >
0}, where (¥V,v) means any of (o, v) for @Y € UV. Then W acts on the
set of Weyl chambers WC = {wC | w € W} simply transitively. Moreover
if wx =y for x,y € C, then = y holds. The stabilizer W, of a point x € V'
is generated by the reflections which stabilize x. We see that P, = PN C.
Forw € W, weset A, = A, Nw 1A_.

Let I C {1,...,r} and Uy = {a; | ¢ € I} C ¥. Let V7 be the lin-
ear subspace spanned by W;. Then Ay = ANV} is a root system in V;
whose fundamental system is W;. For the root system Aj, we denote the
corresponding coroot lattice (resp. weight lattice etc.) by QY = @,c; Z oy
(resp. Pr = @,c; Z A etc.). Let AY be the set of all positive coroots, and
Wh={weW | AY, CwAY}.

Let y € V and s = (Sa),cx € CI2+], where A is the quotient of A
obtained by identifying o and —«. Define an action of W to s by (ws), =
Sw-1o- Now we introduce the “twisted” multiple zeta-function of the form

Glyid)= 3 eV T ——— (5.37)

Y Sa
)\EP++ (XEA+ <Oé ,A>g

A motivation of introducing such a generalized form with exponential fac-
tors is to study multiple L-functions of root systems (see [17,21]). When
y =0 in (5.37), the function (. (s; A) = (. (s,0; A) coincides with the zeta-
function of the root system A, defined by (1.5).

For s € C, s > 1 and x,c € R, let

Lulre) = —AOED g
U @V & (ntop

n+c#0

(5.38)

Then we obtain the following general form of functional relations for zeta-
functions of root systems.
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Theorem 5.1 ( [19], Theorem 4.3). When I #£ (), fors€ S andy € V,
we have

S(s,y; I; A) (5.39)

=S (II D )ew sy

weW! a€A 1

w—

2my/—1)% av=Ily 1
:(_1)A+\Az+|( 11 7(F(Sa+)1)> S Ve T e

a€AL\Ary AEPr 4 a€EAy

/ / exp 27r\/_ Z 2o (Y, )\>)

a€AL\(Ar4UT)

(0 II L)

a€AL\(AT4UTD)

(Hﬁm( Y > wa<aV,Ai>,0)) I de

icle a€AL\ (A4 UT) a€AL\ (A4 UTD)

Remark 5.1. We also studied the case I = () and gave an integral expres-
sion of S(s,y;0; A) similar to (5.39) (see [19, Theorem 4.4]).

Example 5.1. Here we give an alternative proof of (3.23). Set Ay =
AL (A2) ={a1,a0,01+az},andy =0, s = (2,s,3) for s € C with Rs > 1,
I = {2}, that is, Ary = {a2}. Then we see that the left-hand side of (5.39)
is

oo o0

1 1
ToA) = E - - _ - -
S(Sv Y I? ) . ans(m + TL)3 m,zn;1 m2n5(—m + TL)3

m,n=
m#n

= C2(27 S, 37 A?) - C?('?)v 2a S; A?) + C?('?)v S, 27 A?)
On the other hand, the right-hand side of (5.39) is

((2m/—_1)2) ((2W—_1>3> 5 kS / T £ 0) (=i, 0)
m=1

2! 3! 0
() (Y 1 o i

by L (z,0) = By(x —[z]) for z € R (see (3.26)). Hence, by using (3.27) and
(3.28), we obtain (3.23).
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6. Some lemmas for explicit construction of functional
relations

From the general form of functional relations in Theorem 5.1, it is possible
to deduce explicit formulas of functional relations for zeta-functions of root
systems, e.g., as in Example 5.1. However, if a rank of the root system is
high, then it seems quite hard to give explicit forms directly from Theorem
5.1. Therefore now we introduce a different procedure to construct explicit
functional relations. For this aim, we give some general preparatory lemmas.
We first quote the following lemma from our previous paper. Let ¢(s) :=

Z:nZl(—l)"n_S = (21_S — 1) ¢(s),and g, := (1 + (—1)*)/2 (v € Z).

Lemma 6.1 ( [28] Lemma 2.1). Let f,g : Ng — C be arbitrary func-
tions. Then, for a € N, we have

[k/2] u7r2u [a/2]
Z¢a— Jear ¥ flk— 2u o Z f(a—2¢), (6.40)
p=0 E=
and
a ((k=1)/2] . 2
—1)Bq2m 1
Sa=Renn 3 olk- 20 G = <Jaa). (6a)

k=1 n=0

Corollary 6.1. With the same notation as in Lemma 6.1, put

)= 3 ald-2) G T (e )

Then we have

d
d)=-2) ¢(d—peauh(n) (d€No).

pn=0

Proof. In (6.41), we replace g(x) by g(x — 1). Then (6.41) implies that
- 1
> éla—k)earh(k —1) = —5g(a—1)

for a € N. Replacing a by d + 1 and k — 1 by u, respectively, we obtain the
desired assertion. O
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Using Lemma 6.1, we prove the following lemma which is a key to con-
struct functional relations. Let h € N, and

¢e={C)eCl|leZ, 1 #0},

D:={D(N;m;n) e R|N,m,n€Z, N#0, m>0,1<n<h},
A:={a, e N|1<n<h}

be sets of numbers indexed by integers. We let

(1) [ e,
k) 1 (k=0).

Lemma 6.2. With the above notation, we assume that the infinite series
appearing in

Qn

h
S YO 23S blay — D)o,
k=0

Nez 1
N#0 =

xz > (=D)ND(N;k — & n)e™N? (Zg;')& (6.42)

are absolutely convergent for 0 € [—m, 7|, and that (6.42) is a constant
function for 6 € [—m,w|. Then, for d € Ny,

Qn

Z(_I)N?\/—(M—?ZZ¢ -

Ngo n=1k=0
X ﬁz: {iz_:_z (w +i - 1) (—1)* nz:% (—1)mD(m;TI:L;rf — w;n)e™? } (2‘59!)5
SONCEEES 31095 o G (B8
n=1 w=0
x Z mnjkn g+w+1w.n) } (Z? (6.43)

mez
m=£0

holds for 6 € [—m, x|, where the infinite series appearing on both sides of
(6.43) are absolutely convergent for 6 € [—m, x].
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Proof. For d € Ny, put

Ga(0;¢;D;2) (6.4
1 —Do(eit? h  aq
= i_d[z% _22 P(an —k)ea,—k
15 n=1k=0
k 3 d—1+¢&—v (—]_)mD(m;k_f;n)eimO (—if)”
Xﬁz—%{uz—;)( v >(_1)€ WZE:Z md+e—v v! H
m#£0
1 —DC()eit? h  ay
:ﬁ[z%_2z ¢lan — k)ea,—k
150 =1 k=0
k k—v d—1+4+w w (—]_)mD(m;k_V_w;n)eimG (i0)
Xgo{u;( w )(_1) 2, md+w } ol :|
m#£0

Note that the second equality of (6.44) follows by putting w = £ — v. Then
the assumption of (6.42) implies that

Go(6;€;D;0) =Ry (0 € [—m,7]), (6.45)

where there exists a constant Ry = Ro(€;D;2) € C, because (71;_57”) =

v

0 if £ > v. Furthermore we can check that G4(0;€;D;2) is absolutely
convergent with respect to 6 € [—m, 7] and that

C%Gd(ﬁ; C0;U) = Ga—1(60;C0;2)  (d eN). (6.46)

In fact, if we differentiate the second member of (6.44) with respect to 6,
then we have

d
@Gd(ﬁ, ¢;0;A)

1 —DIC(Deie h an
= a1 {Z ( )ld—(l)e —2 Z Pan — k)ea,—k
= n=1 k=0
b < d—1+¢&—v —1)™D(m; k — & n)eim? (—if)”
XZ{Z( £y >(_1)£Z( ) 75515_”_1 n)e ( Z')
£=0 ~v=0 :nni%
S (d=1+E-v\, ex (“)"D(mik — &n)e™ (—if)
_Z( §—v >(_” 2 mite (v=1)! H
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Replacing v —1 by g in the last member of the above summation, and using
the well-known relation

m—1 m m—1
_ = l N
() (D) =("") wmem,
we obtain (6.46).
By integrating both sides of (6.45) and multiplying by ¢ on both sides, we
have iG1(0; €;D;2) = Ry (i0) + Ry with some constant R; = Ry (€;D;2).
Repeating this operation, and by (6.46), we obtain

i1Ga(0; ;D ) ZR ,k (6.47)
where there exist constants Ry = Rk(Q;CD;Ql) (0 < k < d). We can ex-
plicitly determine {Ry} as follows. Putting § = +x in (6.47) with d + 1
(d € Np), we have

id+1

2(im)
= Z R (”)2“ (6.43)
d— 2p .

{Ga1(m; & D5A) — Gagar (—7; & D5 2A) }

It follows from (6.44) that the left-hand side of (6.48) is equal to

— 22 Z¢ k)ea, —k (6.49)

n=1k=0
" [(ki/% k_i_l d+w (—1) Z D(m;k —217 —1—w;n) ) (im)*"
=0 w=0 w mez md+w+1 (27— + 1)' .

m#0

Applying (6.41) with

At w Dim;z —1— w;
TEED N G SV Do

meZ
m#0

we can rewrite (6.48) as

h an—1
d+w w D(m;a, — 1 —w;n)
X () P
w m
n=1 w=0 o

= Z Rd—Qum- (6.50)
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Hence, by Corollary 6.1, we have

Ry = Rd(Q-BJ-Ql) (6.51)
h an—1
V4w v D(m;a, —1—w;n)
:_22¢ e S Y (VT e P
n=1 w=0 ::i%

for d € Ny. Therefore, combining (6.44),(6.47) and (6.51), we have

( )lC zw
o 2ZZ¢ k)ea, K (6.52)

ez n=1k=0
— -1l4w w (=)™ D(m; k — v —w;n)et™ ) (i6)”
-1
E{E (T )er g e
m=£0
d d—p
= —222(;5 d—p—v) Ed—p—v
pn=0v=0
h an—1 .
V4w w D(m;a, —1 —w;n) (10)*
X Z Z ( w )(_1) Z mytwtl ul
n=1 w=0 :nni%

Changing the running indices (i, v) into (k, &) with k = p+v and § = u < k,
we find that the right-hand side of (6.52) is equal to the second term on
the right-hand side of (6.43). m|

7. Functional relations for (3(s; As)

In the rest of this paper, we will give explicit forms of functional relations
for zeta-functions of root systems by using lemmas proved in Section 6. In
this section, we consider the case of A, type.

Fix p € Nand s € R with s > 1 and « € C with |z| = 1. From (4.31),
we have

zm@

(_1)leil9 p o
3 2 > o(2p — 2j) Z =0 (7.53)

ez j=0 ! m=1
1#£0
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for 6 € [—m, ]. Hence we have

(_l)lerxmei(ler)H

Z l2pms

leZ, 1#0
m>1
I+m#0
p e m ,.m ,imé i 027
. (=1)™a™e (=1)764
-2 2p —2
2 o =2) {Z e )
7=0 m=1
oS 27
== ms+2p (754
m=1

for 0 € [—m, w]. Now we use Lemma 6.2 with h =1, a; = 2p,

m

x
CN)= > s (VEZ,N#0),
1#£0, m>1
l+m=N

and D(N;u;1) = 2N~ (if 4 = 0 and N > 1), or = 0 (otherwise).
Under these choices, we see that the left-hand side of (7.54) is of the form
(6.42) because e9p—r = 1 (0 < k < 2p) implies &k = 2j (0 < j < p).
Furthermore the right-hand side of (7.54) is a constant, because we fix s, x
and p. Therefore we can apply Lemma 6.2 with d = 2¢ for ¢ € N. Then
(6.43) gives that

- ¥

(_1)l+mmmei(l+m)9

12Pms (1 + m)24

1#0, m>1
14+m##0
D 23 .
. 2q—-1+25-¢ o
—2) ¢(2p—2)) Z( o0 1 )(—Nﬂ ¢
§=0 £=0 q
et (_1)mxmeim0 (29)6
X Z mst2a+2—¢ ¢
m=1
q 27
2p— 1425 —¢ _
+2) ) é(2 - 2j) ( o1 )(—1>2p '
=0 £=0 p
> x™ (i6)¢
x ;‘1 T = (7.55)

for § € [—m, ], where we replace k by 25 in (6.43) because (a1, d) = (2p, 2q)
as mentioned above. This relation will play an important role in the next
section. Here we apply Lemma 6.1 to the real part of (7.55) in the case
0 = m and x = 1. Then we have the following.
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Proposition 7.1. For p,q € N,

1
2 P

1€Z, 1#£0
m>1
I+m#0
2p+2q—2v—1
QZ( 2 1 >C(2V)C(s+2p+2q—2u)
2p+2q—2v—1
+2 Z ( 25— 1 )<(2u)<(s +2p 4 2¢ — 2v) (7.56)

holds for s € C except for singularities of functions on both sides.

Note that (7.56) essentially coincides with (3.21) in the case (k,l) =
(2p,2q), because the left-hand side of (7.56) can be easily transformed to
that of (3.21) in the case (k,1) = (2p,2q). This implies that, from relation
(7.53) which is given by multiplying two quantities of A; type, we can obtain
relation (7.56) for zeta-functions of As and A; type. From the view point of
Dynkin diagrams, we may say that (7.53) corresponds to two vertices, and
the above procedure of applying Lemma 6.2 to obtain (7.56) corresponds to
the fact that the Dynkin diagram of Ay can be produced by joining those
two vertices. Based on this observation, instead of (7.53), we next combine
a quantity of As type and a quantity of A; type to get a relation for zeta-
functions of Az and of As type. From (1.5), we see that the zeta-function
of root system of Agz type is defined by

C3(s1, 52, 83, 54, S5, 563 A3)

ER SR 1 (7.57)
N ; mz:l Z s1ms2nss (I +m)s+(m 4+ n)* (I + m + n)e

n=1

Fix p,q,b € Nand s € R with s > 1 and « € C with |z| = 1. From
(4.31), we have

(_l)leile p . (m)?j
—t =2 2p — 2
Z; B J; o2 = 2)) "5
1#£0
(_1)m+nmn€i(m+n)9

< Y =0  (7.58)

meZL, m#0
n>1
m—+n#0

m2ans(m + n)2b

for # € [—m, x]. This formula corresponds to a diagram of A, and another
vertex. Next we use Lemma 6.2, which gives the procedure of joining these
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two figures to obtain the diagram of As. First, by separating the terms

corresponding to I +m + n = 0, we have
(_1)l+m+nxnei(l+m+n)9

Z lmeQqns (m + n)?b

l,m#0, n>1
m+n#0, l+m+n#0

(_1)m+nmnei(m+n)0 (_1)]’02]'

—22 =)\ D e ()

= o
m4+n#0
xn
= _ Z 7.59)
2 ; (
D TR
n>1
mAn£0
for § € [—m, w]. We can apply Lemma 6.2 with h = 1, a; = 2p,
mn
C(N) = ZZ 12pm2ans (m + n)?b’
s’
m4+n#0
I+m+n=N

x’I’L
N
Z m2ins(m + n)2b (v =0, N #0),

D(Njm1)=4¢ 720
m4n=N
0 (v>1,N #0),

and d = 2¢ (c € N). Formula (7.59) implies that the assumptions of Lemma

6.2 are satisfied, so consequently we have
(_1)l+m+nxnei(l+m+n)9

Z 12Pm?2ans (m + n)2(l + m + n)2c

1,m#0, n>1
m+n#£0, l4+m+n#0

p 2j .
. 2] —&+2c—1 9i_
=2 2p — 2 —1)%-¢
> oe-23 (YT T e
7=0 £=0
y Z (_1)m+nxn€i(m+n)9 (10)5
m#0 m2qns (m + n)2b+26+2j75 5'

n>1
m—+n#0

2j (2j —&+2p— 1) (—1)2-1

_22 ¢(2C_2j)z |
— — P —
J £=0
™ (i6)¢
X Z m2qns(m + n)2p+2b+2j7§ &

m#0
n>1
m—+n#0
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Putting z = —e~% (# € R) on both sides and separating the terms corre-
sponding to | + m = 0, we have
(_1)l+mei(l+m)0
Z l2pm2qns(m + n)Qb(l +m 4+ n)Qc

I,m#0, n>1
l+m#0 m—+n#0
l+m+n7#0

27 .
23 -2y (23 o 1) (~1)=¢
=0 £=0

(=nmem? (i9)
X Z m2ans (m + n)20+2et %€ ¢l

m=£0
n>1
mAn#0
c 22 —e+2p—1
2 2 — 25 B ) (=)t
#23 ot ");_0:< NI (G}

y Z (=D)rein? (i)
2 2p+20+2j—
et m2ins(m + n)2p+20+27-¢  ¢£|
A0

1
= — ; m2p+2qns+2(z(m + n)Qb
n>1
mAn#0
Again we apply Lemma 6.2 with h = 2, a; = 2p, as = 2c and d = 2a for
a € N. Then
(_1)l+mei(l+m)0

Z 12rm2ans (1 4+ m)22(m + n)2 (1 + m + n)2e

1,m#0, n>1

L4+ m#0, m+4n£0
l+m+4+n#0
2j 2j—¢€ .
w+2a—1 wf2j—&—w+2c—1
SO L) 30 S Wl [ G
£=0 w=0
« (_1)2j—§—w Z (_1)m€1m9 (10)5
ot m2q+2a+wns (m + n)2b+2c+2j7§7w 5[
mj»%l#o
25 25—¢& .
w+2a—1 wl2j—&—w+2p—1
e 3 (T e (YT
£=0 w=0
% (_1)2;0 1(_1)2a+w Z (_1)n€—1n9 ‘ (10)5
m2qns+2a+w(m + n)2p+2b+2]7£7u 5[

m#0
n>1
m—+n#0
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25 2p—1
wt2j - W20 +2—2-w
S EE G2 )
¢=0 w=0
1 (i6)°
x (=1)2P-1-w N _
;) m2a+2j—E+w+1p: (m+n)2p+2b+2‘ 1 §|
A0
2j 2c—1
w+2‘7_ w 2p+26—2—w
+22 sza—2) Y. Y (FH T (P
£=0 w=0 D
L (i6)°
x (=1)P7 1 (—1)2 et i _ _
gf:o m2ans+t2i—&+ +1(m+n)2p+2b+2 1_ 5'
n>1
m+n#£0

holds for 6 € [—m, 7). Now we put § = 7 in this equation and take its real
part. For simplicity, we denote the obtained equation by J; = Jo + J3 +
J4 + J5. First we consider J;. This can be divided into the following:

PRI D P

1>1 I<—1 1>1 1<—-1
m>1 m>1 m<—1 'mgfl
n>1 n>1 n>1 n>1
1+m=£0 I+m=£0 m+n#£0
l+m+4+n#0 m—+n#0 l+m+4+n#0
I+m—+n#£0

which we denote by Ji1 + Ji2 + Ji3 + J14. We can immediately see that
Ji1 = (3(2p, 2q, s, 2a, 2b, 2¢; As). For Jio, replacing [ by —I, we have

1
Jig = .
12 lZ;ZI (_l)meQqns(_l+m)2a(m+n)2b(_l_|_m_|_n)2(:
n>1, l#Zm
i#m4n

Here, putting j = =l +m if l <m and k =1 —m if [ > m, respectively, we
have
1
he= X BRI PG

=1, 521
n>1

+ > !
(k + m)2rm2ansk2e(m + n)2b(—k + n)2¢’

k>1, m>1

n>1, k#n
where the first term on the right-hand side is (3(2p, 2q, s, 2q, 2¢, 2b; A3).
Furthermore, putting 7/ = -k +nif k < nand ¥ = k—n if k > n,

respectively, in the second term on the right-hand side, we can obtain

J12 = C3(2p7 20‘) S, 2Q7 20) 2b7 A3) + C3(2Q7 20‘) 267 2p7 S, 2b7 A3)
+ (3(2q, s,2¢,2b,2a, 2p; As).
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Similarly we can express Ji3 and Ji4 as sums of values of the zeta-function
of Az type. Therefore J; can be transformed to the left-hand side of the
following theorem. On the other hand, if we apply (6.40) to Jo+Js+J4+ J5,
then it can be transformed to the right-hand side of the following theorem
with

1
T(2d, S, 26) = T de s/ 1 %o
m,¢;z1 m2dn’ (m + n)2
m—+n#0

for d,e € N. From Proposition 7.1, we see that 7(2d, s,2¢) can be written
as (7.60) below.

Theorem 7.1. For p,q,a,b,c € N,

(3(2p, 2q, 8, 2a,2b, 2¢; As) + (5(2p, 2a, s, 2q, 2¢, 2b; As)

+ (5(2q,2a,2¢, 2p, s, 2b; As) + (3(2q, s, 2¢, 2b, 2a, 2p; As)
+ (3(2a,2p, 2b, 2q, 2¢, s; As) + (3(2a, 2¢, 2b, s, 2p, 2q; As)
+ s(s, 2¢, 2p, 2a, 2b, 2q; As) + (3(2b, 2q, 2a, s, 2p, 2¢; As)
+ (3(20, s, 2a, 2q, 2¢, 2p; A3) + (3(2p, 2b, s, 2¢, 2q, 2a; As)
+ (3(2¢, 2p, 2¢,2b, 2a, s; A3) + (3(2¢, 2b, 2¢, 2p, s, 2a; As)

o~ o~ o~ o~

P 2p—2¢ . or
:2ZC(25) Z <w+ia 1)(2p+2c263§1 w 1)

X T(2¢+ 2a+ w, s,2p+ 2b+ 2c — 2§ — w)
c 2c¢—2¢
wH+2a—1\[(2p+2c—26 —w—1
+2) ¢29) )
w 2p—1
£=0 w=0
X T(2q,5+2a +w,2p+2b+ 2c — 2§ —w)
a 2p—1
w+2a—28\ (2p+2c—2—w
2 2
+§¢<s>§( ) [ G

XT(2¢+2a—26+w+1,82p+2b4+2c—1—w)

- 2l w+2a—26\(2p+2c—w—2
e X () ()

xT(2¢,s+2a—26+w+1,2p+2b+2c—w—1)
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holds for s € C except for singularities of functions on both sides, where

7(2d, 5, 2¢) _22(2d+32_1 l)g(zu)g(s”dﬂ(i_%
(7.60)
+2Z<2d+§2_1 1)((2V)<(5+2d+2e—2y).

Example 7.1. In the case when (p,q,a,b,¢c) = (k,k,k,k, k) and s = 2k
for k € N in Theorem 7.1, we recover the explicit expression for Wit-
ten’s volume formula of As type, which has been proved by Gunnells and
Sczech ( [10, Proposition 8.5]). For example, in the case when (p, ¢, a,b,c) =
(1,1,1,1,1), we obtain
405(2,2,5,2,2,2; As) + 2C3(2, 5, 2,2,2,2; A3)
+ 4C3(27 2a 27 S, 2a 27 A3) + 2C3(27 2a 27 2a 27 S35 A3)
= 678((s + 10) — 512¢(2){(s + 8)
+ 148¢(4)¢(s +6) + 4¢(6)¢(s + 4),
because (3(s1, 52, 53, 54, S5, 56; A3) = (3(83, 82, 51, 85, 54, 56; A3). In particu-
lar when s = 2, we obtain the explicit value of Cy (2, As), that is,
2554051500 "
In our previous work [16, Theorem 3.4], we already obtained the functional
relation between (3(s; A3) and (2(s; A2), and checked that the functional
relation implicitly implies (7.62), by using the properties of (a(s; A2). On
the other hand, we can see that the above formula in Theorem 7.1 itself
includes the explicit form of Witten’s volume formula of As type.

(7.61)

(3(2,2,2,2,2,2; A3) = (7.62)

Example 7.2. By the same method as above, we can obtain the following
formulas ( [30]):

G(L11,2,1,2 A5) = — 22 0(2)* +C3)C(5) — 2(6,2)

G1,1,2,1,2,1; 45) = fgiﬁ« )1 3G~ 166BI6) + 746.2),

Gl1,1,1,2,1,3; 45) = ZC(2)0(5) + 100(2)C(T) — 2¢(9).

Remark 7.1. Here we summarize the method developed in this section.
The starting point is the simple identity (4.31) (and (4.32)), which is based
on the fact ((—2n) = 0 (n € N). One basic idea is to multiply (4.31) by
an infinite series (see (7.53))) to obtain a new identity (see (7.54)). Then
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we apply the argument of repeated integration, embodied in Lemma 6.2,
to deduce the functional relations. This procedure is the essence of the “u-
method” mentioned in Sections 2 and 3, though the parameter u > 1 does
not appear in this section.

However, the original u-method (developed, for instance, in [30]) is un-
satisfactory because it only produces functional relations in which some of
the variables should be equal to 0. In order to remove this restriction, we
introduce the idea of considering the infinite series of polylogarithm type
(that is, with an additional parameter x in the numerators). This idea, in-
spired by the method in [32] (see Remark 3.3), was first successfully used
in [16] under the name of the “polylogarithm technique”. This additional
flexibility enables us to deduce more general type of functional relations
such as Theorem 7.1. We will also use this technique in the following sec-
tions.

We may proceed further. Next we combine a quantity of Az type and a
quantity of A; type to obtain

1)k gkt » i0)2
S E 23 siap - 2) W)
=0

=L (29)!
k0
s R
1, mez, n>1 ZquQTnS(Z + m)Qa(m + n)Qb(l +m + n)QC
1,m=#£0, I+m=£0

m+n#£0, l4+m-+n#0

for p,q,r,a,b,c € Nand z,y € C with || = 1 and |y| = 1. Again, by using
Lemma 6.2 repeatedly, we will be able to obtain the functional relation for
zeta-functions of A4 and As type. Then, by using the result in Theorem
7.1, we will be able to obtain functional relations for zeta-functions of Ay
and A; type, which include explicit forms of Witten’s volume formulas of
Ay type, for example,

. _ 1 20
Ca(2:2,2,2,2,2,2,2,2,2 A1) = g1 (7.63)

By continuing this procedure inductively, it seems to be possible to ob-
tain functional relations which include explicit forms of Witten’s volume
formulas of A, type for any r € N.
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8. Functional relations for {3(s; C2)

In this section, we study

1
msinsz(m + n)ss (m + 2n)s4

M8

o0
§2(51)82783784;02 Z

m=

(8.64)

,_.
Il
-

n

(see [18, (6.1)], also [19, Example 7.3]). As noted in [18, Section 2], we know
that

o0 o0 1
<2(51752)83754;B2 Z Z SlnSZ m+n)83(2m+n) (865)

1n=1

(see [18, (2.11)]), which coincides with (a(s2, $1, 83, $4; C2). This fact is the
natural consequence of the isomorphism By ~ Cj.

Here we consider (»(s;C2) and construct explicit functional relations
which include explicit forms of Witten’s volume formulas of C5 type.

As we mentioned in the previous section, the procedure of producing
a functional relation for (a(s; A2) corresponds to the fact that the Dynkin
diagram of A5 can be produced by adding one edge which joins two vertices.
From this viewpoint, we should step on the procedure corresponding to
adding another edge to the Dynkin diagram of As to obtain the diagram
of Cy, by using Lemma 6.2.

Replacing = by —ze on the left-hand side of (7.55), we have

(_1)me€i(l+2m)0

12Pms (1 + m)24

D

1€Z, 1#£0
m>1, l+m#0

P 2j . m 21m0 -N\E
) 2g—-1+25— it (16)
—2) ) #(2p—2j) ) < 2 —1 > ” Z ms+20+2—€ ¢l

Jj=0 §€=0

q 2j ; e m.m imb (:0\E
. 2p—1+25—-¢ (=1)mame™? (i0)s
~2Y o2 3o (T T S S B
Jj=0 £=0 =
for 6 € [—m,w]. From the first sum, we separate the terms corresponding
to the condition ! + 2m = 0 and move them to the right-hand side. Then,
as well as in the case of (7.54), applying Lemma 6.2 with (h,a1,a9,d) =
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(2,2p,2q,2r) for r € N, we obtain
(_l)lxmei(lJer)O
Z lmes(l + m)?q(l + 2m)2r

1EZ, 1#0
m>1, l4+m#0
T+2m##0
P 2j 2j—¢
w+2r—1
—92 _ 95 1w
> o-2) Y Y (“TT e
j=0 £€=0 w=0
20 142j =€ =W\ e zme2mt  (i6)¢
X 2q_ 1 ( ) 22r+w Z ms+t2q+25—-&+2r 5[

22 (20— 2i) i%‘f (w—Fir—l)(_l)w

£=0 w=0
2p—1+4+2j — & — > emo (i0)¢
X 2]9— 1 mzz:l s+2p+2] E+2r 5!
25 2p—1 .
w + 2.] - f w
w23 ger-2) 3 3 (7Y
Jj= £=0 w=0
2p+20-2-w\, opaw_ 1 > ™ (i0)¢
x 2 —1 (1) 22 ~Erwtl L st20t2j-EH2p (]

22 (2r — 2j) ii( v )(—1)“

£=0

2p+2¢-2—-w (i0)¢
. ( 2p— 1 > Z m5+2p+2j £+2q 5[ =0 (866)

for 6 € [—m,w]. Then, putting (z,0) = (1,7) in (8.66) and applying Lemma
6.1 to the real part of this equation, we obtain the following relation which
holds for s > 1, and furthermore for s € C except for singularities by the
meromorphic continuation of (2 (s; Cs).

Theorem 8.1. For p,q,r € N,
C2(2p7 S, 2Qa 27'7 CQ) + CQ(QP, 2(17 S, 2T7 CQ)

+ C2(2ra 2(17 S, 2297 CQ) + C2(2ra S, 2(17 2297 CQ)
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P

=2 ((2v)¢(2p+2q +2r — 2v + 5)
v=0

xzpz_fy 1 2p+2¢—2v—p—1\[2r—1+p
= 22r+p 2g —1 2r — 1

+2) C(2v)¢(2p +2¢ + 2r — 20 + 5)
v=0

2q—2v
2p+29—2v—pu—1\[2r—1+u
R RYZ
x ;( ) ( 2 — 1 o — 1

+2) C(2v)¢(2p +2q + 2r — 20 + 5)
v=0

XQil 1 2p4+2q—p—2\ (2r—2v+p
= 22r—2v+p+l 2g—1 2r — 2u

+2) C2v)¢(2p +2q + 2r — 2v + 5)
v=0

2g—1
20+2q—p—2\ (2r—2v+p
_1)mtl
X;() ( % — 1 2% — 2

holds for all s € C except for singularities of functions on both sides. Note
that singularities of (2(s, Ca) have been determined in [18, Theorem 6.2].

Example 8.1. Putting (p,q,7) = (1,1,1) in Theorem 8.1, we can obtain

G2,5,2,2:C2) + G(2,2,5,2:Co) = ~22C(5 +6) + SC(2)C(s +4). (367

In particular when s = 2, we obtain

8

302400’

which have already been obtained in [19, (7.24)]. It should be noted that
Equations (8.67) and (8.70) mentioned below coincide with Equations (2.6)

§2(2725272;02) = (868)
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and (2.7) in [16], respectively. Note that, in [16], we used the notation
Ca(s1, 52, 83, 543 Ba) defined by

o o 1
Z Z (Qm + TL)Sl ns2mss (m + n)s4 ’

m=1n=1

different from (8.65) (see [18, Section 2]).

Remark 8.1. Using the same method as in the proof of Theorem 8.1, we
can prove that

CQ(pa 5,4,T; 02) =+ (_1)p<2(p7 q,8,T;3 02) + (_1)P+q<2(,r’ q;S,D; 02)
+ (_1)p+q+rg2(7,,7 S,4,D; CQ)

(p/2]
—2-1{ K+ atr-2+9)

v=0
p—2v
XZ 1 (p+q—21/—,u—1><7“—1+u)
= AR q—1 r—1
lq/2]
+) @)+ gtr—2v+s)
v=0
g 2 1 1
o Z(_l),t(pﬂz— e ><7“— +u)
— p—1 r—1
[r/2]
+) @)+ gtr—2v+s)
v=0
Gt | 2 p
St ()
H:OZT’ vt q—1 r—2u
[r/2]
+ ) @)+ gtr—2v+s)
v=0

q—1
+q—p—=2\[(r—=2v+p
—pyetr (P 8.69
8 Z( ) ( p—1 r—2v ( )
n=0
holds for all s € C except for singularities of functions on both sides, where
p,q,r € N. For example, we have

C2(27 S, 2a ]-7 CQ) + C2(2a 27 S, 17 CQ) + CQ(]-v 2a S, 27 CQ) - CQ(la S, 27 27 CQ)

=3¢(2)¢(s +3) — 3—:«5 +5). (8.70)
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In particular, putting s = 2 in (8.70), we have

((2.2,2,1:02) = 3¢(2)(5) ~ 2¢(7),

which coincides with our previous result in [44, Example in §3 ]. Note
that the left-hand side of (8.69) is equal to S(s,y;I; A) for A = A(Cy),
s=(p,s,q,7), y =0 and I = {2}. Therefore we can see that Theorem 8.1
corresponds to the case Cy of Theorem 5.1.

9. Functional relations for (3(s; Bs) and for (3(s; C3)
In this section, we consider (3(s; Bs) and (3(s; C3) defined by

¢3(s1, 82,83, S4, S5, S¢, S7, S8, S9; B3)

o0 o0 o0
=3 ST ST mrtmy T mg (ma + ma) 5 (ma 4 ms)

m1:1 mg:l m3:1
X (2m2 + mg)_sﬁ (m1 + mo + mg)_s7 (m1 + 2mso + mg)_sg

X (2mq + 2mg + m3) %, (9.71)
and

C3(s1, 52, 53, S4, S5, S6, 57, 58, 595 C3)

oo oo oo
— —S1 —S2 —83 —S4 —s5
= > > myrttmy 2 mg % (my + ma) T (my + ma)
m1:1m2:1m3:1

X (mg + 2m3)756 (m1 + mo + m3)737 (m1 + mg + 2m3)783

X (m1 + 2mo + 2m3)_59, (972)

which have been continued meromorphically to the whole space whose pos-
sible singularities have been determined in [18, Theorems 6.1 and 6.3]. Note
that (3(s; D3) essentially coincides with (5(s; A3) which has been considered
in [16,30].

We aim to prove functional relations for these functions, namely gener-
alize the result in Theorems 7.1 and 8.1 to the cases Bz and C5. However,
it seems too complicated to treat these cases in full generality. Hence we
study some special cases as follows.

First we prove the following functional relation for (3(s; C3). The basic
structure of the proof, based on Lemma 6.2, is similar to that in the proof
of Theorem 7.1 for (3(s; A3). A novel point here is that we will also use the
result described in Section 4.
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Theorem 9.1. The functional relation

8(3(2,2,8,2,2,2,2,2,2:C3) + 8(3(2,2,2,2,s,2,2,2,2; C3)
+ 8C3(27 2a 27 2a 27 2a S, 27 27 03)

- 185417275<(8 +16) — %@(2%(5 +14) + %3((4)((5 +12) (9.73)
+ 28—54(6)((5 +10) + ig(g)g(s +8)

holds for s € C except for singularities of functions on both sides. In par-
ticular when s = 2,

19 18
8403115488768000 ’

hence Cyw (2,C3) = 19/16209713520 in Witten’s volume formula (1.4).

<3(27252725272527252;03) = (974)

Proof. Instead of (7.53) or (7.58), we start the same argument as in the
proof of Proposition 7.1 or Theorem 7.1 from the relation

n, n,ind

{G(6:2,2,2;2) + G(—6;2,2, 2,27 )} Y (_1)% =0 (9.75)
n=1

for s > 1, where we denote by G(0;2,2,2;x) the left-hand side of (7.55)
in the case (2p,2q,s) = (2,2,2). Then, by replacing —m (m > 1) by m
(m < —1) on the left-hand side of (9.75), we can rewrite (9.75) to

D

1#£0, m#£0
n>1, I+m=#0

1 2j .
—23° 6(2-2)) (1 o _§>(—1)21‘—E
j=0

£=0

(_ 1)l+m+nmmynei(l+m+n)9

2m?2ns(l 4+ m)?

m+nxmynei(m+n)9 (10)5

(=1
X Z mA+t2i—€ps €l

m#0
n>1

1 24 1492/ — 1) ngmyneind (;9)8
£23" 62-2)) Z( + 1.7 §>(_1)Z ( m)4+2ji:s (25!) —0.
=0 £=0 ey

As well as in the proof of Theorem 7.1, separate the constant terms corre-
sponding to I +m +n = 0 in the first term and to m 4+ n = 0 in the second
term on the left-hand side, move them to the right-hand side, and apply
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Lemma 6.2 with d = 2. Then we obtain
(_1)l+m+nxmyn€i(l+m+n)9
Z 2m2ns(l4+m)?(l +m+n)?

1£0, m=£0

n>1, l4+m#0
I+m—+n#£0
25 2j—& .
w+1 1+2j—-¢—w W
2§j (2 - 2j) § > ( ) )( ) (=1)>=¢
Jj= =0 w=0

m+nxmynei(m+n)0 (10)5
X Z m4+2j &— wns(m+n)2+w é‘l

m#0
n>1

+. =0,

where we omit three terms on the left-hand side, which are of the form
similar to the second term on the left-hand side. Note that each of their
denominators is of the form of A, type. Next we replace y by —ye'®, move
the constant terms to the right-hand side and apply Lemma 6.2 with d = 2.
Then we have
(_1)l+mxmynei(l+m+2n)9
Z Pm2ns(l4+m)2(l+m+n)2(l + m + 2n)?

140, m+£0
n>1, l+m#£0
Fm-+n#0
l+m—+42n#0
2j 2j—0o —§—
o+1 w+1 o
—zzew—zy zz( )i z (s
£=0 0=0 w=0
" 1+2j—¢é—0—w (—1)mamyneilm+2n)0 (i6)¢
— m4+2j—5—“’n5 (m +n)?T@(m + 2n)2te &
n>1
L= 0,

where we omit seven terms of the forms similar to the second term. Each
denominator of these terms is of the form of Cy type. Replacing = by —ze®,
applying Lemma 6.2 with d = 2, and putting # = 7, we obtain

Yy
Z 2m2ns 2 2 2 2
i, PmPne(l+m)?(L4+m+n)*(L+m+2n)%(L+ 2m + 2n)
n>1, l+m#0

I+ m—4n=£0

l+m—+42n#0

I4+2m+2n#0

.= 0, (9.76)

where the omitted terms are of the form of Cs type. Next, we replace (z, y)
by (xeie,yew) and (me’w,yefie) respectively, and subtract these terms.



FUNCTIONAL RELATIONS FOR ZETA-FUNCTIONS OF ROOT SYSTEMS 171

Then we have

Z 2™y sin((m +n)o)

o 2m2ns (I + m)2(l +m +n)2(l + m + 2n)2(l + 2m + 2n)?

14+2m+2n7#0

I (9.77)

where the omitted terms are double series of similar forms.

Finally, in order to complete the proof of this theorem, we need to apply
Theorem 4.1 to each term on the left-hand side of (9.77) with s = 2. Then
we consequently obtain

xmyn
Z 2,725 2 2 2 2 2
L, PmPns(l+m)?(mn)?(I4+m+n)*(I+m+2n)*(I+2m+2n)
n>1, l+mz0
mAnA0
l+m+n#0
I+m+2n£0
l+2m+2n#0

T —0. (9.78)

We further replace (z,y) by (ew,e%e) and (e‘ie,e_%e) respectively, sub-
tract these terms, and apply Theorem 4.1 with s = 2. Then we obtain

2 : 1

10, m#0 2Zm2ns(l4+m)2(m+n)2(m+2n)2(l+ m+n)?
n>1, 14m£0

mAnt0, m42n#£0

ll +m +2n #0
Srmids (9.79)
o 1
(T4 m+2n)2(l + 2m + 2n)?
+ .o = 0’

where the omitted terms are finite sums of zeta values of Cy type. Though
we omit their explicit forms, we can also apply Theorem 8.1 to these terms,
and can express them as the right-hand side of (9.73). On the other hand,
similarly to the case of Theorem 7.1, we can transform the first term on
the left-hand side of (9.79) to the left-hand side of (9.73).

Moreover, from (2.16) in [18], we can easily check that K (Cs) = 720 (see
definition (1.7)). Hence, combining (1.6) and (9.74), we obtain the value of
Cw(2,C5). |

Similarly we can obtain the following formula in the case Bs.
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Theorem 9.2. The functional relation

4¢3(2,5,2,2,2,2,2,2,2; Bs) + 4(3(s,2,2,2,2,2,2,2,2; Bs) (9.80)
+4¢5(2,2,2,8,2,2,2,2,2; Bs) +4(5(2,2,2,2,,2,2,2,2; Bs)
+4¢5(2,2,2,2,2,2,8,2,2; Bs) +4(5(2,2,2,2,2,2,2, s,2; Bs)

= (9 2756 4 5626955)((5 +16) + (5 L2758 —59131)g(2)§(s +14)

256 4
+ (5 278 TR 4 %)C@L)C(s +12) + 2%1@(6)@(5 +10) + %C(S)C(s +8)

holds for s € C except for singularities of functions on both sides. In par-
ticular when s = 2, we have

B 19 18
~ 3403115488768000 "
hence Cyw (2, Bs) = 19/16209713520 in Witten’s volume formula (1.4).

(3(2,2,2,2,2,2,2,2,2; Bs) (9.81)

Proof. The argument is similar to that in the proof of Theorem 9.1. In
fact, instead of (9.75), we start the same argument from the relation

1)nyn€in9

nS

{H(6;2,2,2,2;2) + H(—6;2,2,2,2;2)} Y (=
n=1

for s > 1, where we denote by H(6;2,2,2,2;x) the left-hand side of (8.66)
in the case (2p,2q,2r,s) = (2,2,2,2). Repeating the same procedure as in
the proof of Theorem 9.1, we can describe the left-hand side of (9.80) as
a finite sum of the forms of the left-hand side of (8.69). Hence, by using
(8.69), we can obtain (9.80). The value of Cy (2, Bs) can be calculated from
(1.6), (9.81), and the fact K(Bs) = 720. m|

=0  (9.82)

Remark 9.1. Comparing the above two theorems, we see that
Cw(2,B3) = Cw(2,C3). However it does not always hold that
Cw(Qk,B;;) = Cw(2]€,03), that iS, Cw(2k,33) = Cw(2]€703) for k 2 2.
In fact, we can compute that

Cw (4; Bs) = 1.00066856607695295 - - -,
Cw (4; C3) = 1.00082905650461486 - - - |
hence CW (4, Bg) 75 Cw(4, 03)

Note that the left-hand side of (9.73) corresponds to S(s,y;I;A) for
A=A(Cs),s=(2,8,2,2,2,2,2,2,2),y = 0and I = {3} in the terminology
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of Section 5. Next we prove the following result which is corresponding to
the case A = A(Cs), s = (2,8,t,2,u,v,2,2,2), y =0 and I = {2,3}.

Theorem 9.3. The functional relation

C3(2a S, t7 2a u,v, 2a 27 27 CB) + 2C3(27 2a tv S, 2a 27 u,v, 27 03)
+2(5(8,2,2,2,t,2,u,2,v; Cs)

2-92¢ 2-26—7
— Y @)Y ) Y W
£=0,1 7=0 v=0

2-26{—1—v
X { Y wH)B-2-T-v-w)

w=0
1
><ﬁCz(s—i—Q—kw,t,u—kG—2§—y—w,v+2+y;cz)

2—26—T—v

+ (=17t Z (wW+1HB-26—7T—-v—w)

w=0

X CG(s,t+4+w+r,u+6—2 —w—r,0;CH)
(=1 Z <w+2—2§—7—y>(2_w)

w
w=0,1

1
X gure Gs+3-20—T-—v+wit+2+v,u+3—wv+2+7;0)

. Z <w+2—i£—7—y)(2_w)

w=0,1

1
><m(g(s,t+5—2§—T+w,u—|—3—w,v—|—2—|—r;02)}

2-2¢
3 Z c(26) Z(T‘f'U Z (V+2—I/2§_T>

£=0,1 7=0 v=0,1
1—v
X {(—1)7+1 Z(w +1)(2-v-w)
w=0
XC(g,r+3—v—w,v+3-26—74+v,p+4+7+w;Cy)
1—v
(DY (w2 - —w)
w=0

XC(s+2+7,t+5-2—74+v+w,u+3—v—w,v;CH)
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s T (T e

w=0,1

><m@(s—l—é&—i—T—1/+w,t+3—2§—T+1/,u+3—w,v;02)

s Y (T w0

w=0,1

1
TR T—

“Yeo ¥ (T :)(v +1)

£=0,1 =0,1

C2(8+2—|—T,t+5—2£—T+w,u+3—w,v;02)}

x{— _Z_ (w+)2—-—7T—-v—-w)
w=0

1
><WCQ(S+2+W,TZU+6—2€—V—W7U+2+V7;C2)

1-7—v

+(DT Y wHD)E2-T-v-w)

w=0

X Q(s,t+4+v+w,u+6—2—v—w,v;Cs)
oy w+l—7—-v
s T (T e

w=0,1

1
><WC2(8+2—T—1/+w,t+2+1/,u+3—w,v+3—25—1—7;02)

B Z <w+1;7—u)(2_w)

w=0,1

1
><W@(s,t—i—4—7+w,u+3—w,v—|—3—2§—|—7;02)}

+ Y o S (”27_25) 3 (”i”)

£=0,1 7=0,1 v=0,1

X {(—1)7"'1 z_:(w +1)2-v—-w)

w=0
XCa(s+5—24+74w,t,bu+3—v—wv+2—7+r;Cs)

1—v

+(=D)TY (w2 v - w)

w=0

XC(s+3-26+7t+44+w—TH+rv,u+3—v—w,v;Cs)
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s S (T e

w=0,1

1
X oo Gls+5 -2+ 7 —vtwt+2-THrut3-wu0)

s Y (T v

w=0,1

1
X W@(s—k?)—2§—|—T,t—|—4—r—|—w,u—|—3—w,v;Cg)}

holds for s,t,u,v € C except for singularities of functions on both sides.

Proof. As well as (7.53) and (7.58), we begin by combining quantities of
type A; and of type Cs, that is,

zl9 —ilo 27
Z + € ) _9 Z ¢ 2 _9 ) ( 9)
= (9.83)
00 (_1)m+nxmynei(m+n)0

Z msnt(m + n)*(m + 2n)v

m,n=1

for 0 € [—m, 7], where we fix s,t,u,v € {z € R|z > 1} and x,y € {z €
R||z| = 1}. Then

oo (_1)l+m+nmmyn€i(l+m+n)9 oo (_1)l+m+nmmyn€i(—l+m+n)9

_|_
l,mz,n::l Pment(m+n)“(m+2n)Y = Pm*n’(m+n)"(m+ 2n)?
I#m+n
) 1927 00 (_1)m+nxmynei(m+n)0
j=0,1 ! m,n=1
xmyn
= — 9.84

for 0 € [—m, w]. Applying Lemma 6.2 with d = 2, we have

io: (_1)l+m+nmmynez(l+m+n)9
P Pmsnt(m +n)*(m+ 2n)*(l + m+ n)?

N Z ( 1)l+m+nx y ez( l+m+n)é
Pmsnt(m + n)*(m + 2n)? (=1 + m + n)?

l,m,n=1

l#m+n
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23 . . Zﬁ
_2§:<ﬂ2_md§:(%wle>kmwfig—

j=0,1 £=0
-1 m-+n n ,i(m+n)d
o Z (D™ ramyre
mant(m + n)v+2+2i=¢(m + 2n)v

m,n=1
2 1425 — €\ (i0)¢
—2 Y s2-2)) ( )
j—zo:l ;) 1 &l
xmyn
" Z1 mEnt(m + )"t 22 -€(m + 2n)0 0 (0€[-mmnl). (9.85)

For simplicity, we denote the sum of the third and the fourth terms on the
left-hand side of (9.85) by

¢
-2 ) ¢(2-2j) Z(?

7=0,1

) { > {(—1)’”+"D1<m,n; 2j — )& 4 Dy(m, m; 2j—£>}x’”y"},

m,n=1

where Dj(m,n;v) € R (j = 1,2). Since (9.85) holds for y € C with |y| =1,
we replace y by —ye~ % with y € C (|y| = 1). Then we have

> (—1)lmgmyneillm)e
. n§:1 Pmsnt(m +n)4(m +2n)?(l + m + n)?
00 -1 l+mxm nei(—l+m)9
+Zl25t()u y2”z 2
L Pment(m+n)t(m+2n) (=1 +m+n)
I#m+n, l#m
_ZZ¢2—2]ZZ{ Dlmn2j_§)lm9
j=0,1 £=0m,n=1
, 0
+ (—1)"Dy(m,n; 25 — f)e‘me}mmy"—(lg)
xmyn
- 0 € [-m 7). 9.86
Z M2t 2 (m + n)u(m + 2n)" ( [—m, 7]) ( )

m,n=1
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Therefore, applying Lemma 6.2 with d = 2, we have

oo (_1)l+mxmynei(l+m)9 0.7
2 T G o 7 P @8
> (—1)H+mgmyn ei(=1+m)o
o mz Pment (=1 +m)?(m + n)*(m + 2n)" (=l + m + n)?
l#7n+7L _l;ém
+22¢2—2] Z Z { m’D’ m,n;2j—§)eim9
j=0,1 £E=0m,n=1
ngy/ . —in6 / . m n(la)5
+ (=1)"D'a(m, n; 2j — §e™" + D's(m, n; 2j — §) ra™y -

for 6 € [—m, 7] with some D’j(m,n;v) € R (j =1,2,3).

Now we repeat this procedure. Namely, replace y by ye*? and apply
Lemma 6.2 with d = 2. Furthermore, replace z by —ze'® and apply Lemma
6.2 with d = 2. Then we can obtain the equation

- (=1)lgmyneilit2mt2n)0
ln’nz,n::l 2msnt(l+m)2(m + n)*(m + 2n)° (1 + m + n)?
: x 1
(I+m +2n)2(l + 2m + 2n)?
_ i 1
Pment(—1+ m)2(m + n)“(m + 2n)* (— + m + n)?

I,m,n=1
l#m, l#m+n
I#m~+2n, |#£2m+2n

(_1) ynei( I4+2m+-2n)6
% (—l+m—|—2n) (—l+2m + 2n)?

+2 Z o(2 —27) Z i {Dl (m,n;2j —f)ei@m”")f)

7=0,1 £=0m,n=1

+ (1) "Dy (m, n; 25 — €)e' ™M 4 (=1)"Dy(m, n; 2j — €)el M

i0)¢

+ (=1)™Dy(m,n; 2j — €)e™™ + Ds(m, n; 2j — 5)}xmy” ( A (9.88)

for 0 € [—m, 7] with some 75j(m,n;1/) eR(j=1,2,...,5). Put 6 = 7 and



178 YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA

(z,y) = (1,1), and consider the real part. Then we have

o0

1
! mZn::l PZment (1 +m)?(m + n)*(m +2n)° (1 + m +n)?
y 1
(I+m+2n)2(l+ 2m + 2n)?
.- 1
+
z,;=1 Pment (=1 +m)?(m + n)*(m + 2n)*(~ + m + n)?
t£m, l#m+n

l#m+42n, l#2m+2n

1
i rm+ 202 (=l + 2m + 2n)?

-2 ) ¢(2-2j) Z Z {Dlmn2j—2r)+D2(mn2j—2T)
7=0,1

T=0m,n=1

+ Ds(m,n;2j — 27) + Da(m, n; 2j — 27) + Ds(m,n; 2j — 27)}
(_1)T7T27
(27)!

By (9.72), we see that the first term on the left-hand side of (9.89)
coincides with

—0. (9.89)

(3(2,8,t,2,u,v,2,2,2;: C3).

For the second term on the left-hand side of (9.89), change the running
indices of summation corresponding to the conditions [ # m, | # m + n,
Il # m+2n, 1 # 2m + 2n. Then we can see that the second term on the
left-hand side of (9.89) coincides with
<3(27 S, ta 27 u, v, 27 2) 27 03) + 2(3(25 27 ta S, 27 2) u,v, 27 03)
+2(3(s,2,2,2,t,2,u,2,v; Cs).

Furthermore, using Lemma 6.1, we can rewrite the third term on the left-
hand side of (9.89) as

2 ¥ o S {mm,n;z—2e>+52<m,n;2—2e>
£=0,1 m,n=1
+ D3(m, n; 2 — 26) + Dy(m, n; 2 — 2¢) + Ds(m,n; 2 — 2{)}.

We can concretely calculate the value D;(m, n; v) in terms of Co(s; Cz) and
¢(s). Combining these results, we obtain the assertion. O
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Example 9.1. Putting (s,¢,u,v) = (2,2,2,2), we obtain
3(3(2,2,2,2,2,2,2,2,2; Cs)
— Go(5,5,4,2; Ca)C(2) — 2@(5, 5,6,2; Ch) + %@(6,4,4, 2. C)C(2)
- 2@(6,4,6,2; ) + (6,5, 3,2 Co)C(2) — 242(6,5, 5,2:Cy)
- 2@(6,8, 2,9:Cy) + %@(7,4,3,2; Co)C(2) — %@(7,4,5, 2:Ch)
- %@(7,5,4,2; Cy) — %

FG(4,5,4,3:C)02) — 5G(45,6,3Co) + 1G(5,5,3,3:C)(2)

(2(8,4,4,2;Cs) — (2(8,6,2,2; Co)

3 3

- Z§2(57 5) 57 37 02) + CQ (67 5) 27 37 02)<(2) - 1_6<2(65 57 4) 37 02)
3 3

- Z§2(77 45 27 3? 02)<(2) + §2(2) 57 5) 47 CQ)Q(z) + §§2(27 6) 47 45 02)§(2)
3 7 15

- §C2(27 6a 67 47 CQ) - §C2(27 7a 57 47 CQ) - 1_6C2(27 8a 47 47 CQ)

+ %C2(47 4a 47 47 CQ)C(2) - ZC? (47 4a 67 47 CQ) - %C?(L-La 57 3a 47 C?)C(2)

3 1 3
+ ZC2(47 5a 57 47 CQ) + ZC2(57 4a 37 47 CQ)C(2) - §C2(5a 47 5a 47 C?)

- gg2(5,5, 2,4;Co)C(2) + 3@(5,5,4,4; ) + %C2(6,4,2,4;02)C(2)
— 332@ (6, 4,4, 4; Cg) + 1—(13@2(7, 5,2,4; Cg) — ;—Z@(S, 4,2.4; Cg)
—2(2(2,4,5,5;C2)((2) — (2(2,5,4,5;C2)¢(2) — %Cz@a 6,5,5; C2)
- 2@(2,7,4,5; ) — %@(4,4,3,5; C5)C(2) + %@(4,4,5, 5:.C)

+ 3@(4,5, 2,5 Co)C(2) — %@(4,5,4,5; ) — %@(5,4,2, 5. C)C(2)
+16(6,4,4,5:0) - f—g@(ﬁ, 5.2, 5:Cy) + %@(7,4, 2,5:Cs)

- g@(z, 4,6,6;Cs) + 46 (2,5, 3, 6; Co)C(2) — (o(2,5,5,6: C)

- 2@(2, 6,4,6: () — 205(3,5,2,6: C)C(2) + Co(4, 4,2, 6; C5)C(2)

3 19 27
- §C2(47 4a 47 67 CQ) + §C2(5a 57 2a 67 C?) - EC? (67 4a 27 67 CQ)
+ 4C2(27 4a 37 77 CQ)C(2) + 2C2(27 4a 57 77 CQ) + 3C2(27 5a 47 77 CQ)
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9 1
- 2C2(37 4a 27 77 CQ)C(2) - ZC2(47 5a 27 77 CQ) + §C2(57 4a 27 77 CQ)

3
- 6C2(27 5a 37 87 CQ) + 3C2(37 5a 27 87 CQ) - §C2(4a 47 2a 87 C?)
- 6§2(27 4) 37 97 02) + 3§2(37 4) 27 97 02)

The authors also checked this equation numerically by using definitions
(8.64) and (9.72).

Remark 9.2. From these considerations, we can see that our method may
be applied to much wider class of multiple zeta-functions. As another ex-
ample, we will consider the zeta-function (2(s; G2) associated with the ex-
ceptional Lie algebra of type G5 and will give certain functional relations
including explicit forms of Witten’s volume formulas of type G2 in a forth-
coming paper [20].

Acknowledgements. The authors greatly thank Dr. Takuya Okamoto for
his pointing out a mistake in this paper.

References

1. S. Akiyama, S. Egami, and Y. Tanigawa, Analytic continuation of multi-
ple zeta-functions and their values at non-positive integers, Acta Arith. 98
(2001), 107-116.

2. T. M. Apostol, Introduction to Analytic Number Theory, Springer, 1976.

3. T. Arakawa and M. Kaneko, Multiple zeta values, poly-Bernoulli numbers,
and related zeta functions, Nagoya Math. J. 153 (1999), 189-209.

4. D. Bowman and D. M. Bradley, Multiple polylogarithms: a brief survey, in
‘Conference on q-Series with Applications to Combinatorics, Number The-
ory, and Physics’ (Urbana, IL, 2000), Contemp. Math. 291, B. C. Berndt
and K. Ono (eds.), Amer. Math. Soc., Providence, RI, 2001, 71-92.

5. D. M. Bradley, Partition identities for the multiple zeta function, in ‘Zeta
Functions, Topology and Quantum Physics’, Developments in Mathematics
14, T. Aoki et al. (eds.), Springer, New York, 2005, 19-29.

6. O. Espinosa and V. H. Moll, The evaluation of Tornheim double sums, Part
1, J. Number Theory 116 (2006), 200-229.

7. D. Essouabri, Singularités des séries de Dirichlet associées a des polynomes
de plusieurs variables et applications a la théorie analytique des nombres,
Thése, Univ. Henri Poincaré - Nancy I, 1995.

8. D. Essouabri, Singularités des séries de Dirichlet associées a des polynoémes
de plusieurs variables et applications en théorie analytique des nombres,
Ann. Inst. Fourier 47 (1997), 429-483.

9. L. Euler, Meditationes circa singulare serierum genus, Novi Comm. Acad.
Sci. Petropol. 20 (1775), 140-186. Reprinted in Opera Omnia, ser. I, vol.
15, B. G. Teubner, Berlin, 1927, 217-267.



FUNCTIONAL RELATIONS FOR ZETA-FUNCTIONS OF ROOT SYSTEMS 181

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

P. E. Gunnells and R. Sczech, Evaluation of Dedekind sums, Eisenstein
cocycles, and special values of L-functions, Duke Math. J. 118 (2003), 229-
260.

G. H. Hardy, Notes on some points in the integral calculus LV, On the inte-
gration of Fourier series, Messenger of Math. 51 (1922), 186-192. Reprinted
in Collected papers of G. H. Hardy (including joint papers with J. E. Lit-
tlewood and others), Vol. III, Clarendon Press, Oxford, 1969, 506-512.

M. E. Hoffman, Multiple harmonic series, Pacific J. Math. 152 (1992), 275-
290.

M. E. Hoffman, Algebraic aspects of multiple zeta values, in ‘Zeta Functions,
Topology and Quantum Physics’, Developments in Mathematics 14, T. Aoki
et al. (eds.), Springer, New York, 2005, 51-74.

J. G. Huard, K. S. Williams and N.-Y. Zhang, On Tornheim’s double series,
Acta Arith. 75 (1996), 105-117.

M. Kaneko, Multiple zeta values, Sugaku Ezpositions 18 (2005), 221-232.
Y. Komori, K. Matsumoto and H. Tsumura, Zeta-functions of root systems,
in ‘Proceedings of the Conference on L-functions’ (Fukuoka, 2006), L. Weng
and M. Kaneko (eds), World Scientific, 2007, 115-140.

Y. Komori, K. Matsumoto and H. Tsumura, Zeta and L-functions and
Bernoulli polynomials of root systems, Proc. Japan Acad., Ser. A 84 (2008),
57-62.

Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple zeta-
functions associated with semisimple Lie algebras II, to appear in J. Math.
Soc. Japan.

Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple
zeta-functions associated with semisimple Lie algebras III, preprint,
arXiv:math/0907.0955.

Y. Komori, K. Matsumoto and H. Tsumura, On Witten multiple
zeta-functions associated with semisimple Lie algebras IV, preprint,
arXiv:math/0907.0972.

Y. Komori, K. Matsumoto and H. Tsumura, On multiple Bernoulli polyno-
mials and multiple L-functions of root systems, to appear in Proc. London
Math. Soc.

Y. Komori, K. Matsumoto and H. Tsumura, An introduction to the theory
of zeta-functions of root systems, preprint.

K. Matsumoto, Asymptotic expansions of double zeta-functions of Barnes,
of Shintani, and Eisenstein series, Nagoya Math J., 172 (2003), 59-102.

K. Matsumoto, On the analytic continuation of various multiple zeta-
functions, in ‘Number Theory for the Millennium II, Proc. Millennial Con-
ference on Number Theory’, M. A. Bennett et al. (eds.), A K Peters, 2002,
417-440.

K. Matsumoto, The analytic continuation and the asymptotic behaviour of
certain multiple zeta-functions I, J. Number Theory, 101 (2003), 223-243.
K. Matsumoto, On Mordell-Tornheim and other multiple zeta-functions,
in ‘Proceedings of the Session in analytic number theory and Diophantine
equations’ (Bonn, January-June 2002), D. R. Heath-Brown and B. Z. Moroz



182

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

41.

42.

43.

44.

45.

46.

YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA

(eds.), Bonner Mathematische Schriften Nr. 360, Bonn 2003, n.25, 17pp.
K. Matsumoto, Analytic properties of multiple zeta-functions in several vari-
ables, in ‘Number Theory: Tradition and Modernization’, W. Zhang and Y.
Tanigawa (eds.), Springer, 2006, 153-173.

K. Matsumoto, T. Nakamura, H. Ochiai and H. Tsumura, On value-
relations, functional relations and singularities of Mordell-Tornheim and
related triple zeta-functions, Acta Arith. 132 (2008), 99-125.

K. Matsumoto, T. Nakamura and H. Tsumura, Functional relations and
special values of Mordell-Tornheim triple zeta and L-functions, Proc. Amer.
Math. Soc. 136 (2008), 2135-2145.

K. Matsumoto and H. Tsumura, On Witten multiple zeta-functions asso-
ciated with semisimple Lie algebras I, Ann. Inst. Fourier 56 (2006), 1457-
1504.

K. Matsumoto and H. Tsumura, A new method of producing functional re-
lations among multiple zeta-functions, Quart. J. Math. (Oxford) 59 (2008),
55-83.

K. Matsumoto and H. Tsumura, Functional relations among certain double
polylogarithms and their character analogues, Siauliai Math. Semin. (11) 3
(2008), 189-205.

L. J. Mordell, On the evaluation of some multiple series, J. London Maith.
Soc. 33 (1958), 368-371.

T. Nakamura, A functional relation for the Tornheim double zeta function,
Acta Arith. 125 (2006), 257-263.

T. Nakamura, Double Lerch series and their functional relations, Aequa-
tiones Math. 75 (2008), 251-259.

T. Nakamura, Double Lerch value relations and functional relations for Wit-
ten zeta functions, Tokyo J. Math. 31 (2008), 551-574.

M. V. Subbarao and R. Sitaramachandrarao, On some infinite series of L.
J. Mordell and their analogues, Pacific J. Math. 119 (1985), 245-255.

E. C. Titchmarsh, The Theory of the Riemann Zeta-function, 2nd ed. (re-
vised by D. R. Heath-Brown), Oxford University Press, 1986.

L. Tornheim, Harmonic double series, Amer. J. Math. 72 (1950), 303-314.
H. Tsumura, On some combinatorial relations for Tornheim’s double series,
Acta Arith. 105 (2002), 239-252.

H. Tsumura, On alternating analogues of Tornheim’s double series, Proc.
Amer. Math. Soc. 131 (2003), 3633-3641.

H. Tsumura, An elementary proof of Euler’s formula for {(2m), Amer. Math.
Monthly 111 (2004), 430-431.

H. Tsumura, Evaluation formulas for Tornheim’s type of alternating double
series, Math. Comp. 73 (2004), 251-258.

H. Tsumura, On Witten’s type of zeta values attached to SO(5), Arch.
Math. (Basel) 84 (2004), 147-152.

H. Tsumura, Certain functional relations for the double harmonic series
related to the double Euler numbers, J. Austral. Math. Soc., Ser. A. 79
(2005), 317-333.

H. Tsumura, On some functional relations between Mordell-Tornheim dou-



FUNCTIONAL RELATIONS FOR ZETA-FUNCTIONS OF ROOT SYSTEMS 183

47.

48.

49.

50.

51.

52.

ble L-functions and Dirichlet L-functions, J. Number Theory 120 (2006),
161-178.

H. Tsumura, On functional relations between the Mordell-Tornheim dou-
ble zeta functions and the Riemann zeta function, Math. Proc. Cambridge
Philos. Soc. 142 (2007), 395-405.

H. Tsumura, On alternating analogues of Tornheim’s double series 11, Ra-
manujan J. 18 (2009), 81-90.

E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 4th ed.,
Cambridge University Press, 1958.

E. Witten, On quantum gauge theories in two dimensions, Comm. Math.
Phys. 141 (1991), 153-209.

D. Zagier, Values of zeta functions and their applications, in ‘First Furopean
Congress of Mathematics’ Vol. II, A. Joseph et al. (eds.), Progr. Math. 120,
Birkhauser, 1994, 497-512.

J. Zhao, Analytic continuation of multiple zeta functions, Proc. Amer. Math.
Soc. 128 (2000), 1275-1283.



184

A QUICK INTRODUCTION TO MAASS FORMS

JIANYA LIU

School of Mathematics, Shandong University,
Jinan, Shandong 250100, China
E-mail: jyliu@sdu.edu.cn

We first introduce the spectral theory of Maass forms for the full modular
group. Then we state, without proof, some basic properties of Maass forms for
the congruence subgroup I'g(N). Finally, as an application of these materials,
we treat a Linnik-type problem for Maass cusp forms, that is the occurrence
of the first negative coefficient in the Fourier expansion of Maass new forms.

1. Introduction
1.1. The aim of the paper

For simplicity, we shall mainly treat the theory for the full modular group

F:SLg(Z):{(ZZ):a,b,c,dEZ, ad—bc:l}. (1.1)

Even for the simplest case (1.1), there are already a large amount of materi-
als in the literature. To explain these materials in limited number of pages,
I have to omit most of the proofs, and content myself just with illustrations
and explanations. The general theory for congruence subgroups I'g(NV) is
similar in philosophy but more involved in details, and therefore we just
state their basic properties. Finally, as an application of these materials,
we treat a Linnik-type problem for Maass cusp forms, i.e. the first negative
coefficient in the Fourier expansion of Maass new forms.

For detailed treatment of Maass forms in book form, the reader is re-
ferred to e.g. Borel [1], Bump [2], Iwaniec [5], and Ye [25].

The contents are as follows:

§2. Maass forms for SL2(Z)

§3. Fourier expansion for Maass forms

84. Spectral decomposition of non-Euclidean Laplacian A

85. Hecke theory for Maass forms
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§6. The Kuznetsov trace formula

§7. Automorphic L-functions

§8. Maass forms for I'¢(N) and their L-functions

§9. Linnik-type problems

§10. The first negative Fourier coefficient of Maass forms

1.2. Notation

Throughout the notes, T' is always SLo(Z), asin (1.1). We use s = o+it and
z = = + iy to denote complex variables and R and $ for their real and the
imaginary parts. The Vinogradov symbol A <« B means that A = O(B),
and as usual e(z) = e*™@. Let H denote the upper half plane {z € C | Sz >
0}. The group I' acts on H through

_az+b _f(abd cT
gz_cz—i—d’ 9=\ ¢cd '

Then, since

Soo— Y —(**)er 1.2
\SgZ |CZ+d|2, g (Cd) e Y ( : )

H is stable under the action of I'. Note that —1 € I" acts trivially on H, and
so we sometimes refer to the group PSLo(Z) = SLo(Z)/{£1}.

In this notes, we shall make a conventional use of the associative law
for composition of functions or operators whenever possible: (f o g)oh =
fo(goh) to the effect that these are operated successively.

We recall that I' = SLy(Z) is generated by S = (§ 75 ) and T = (§ 1),
where S is for Spiegelung and T for translation, and that

1 1
F\H:{ZEHI|Z|>1,—§<mZ<§}
T 2w
U{zEH:|z|:1,§§argz<?}

is a fundamental domain for the action of I" on the upper half-plane H.

2. Maass forms for SL3(Z)

The standard Euclidean Laplace operator on the complex plane C is defined
by

0? 02
+ J—

A =gzt oz
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while on the upper half-plane H, the non-Euclidean Laplace operator is

given by
0? 0?
A=y =+ =— | = —y2A".
Y <6x2 i ay?) Y
By the above convention, we may understand

(Af)og=A(fog), (2.1)
where the latter means that
A(fog)(z) = A((f o (92)),

for any smooth function f on H, any element g = (Z Z) € SLy(R), and
any z € H. We say that the operator A is invariant under the action of T

In order to show (2.1), it is sufficient to check it for the generators.

Definition 2.1. A smooth function f # 0 on H is called a Maass form for
the group I if it satisfies the following conditions:

(i) Strict automorphy: for all g € T and all z € H,

flgz) = f(2);
(ii) Eigentlichkeit: f is an eigenfunction of the non-Euclidean Laplacian,
Af =Af,

where )\ is an eigenvalue of A;
(iii) Growth condition: there exists a positive integer N such that

fliz) <y, y— +oo.

Definition 2.2. A Maass form f is said to be a cusp form if

/01f<(é I;)Z)de/Olf(z+b)db:o

holds for all z € H.

Note that Definition 2.2 entails the identical vanishing of the constant term
in the Fourier expansion, i.e. it is of the form of (3.7) below.

As an example of Maass forms, we consider the non-analytic Eisenstein
series

S

s 2s "
27T m,nEL |mz + n|
(m,n)#(0,0)

(2.2)

This is the completed Epstein zeta-function, cf. Siegel [24].
Theorem 2.1. Let s = o +it. Then
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(i) The Eisenstein series E*(z,s) is absolutely convergent for o > 1.
(ii) Although E*(z,s) is not analytic as a function of z € H, it is strictly
automorphic, i.e. for o > 1,

E*(gz,s) = E*(z,s), geTl. (2.3)
(i) For o > 1, the Eisenstein series E*(s,z) is an eigenfunction of A,
AE*(z,8) = s(1 — s)E*(z, s). (2.4)
Proof. (i) We have
Y lyl®

|mz + n|?s min(|myl, |n|)2”

Therefore, for o > 1,

2 |mz+ <Y > " WZ >

(,n",i’j';% 0 m>1n<m|y| n>1 m<n/\y\

|1—0’ |¢7—1

ly ly
20-2  20-2
Hence the series in (2.2) is absolutely convergent in o > 1.

(ii) Since the imaginary part is separated in (2.1), E*(z, s) is not analytic
as a function of z € H.

To see that E*(s, z) is strictly automorphic, we introduce a non-analytic
Eisenstein series F(z, s) by the formula

E*(z,8) = E(z,$)£(2s), (2.5)

< |yl” +

where

E(s) = m*/*T(s/2)¢(s),

and ((s) is the Riemann zeta-function. By (2.2) and (1.2) we have

1 Y 1
E(z,s)=vy°+ = —_— = = Sgz2)°, 2.6
(,5) y+22|cz+d|25 5 > (Sg2) (2.6)
(e,d)=1 gET o\
c#0

where T'o is the subgroup of I' generated by S = (| 1). From (2.6), it
is easy to see that E(z,s), and a fortiori E*(z,s), is invariant under T,
whence (2.3).

(iii) That E(z,s) is an eigenfunction of A in ¢ > 1 can be checked by
applying A term by term in the expansion (2.7). In fact, we have

s 82 82 s\ s
8y = (g0 + ) 07) = s(1 = 9
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so that the first term y* in (2.6) is an eigenfunction of A with eigenvalue
A = s(1 —s). The general term #, which is (S¢z)® by (1.2), is also an
eigenfunction of A with eigenvalue A = s(1 — s), since A is invariant under
I'. Therefore,

AE(z,8) = s(1 — s)E(z,s), (2.7)

and hence (2.4) follows. m|

We remark that Theorem 2.1, holding only for o > 1, does not prove
that E*(z,s) is a Maass form, since the growth condition in Definition 2.1
is to be checked. This will be done via the analytic continuation of E*(z, s)
in §3.2.

3. Analytic continuation of Eisenstein series
3.1. Fourier expansion of Maass forms
We will first give the Fourier expansion of a Maass form f in the following

theorem.

Theorem 3.1. Suppose f(z) satisfies the conditions (i) and (ii) in Defi-
nition 2.1. Then it has the Fourier expansion
f(z) _ a0y1/2+iu +boy1/2*“’

+ Z {anvyKi27|nly) + bny/yli (2n|n|y) fe(nz),  (3.1)

n#0

where X\ = 1/4 + v2, and K;, and I;, are the modified Bessel functions
of the third kind and the first kind, respectively. Here and throughout, a
summation over n % 0 means that n runs over all non-zero integers.

Proof. Since

F(T2) = f(2), for T = ((1) 1) er,

we have

fle+1+iy) = f(z+1) = f(2) = f(z +iy),

so that f(z), being a smooth function, must have the Fourier expansion in
x:

f(2) =" caly)e(na).

nez
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It remains to determine the coefficients ¢, (y).
By Definition 2.1, we have Af = Af, and hence ¢, (y) satisfies
—y2c(y) + 4n*n?yPen(y) = Aea(y). (3:2)

If n # 0, this is a modified Bessel equation, which is known to have the
general solution

n(y) = AT (2lnly) + b/l 2 Inly). (33)
For n =0, (3.2) takes the form
co(y) + Ay *eoly) =0, (3.4)
which has the solution
co(y) = aoy' />t + boyl/2. (3.5)
This proves the theorem. O

Corollary 3.1. If f(2) is a Maass form for ', then its Fourier expansion
18

F(2) = aoy/?H 4 hoyt/2—w
+ Z an/Y K (2m|n|y)e(nz). (3.6)
n#0

For A > 1/4, a square-integrable Maass form f(z) must be a cusp form,
and its Fourier expansion takes the form

f(2) =Y anyyKi (27|n|y)e(nz). (3.7)

n#0

Proof. Comparing the asymptotic formulae

e o). o
Ki(y)=e™? 2% (1 +0 (HT'”'Q)) : (3.9)

for y — oo with Condition (iii) of Definition 2.1, we see that b, must be
zero, and (3.6) follows from (3.1).
If A > 1/4, then v is real and

) 1/2 oo | ' .
[ e [ [ Lo
T\H -1/2 1Y

oo

d
>>/ —y:oo

1Y
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if a2 + b2 > 0. Hence for a square-integrable Maass form f, we must have
co(y) = 0, and its Fourier expansion takes the form of (3.2). This proves
the Corollary. O

Let ¢ : HH — H be the antiholomorphic involution
vz +iy) = —x + 1y.
As in the case of (2.2), we make the convention to define the action of ¢ on
J by fou
W)z +iy) = (fo)(z +iy) = f(—x +iy).

We note the following facts: If f is an eigenfunction of A, then f o is an
eigenfunction with the same eigenvalue. Its eigenvalues are £1. Indeed,

A(for)(z) = A(f(Uz2)) = Af(—z +iy) = M (—z + iy) = A(f 0 1)(2),
whence the first assertion follows. The second assertion follows on noting
that 1> =1, and

f=2f=a(f) =,
whence o = £1.
We may therefore diagonalize the Maass cusp forms with respect to ¢.

If for= f, wecall f even. In this case a, = a_,. If for= —f, then we
call f odd. Then a, = —a_,,.

3.2. Analytic continuation of Eisenstein series

We will establish the analytic continuation of E*(z,s) via its Fourier ex-
pansion.

Theorem 3.2.

(i) The Eisenstein series E*(z,s), originally defined for o > 1, has the
meromorphic continuation to the whole s-plane C in view of its Fourier
expansion

E*(z,5) =£(28)y° +£(2 — 2s)y'
+2)° ITIS_%UF%(ITI)\/@KS% (2n|rly)e(rz),  (3.10)
r#0
where

ga(n) =Y _d" (3.11)

d|n
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is the sum-of-divisors function. It is analytic except at s =1 and s = 0,
where it has simple poles. The residues at s = 1 and s = 0 are the
constant functions z = 1/2 and —1/2 respectively. This is also known
as the Selberg-Chowla integral formula.

(i) The FEisenstein series satisfies the functional equation

E*(z,s) = E*(z,1 —s). (3.12)
(ii) We have
E*(x +iy,s) < y™(@1=0)  y o0, (3.13)

1t follows that the Fisenstein series E*(z,s) is a Maass form with
Laplace eigenvalue s(1 — s).

Proof. (i) By Theorem 2.1, we know that E*(z, s) has the Fourier expan-
sion (3.1) with

= —s(l—s)—i—l:s—l.
4 2
We compute the Fourier coefficient ¢, = ¢,(y) anew:
s) = Zcr(y, s)e(rx), (3.14)
rez
where

cr(y,s):/o E*(x + 1y, s)e(rx)dx.

Recalling (2.2), we see that the contribution from the terms with m = 0,
being independent of x, is only to ag, and it is

Zn 2= T (s)((28)y° = £(28)y°, (3.15)

which corresponds to agy® in (3.1) and is part of ¢g, as we shall see below.

Next, we consider the contribution from the terms with m # 0. Since
(—m, —n) and (m, n) contribute equally, we may simply sum the terms with
m > 0. The contribution to a, equals

Cr(y,8) =7 °T(s)y {mx—|—n j—mQ T dz, (3.16)

m= 1 n=-—00

which becomes, on classifying the inner sum modulo m,

Z > /m{mx+nmlm2y2}sdm, (3.17)

m=1n mod m
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By making the substitution  — x — n/m, this becomes

) s = —2s m /OO 6(7’3)) Sd
s)Y mzz:lm nr%;me(m) _007(;324—1/2) T

whose double sum is

Zml—Qs = 0y 96 (T‘)

m|r

for r # 0, and is (1 — 2s) for r = 0. Hence

AN 8)o1—2s(7) - Ldm if r #£0,
Coly.s) = (Z) /ZZ (2 +1y 2)s
(;) (25— 1) /_OO e =0

Now we claim that
y\* < e(rz)
(77) T(s) /,Oo (z2 +y2)sdx

20r|* 12 g 1o (2mrly), ifr #0,
= (3.18)
T2 (s — 1/2)y' 8, if r = 0.
Using this, we see that the Fourier coefficient ¢, (y, s) = C,.(y, s) with r # 0
is given by

cr(y,s) = 2/r[* 201 a5 (Ir)) VUK, 1 (27[r|y)- (3.19)
On the other hand, for » = 0, by (3.18), the contribution to ¢ is

W%SF(S B %)C(zs —1y' Tt =¢2s - Dy (3.20)

which corresponds to the last term bo(s)y' ~* in (3.6) and will turn into it
in view of the functional equation £(s) = £(1 — s). Equations (3.15) and
(3.20) give the Fourier coefficient

co(y, s) = €(28)y° + £(2 — 2s)y' . (3.21)

Now (3.19) and (3.21) establish (3.10) for o > 1. Therefore the theorem
now follows from an examination of the expansion (3.10). Each individual
term of the series has analytic continuation to all s, except that cy has
simple poles at s = 0 and s = 1. Each of the two terms in (3.21) has a
pole at s = 1/2, but these cancel. The convergence of the infinite series
follows from the rapid decay of the Bessel function. Thus we obtain the
continuation.
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It is easy to check that the residues of ¢ at the polesat s =1 and s =0
are the constant functions z = 1/2 and z = —1/2, respectively.
(ii) To get the functional equation (3.12), we observe that

er(y,8) =cr(y, 1 — s).

This is clearly true if » = 0; if r # 0, this follows from (3.19), the relation
K,(z) = K_,(z) and the identity

rio_os(r) = H didy?® =r"2o9s(r).
d1d2:r

Hence we have (3.12).

(iii) As regards (3.13), it follows from (3.19) that the non-constant
term (3.19) decay rapidly as y — 0, and so asymptotically the behavior
of E*(z,s) is the same as its constant term (3.21).

Thus, we conclude that E*(z,s) is a Maass form.

It remains to establish the claim (3.18). Expressing I'(s) (W) as
an integral, we write the left-hand side of (3.18) as

Y 2 4 y? dt
/ / exp <—7rtx rY ) t’e(rz)de—,
0 —o0 Y t

where we have changed the order of integration, which is justified by abso-
lute convergence. Now we have

Vy/t exp(—ymr?/t), ifr#0,

/ e*tmz/ye(rx)dx =
— 00 y/t’ ifr= O,

where the r # 0 case is a well-known formula in the theory of Fourier
transforms, and the r = 0 case is the probability integral. We substitute
this into the previous integral. If r = 0, then we get (3.18); if r # 0, the
substitution ¢t — |r|t also gives (3.18). m|

We note that (3.18) in the case r # 0 is the following well-known formula
of Basset:

cost

1 1 o
Ko (2) = — (22)°T - L —T 22
(Z) ﬁ( Z) (V+ 2)/0 (t2+22)2u+1 dt (3 )
for Rv > —1/2 and |argz| < 7/2.

We restate (3.10) in the form of a Fourier series for a non-analytic
Eisenstein series in the following
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Corollary 3.2. The non-analytic Eisenstein series E(z,s) has the Fourier
exrpansion

E(z,s) = Z ar(y, s)e(rz)

rEZ
with
ao(y,s) =y° +p(s)y'~,
where
I —8)C(2—2s5)  £(2—2)

=T, T e

with &(s) defined immediately after (2.5), and, for r # 0,
or0:9) = gyl an (VI ),

4. Spectral decomposition of non-Euclidean Laplacian A

A function f : H — C is said to be strictly automorphic with respect to I"
(cf. Definition 2.1(i)) if

f(gz) = f(z), forallgeTl.

Therefore, this f lives on T\H. We denote the space of such functions by
A(T'\H). Our objective is to extend automorphic functions to automorphic
forms subject to a suitable growth condition. The main results hold in the
Hilbert space

LO\H) = {f € AT\H) : || f]| < o0},

where the norm || f|| = (f, f) is induced from the inner product
_, dzxdy
(f.9)= [ [f(2)g(z)—5~
I\H Y
Note that the measure du(z) = d‘;g‘?y is I-invariant.

Theorem 4.1. On L(T'\H), the non-Euclidean Laplace operator A is pos-
itive semi-definite and a fortiori has its self-adjoint extension denoted by
the same symbol and referred to as the automorphic Laplacian.

Outline of Proof. Define
DIN\H) ={f € AT\H) : f, Af smooth and bounded}.
Then one can show that D(I'\H) is dense in £(T'\H).
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One may also check that A is positive semi-definite and symmetric on
D(I"\H). To this end, one checks that, for f,g € D(I'\H),

(Af.g) = /F Iy (4.1)

where V f = (fz, fy) is the gradient. Consequently
(Af,9) = ([, Ag),

and
(Af, f) :/ |V f|2dzdy > 0,
T\H

from which follows the symmetry and positive semi-definiteness of A. We
apply Green’s formula to establish (4.1). Suppose P = P(z,y) and @ =
Q(z,y) and smooth in D C R%. Then

/ /D (Q. — P,)dxdy = / Pdz — Qdy. (4.2)

oD
Choosing P = —gf, and @ = gf. gives
ch_Py :Aenger-V_g.
Hence (4.2) reads

/ / (A°fg + V- Vg)dedy = / G(—fyd+ fody).
D oD

Now below — fydx + fydy is shown to be invariant under I'. The boundary
0D contains of two half-lines reversely oriented, and the left and right arcs
reversely oriented. Hence the last integral is 0, so that

—// A° fgdzdy = // Vf-Vgdzdy,
D D
which is (4.1).

When w = u + iv and z = x + iy are related by g(z) = w, g € I, we
write f(x,y) = F(u,v). Then by the chain rule and the Cauchy-Riemann
equation

— fydx + fody

= —(Fuuy + Fyvy)de + (Fuug + Fyug)dy
= (Fuvx - Fvuw)dx + (Fuvy + Fvuy)dy
= —F, (ugdz + uydy) + Fy(vedy + vydy)
= —F,du+ F,dv,
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which proves the invariance of the differential form in question. Note that
this amounts to the invariance of the non-Euclidean outer-normal deriva-
tive.

Finally, by Friedrichs’ theorem in functional analysis, A has a unique
self-adjoint extension to L(I'\H). The theorem is proved. O

It follows from the argument in the above proof that the eigenvalue
A = s(1 — s) of an eigenfunction f € D(I'\H) is real and non-negative.
Therefore, either s =1/2 + it with t € R, or 0 < s < 1.

Let ¥(y) be a smooth function with compact support on (0,400). In
analogy to (2.6), an incomplete Eisenstein series is defined by

E(zly)= Y ¢(Sg2),

gel A\

where I'o, is defined after (2.6). Clearly, E(z|1) is invariant under I'. Since
¥ has compact support, E(z|¢) € L(T'\H). It is not an automorphic form,
since it fails to be an eigenfunction of A. However, by Mellin’s inversion,
one can represent the incomplete Eisenstein series as a contour integral
involving the Eisenstein series

1 .
B(el) = 5o /( RECRHETS (43)
where 0 > 1 and
N ody
d(s) = / vy

is the Mellin transform of 1.
To pursue the analysis, we select two linear subspaces of L(I'\H):

e B(I'\H), the space of smooth and bounded automorphic functions,
e E(I'"\H), the space of incomplete Eisenstein series.

We have the inclusions
E(M\H) c B(MH) c £(T'\H) c AT\H). (4.4)

The space B(I'\H) is dense in £(I'\H), but £(I'"\H) need not be.
Let us examine the orthogonal complement of £(T'\H) in B(T'\H).
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Take f € B(IT'\H) and E(:|¢) € E(I'\H), and then apply the unfolding
process. Since f and dp are invariant under T, it follows that

— . dxd
(EC). )= | B f(z) 5
I'\H Y
= / ¥(Sgz) f(g2)du(gz)
gEl\I Foo \H
— [ vwiG)du).
Do \H
Since
Fo\H={z+iy:0<z <1,y >0},
we have

el = [ v [ re) L.

Therefore, f € B(I'\H) is orthogonal to £(I'\H) if and only if

/ f(z)dx =0 forally >0,
0

i.e. its Fourier expansion has the form

2= Y culyeln) (45)

n#0

with ¢o(y) = 0. Such a function is sometimes referred to as a parabolic
forms or a cusp function. Denote by C(I'\H) the subspace of these cusp
functions f. Then we have the orthogonal decomposition

B(I\H) = C(T\H) & £(T\H).
Noting that B(T'\H) is dense in £(I'\H), we have
Theorem 4.2. We have the orthogonal decomposition
L(T\H) = C(T'\H) @ &(T'\H),
where the tilde stands for the closure in the Hilbert space L(T\H) with
respect to the norm topology.
Clearly,
C(I\H) — C(T\H), A:&M\H)— E(T\H).
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We describe the spectral decomposition on C(I'\H) and £(I'\H) in the fol-
lowing two theorems.

Theorem 4.3. The automorphic Laplacian A has a purely point spectrum
on C(T'\H), i.e. the space C(IT'\H) is spanned by cusp forms. The eigenvalues
are

O=X <A< X <...>

and the eigenspaces have finite dimension. For any complete orthonormal
system of cusp forms {u;}, every f € C('\H) has the expansion
oo
F2) = (frusuy(2),
j=0
converging in the norm topology. If f € C(\H) N D(I'"\H), then the series
converges absolutely and uniformly on compacta.

Indeed, applying A to the Fourier expansion (4.3) of f, we see that
the Fourier expansion of Af will also have zero constant term, so that
AC(T\H) c C(I'\H). Since A is self-adjoint, C(I'\H) is spanned by the
eigenfunctions of A, i.e. spanned by the Maass cusp forms.

On the other hand, in the space £(T'\H) the spectrum turns out to be
continuous. Here the analytic continuation of the Eisenstein series is the
key issue. After this is established, the spectral resolution of A in E(T'\H)
will evoke from (4.1) by contour integration. The eigenpacket of the contin-
uous spectrum consists of the Eisenstein series F(z, s) on the line o = 1/2
(analytically continued).

Theorem 4.4. The spectrum of A on E(T'\H) is absolutely continuous;
it covers the segment [1/4,+00) uniformly with multiplicity 1. Every f €
E(T\H) has the expansion

F(z) = = /Oo (L E(1/2 4 i) Bz, 1/2 + it)dt, (4.6)

:E .

which converges in the norm topology. If f € E(T\H) N D(I'\H), then the
series converges pointwise absolutely and uniformly on compacta.

Combining Theorems 4.2-4.4, one gets the spectral decomposition of the
whole space £(I'\H),

oo

flz) = Z(f, uj)u;(z) + i /700 (f,E(,1/24it))E(z,1/2+dt)dt. (4.7)

Jj=0
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Theorem 4.5. The Laplace eigenvalue of any Maass cusp form for T' in
the discrete spectrum is > 32 /2.

Theorem 4.6. (Weyl’s law) Let Nr(x) denote the number of Laplace
eigenvalues up to x. Then

Nr(z) = 1x_2 + O(z'?log z).

The proof of Theorem 4.6 depends on Selberg’s trace formula which will
not be presented in this notes. It follows from Theorem 4.6 that Maass cusp
forms exist.

5. Hecke’s theory for Maass forms

For n > 1, define the set

Fn:{<22): a,b,c,d €Z, ad—b(::n}. (5.1)

In particular, I'y = I' is the modular group. The group I'; naturally acts
on I'y,. For n > 1, the Hecke operator

T, : L(T1\H) - £(T'1\H)
is defined by
(Tnf)(= f Y. fle2). (5-2)
gEFI\Fn
Picking up specific representations of T';\I',,, we can also write

(Tof)(2 IZ $ f(“”b) (5.3)

ad=n b( mod d)

Clearly, this is a finite sum, the number of terms being
[0, :Th) =Y d=0(n) =o1(n),

d|n

and therefore T}, is bounded on £(T'y\H) by o(n)n=1/2.
We first examine the action of T;, on a Maass cusp form f. To this end,
we rewrite the Fourier expansion for f in (3.7) as

f(z) = a(m)yyKa (2r|mly)e(ma), (5.4)
m#0

which emphasizes that the coefficient a(m) is a function of m.
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Theorem 5.1. Let f be a Maass cusp form with eigenvalue 1/4 + v? with
Fourier expansion (5.4). Then

= 3 ta(m)VGKa 2nlmly)e(ma), (5.5)
m#0
with

tn,(m) = Z a(%). (5.6)

d|(m,n)
Proof. Since
(Tnf)(2) (5.7)
B 1 27T|m|ny mn m
v "\ @ Kw( ) (=) X ()
0<d\n M#O b mod d

and the innermost sum on the right is d for dlm and 0 for d { m, we have

@) = Vi 3 Y alm)Ke (zw";;'”y) ().

d|n m#0 d|m

Writing m = m’d, m’ # 0 and then m'% = m, we get (5.5) and (5.6). O

Now we are ready to establish some important facts about the Hecke
operators Tj,.

Theorem 5.2. Let T;, be defined as above. Then
(i) We have

Z Tmn/d2 )
d|(m,n)

so that in particular T, and T, commute.
(i) The Hecke operators commute with the Laplace operator A.
(iii) T, is also self-adjoint in L(T1\H), i.e

<Tnfa g> = <fa Tng>

Therefore, in the space C(I'1\H) of cusp functions, an orthonormal basis

{u;j(2)} can be chosen which consists of simultaneous eigenfunctions for
all T, i.e.

Toui(z) = Nj(n)u;(z), j>1, n>1, (5.8)

where \j(n) is the eigenvalue of T,, for u;(z).
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(iv) Up to a constant, Aj(n) and the Fourier coefficient aj(n) are equal.
More precisely,

Aj(n)a;(1) = aj(n), n>1,j>1. (5.9)

(v) The Fisenstein series E(z,1/2+1it) is an eigenfunction of all the Hecke
operators T,, with eigenvalue ni(n), i.e.

T.E(z,1/2+it) = (n)E(z,1/2+it), n>1, teR, (5.10)

where
m(n) =Y (%)t (5.11)

Proof. We prove only (5.9). Erase the j for simplicity, and let u(z) denote
u;j(z). Suppose u(z) is given by its Fourier series (5.4). Then by (5.8),

(Thu)(z) = Z A(n)a(m)\/y K, (2m|m|y)e(mz).
m#0
Comparing this with (5.5), we obtain A(n)a(m) = t,(m). Hence by (5.6),
Amja(m) = Y a (%) : (5.12)
d|(m,n)

and the desired result (5.9) follows on letting m = 1. O

6. The Kuznetsov trace formula

We state without proof the following Kuznetsov trace formula [12]. Let {u;}
be an orthonormal basis of the space of Maass cusp forms for I'. Denote by
1/4+ VJZ the Laplace eigenvalue for u;. Let

uj(2) = (ycoshmv;)/? " \j(n) Ky, (27 |n|y)e(nz)
n#0

be the Fourier expansion of u;.

Theorem 6.1. (Kuznetsov) Let h(r) be an even function of complex vari-
able, which is analytic in —A < Sr < A for some A > 1/4. Assume in
this region that h(r) < r=27% for some § > 0 as r — oo. Then for any n,
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m>1,
3 s A, T) + 2 o mh0)
_ 5;!;” /R tanh(7r)h(r)dr
# 2 [ () (6.1
Here

nm = 3 (5) = o lnl)

ab=|n|

and S(m,n;c) is the classical Kloosterman sum defined as

Stmonie)= S e(w)

a mod ¢

The left-hand side of (6.1) is the spectral side, and the right the geomet-
ric side of the trace formula. The integral on the spectral side represents
the continuous spectrum of the Laplace operator; we recall that the divisor
function 7;,-(n) is the Fourier coefficients of Eisenstein series.

The integral on the left-hand side converges absolutely; this can be seen
from

1
[C(1 + 2ir)| > g+ 7))’
a bound of de la Vallée Poussin. The absolute convergence follows then from
the fact that 7;.(n) <, 1 and h(r) < r=279. The same bound for h(r) also
give us convergence of the first integral on the right-hand side of (6.1).
The sum of Fourier coefficients on the left side of (6.1) is an infinite sum.
The normalization for u; is crucial here. Without suitable normalization of
the Maass forms u;, there would be no reason to have this sum convergent.
In fact, the Kuznetsov trace formula (6.1) is only valid for Maass forms u;
which form an orthonormal basis of the space of the Maass cusp forms.
For a proof of the Kuznetsov trace formula, as well as a discussion of
convergence, see Kuznetsov [12] or Iwaniec [5].
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7. Automorphic L-functions
7.1. Automorphic L-functions attached to Maass forms

Let f be a Maass cusp form with Laplace eigenvalue 1/4 + VJ% and Fourier
expansion
= M(m)VyKu 2nlnly)e(ne). (7.1)
n#0

Here we have normalized f so that Af(1) = 1. Then, for ¢ > 1, the L-
function attached to f is defined as

L(g,f):ZAfn—@:HQ—%@H%). (7.2)

From the normalization A;(1) = 1 we see that the L-function has the first
term equal to 1. By the trivial bound Af(n) < n'/27(n), the series and the
product in (7.2) converge absolutely for o > 3/2. Using the Rankin-Selberg
method, one can further prove that

> NP <5

n<z

and hence (7.2) indeed converges absolutely for o > 1.
Theorem 7.1. The series in (7.2) converges absolutely for o > 1.
We define af(p) and G¢(p) by
af(p) +Br(p) = As(p),  ar(p)Brlp) =1

Then the L-function can be written as, for o > 1,

v =] (1- 22 " (1 22

p

The Generalized Ramanujan Conjecture actually predicts that

loy (p)| = |8 (p)| = 1.

By (5.11), the conjecture is obviously true in the space of continuous spec-
trum. In the cuspidal space, the best known bound towards the conjecture
is

las)l <% 18r0) <1, (7.3)
with 6 = 7/64; this is due to Kim-Sarnak [9]. The trivial bound is

9 =1/2. (74)
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Theorem 7.2. Let f be a Maass form with eigenvalue 1/4 + I/]%. Lete =0
or 1 according as [ is even or odd. Let

(s, f) = 7T (s—|—e+iuf)r (S+€_wf)L(s,f).

2 2

Then ®(s, f) has an analytic continuation to all s € C and satisfies the
functional equation

D(s, f)=(=1)P(1 —s, f). (7.5)

It is indeed an entire function.

Proof. This is one of the many cases where the function equation follows
from the theta transformation formula. First consider the case where f is
even, and start from the integral

/O f(iy)ys’l/z% (7.6)

As y — oo, the integrand is vanishingly small because of the rapid decay
of the Bessel function; and as y — 0, one uses the theta transformation

fliy) = f(i/y) (7.7)

to see that the integrand is small. Hence (7.6) is convergent for all s € C.
If o is large, one substitutes the Fourier expansion of f and uses

° dy o [ S+ vy s —ivys
K;, f—==2°T r :
/O f(y)y Y ( 5 5

to see that (7.6) equals $®(s, f). The functional equation now follows from
(7.7).
If f is odd, then we consider instead the integral

| st
0 Y
where
1 9f .
9(z) = R%(Z) = Z Ap(n)n/yKi,, (2milnly) cos(2mnz).

n>1

In this case, we have the theta transformation formula

g(iy) = —%g (é) ;

and the functional equation (7.5) follows. |
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It follows that the function L(s, f) has a functional equation and ana-
lytic continuation. We also know that it is nonzero on ¢ = 1. The Gener-
alized Riemann Hypothesis (GRH in brief) predicts that all the nontrivial
zeros of L(s, f) are on the critical line 0 = 1/2.

7.2. Rankin-Selberg automorphic L-functions

The next L-function we will consider is the Rankin-Selberg L-function.
Let f and g be two Maass cusp forms with Laplacian eigenvalue 1/4 + VJ%
and 1/4 + 1/3, respectively, and have Fourier expansion as in (7.1). Their
Rankin-Selberg L-function is defined by, for o > 1,

L(S,fxg):H(1_w>l(l_M)1

y pS pS
CBrag@)\ T, Br)Be)\
(1) (- PR
=((28)) W (7.8)

where ((s) is the Riemann zeta-function.

Theorem 7.3. Let f and g be two Maass cusp forms, and have Fourier
expansion as in (7.1). Then

(i) The product and the series in (7.8) are absolutely convergent for o > 1.
(ii) The function L(s, f x g) has a functional equation and analytic contin-
uation. When f = g, it has a simple pole at s = 1.

Maass forms for Hecke congruence subgroups, as well as their automor-

phic L-functions, will be introduced in the next section.

8. Maass forms for I'g(IN) and their L-functions

The theory developed for T' = SLy(Z) so far can be generalized to the group

To(N) = {(CC‘ Z) € SLy(Z) : N|c} ,

where N is a positive integer. This T'g(IV) is called the Hecke congruence
subgroup of level N. In this convention, I'g(1) = SL2(Z), and the index of
I'o(N) in the modular group is

v(N) =[To(1) : To(N)] =N ][] <1 + %) .

p|N



206 JIANYA LIU

In this section, we will briefly review the basic theory of Maass forms for
I'o(N) and their automorphic L-functions. Materials presented here can be
found in books on Maass forms, for example Iwaniec [5].

8.1. Maass forms for T'o(IN)

The group I'g(N) acts on the upper half-plane H by fractional linear trans-
formation. A Maass cusp form f is an eigenfunction of non-Euclidean Lapla-
cian A with eigenvalue
)\:s(l—s):i—i—uf, s:%—i—iuf.

Since A > 0, we have either ##s = 1/2 or 1/2 < s < 1. Thus, the vy above is
not necessarily real. In general, the Fourier expansion of f takes the form
(7.1). The space of cusp forms for I'g(V) is denoted by C(I'o(/N)\H); it is a
Hilbert space with respect to the inner product

_ Nals dxdy
(f. ) = / PRRCICE S

For n > 1, define the Hecke operators T,, as in (5.3); nevertheless, only
those T,, with (n, N) = 1 are interesting. As before, T,,, and T,, commute.
Moreover, the Hecke operators commute with the non-Euclidean Laplace
operator A. For every n > 1, T, is also self-adjoint on the space C(T'o(N)\H)
of cusp forms, i.e.

<Tnfvg>:<faTng>a (naN)zl

Therefore, in the space C(I'o(V)\H), an orthonormal basis {u;}32, can be
chosen which consists of simultaneous eigenfunctions for all T, i.e.

Thuj = Aj(n)uj, forallj>1, (n,N)=1, (8.1)

where A;(n) is the eigenvalue of T;, for u;. Up to a constant, A;(n) and the
Fourier coefficient a;(n) of u; are equal; see (7.1) for the Fourier expansion
for w;. More precisely,

Aj(n)a;(1) =a;(n), forall (n,N)=1, j>1. (8.2)

Note that if a;(1) = 0, then all a;(n) =0 for (n, N) = 1.

Fix any j, we let {\;(n)}>2, be the sequence of eigenvalues for all T},
as in (8.1). Then the Hecke eigenvalues {\;(n)}>2, are real; the Hecke
eigenvalues are multiplicative in the following sense:

Mm@ = 3 N (), (N =1,

d|(m,n)
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and
Aj(m)Aj(p) = Aj(mp),  p|N. (8.3)
It follows that
N(p)?2=XN0")+1, (p,N)=1. (8.4)

We cannot deduce from (8.2) that a;j(n) # 0. Thus, we need to work with
the new forms.

If u; is a new form with eigenvalue s;(1 — s;), then (8.1) holds for all
n > 1. The first coefficient in the Fourier expansion of u; does not vanish,
so one can normalize u; by setting a;(1) = 1. In this case, a;(n) = A;(n)
for all n > 1, and hence

=D A()VyKa, (2rlnly)e(nz). (8.5)

n#0
This will be important in §§9-10.

Let A, be the smallest eigenvalue of A acting on C(I'o(N)\H). Corre-
sponding to Theorem 4.5, Selberg [23] proved that A, > 3/16, and conjec-
tured that A\, > 1/4, for all N > 1. The latter is called Selberg’s Eigenvalue
Conjecture; the best known bound

2
1 (7
T
Az (64)

towards the conjecture follows from Kim-Sarnak [9]. A result like Theo-
rem 4.6 can also be established using Selberg’s trace formula, and conse-
quently there are many cusp forms.

8.2. Automorphic L-functions for Maass forms for T'o(IN)

In this subsection, we review some properties of the automorphic L-function
L(s, f) attached to a Maass new form f. Take f be one of the u; in the
above section. Then (8.5) becomes

=" A\ () V5K, (2rlnly)e(nz). (8.6)

n#0
Also, for this f, (8.3) and (8.4) become, respectively,
Ap(m)Ag(p) = Ag(mp),  pIN, (8.7)

and

/\f(p)2 = /\f(pz) +1, (p,N)=1. (8.8)
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The Hecke relations (8.7) and (8.8) say that Af(p) and A¢(p?) cannot be
small simultaneously, and this fact will be used essentially in §10.

To a Maass new form f of level N on T'o(N) as in (8.6), we may attach,
for ¢ > 1, an automorphic L-function

o~ As(n)
L = . .
(5. f) ; pr (89)
The complete L-function is defined as
®(s, f) = 7°T <#>
«T <‘°‘++”f) L(s, f), (8.10)

where € is the eigenvalue of ¢ introduced in §3. The complete L-function
satisfies the functional equation

D(s, f) = s NV250(1 — 5, f), (8.11)

where € is a complex number of modulus 1. For o > 1, the function L(s, f)
admits the Euler product

1
L(S,f)=H<1— A () +X9V(p)) , (8.12)

s 2s
» p p

where x%; is the principal character modulo N.

Recall that all eigenvalues Af(n) of a new form f are real. This explains
why on the right-hand side of (8.11) we have ®(1 — s, f) instead of ®(1 —
s, f). We may also factor the Hecke polynomial in (8.12) and formulate
the Generalized Ramanujan Conjecture in this case. The strongest bound
towards this Generalized Ramanujan Conjecture is still that of Kim-Sarnak
[9].

The following subconvexity is a new result of Michel-Venkatesh [19].

Theorem 8.1. (Michel-Venkatesh). Let [ be a Maass new form on To(N)
with Laplace eigenvalue 1/4 + VJ%. Then

L(1/2+it, f) < {(3 + [t + vs|P) N}/, (8.13)
where § is a positive absolute constant.

Subconvexity bounds for any one of the three aspects vy, N, or ¢ have
been studied extensively in the literature, but uniform subconvexity bound
is only known of the shape (8.13), where ¢ > 0 is not specified. See Michel
[18] for a survey in this direction, and Michel-Venkatesh [19] for recent
developments.
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9. Linnik-type problems
9.1. Linnik’s original problem

In view of Dirichlet’s theorem that there are infinitely many primes in
the arithmetic progression m = [ (modgq) with (¢,l) = 1, it is a natural
question how big the least prime, denoted by P(q,!), is in this arithmetic
progression. Linnik [15] [16] proved that there is an absolute constant L > 0
such that

P(q,1) < ¢",

and this constant L was named after him. Since then, a number of authors
have established acceptable numerical values for Linnik’s constant L. The
first numerical value for L was obtained by Pan [21], while the best result
known is L = 5.5 by Heath-Brown [4]. We remark that these results depend
on, among other things, numerical estimates concerning zero-free regions
and the Deuring-Heilbronn phenomenon of Dirichlet L-functions.

Linnik’s philosophy can be summarized, very roughly, as follows. Sup-
pose we have an infinite sequence {a,}° ; contained in a set P. Let Q(P)
be the conductor of P, meaning that Q(P) contains all the necessary pa-
rameters of P. Then, can we bound a; from above in terms of the conductor
Q(P)? In the case of Linnik’s original problem, P is the set of m in the arith-
metic progression m = [ (mod q), and {a,}5°; is the set of infinitely many
primes lying in P, guaranteed by the Dirichlet theorem. Here Q(P) = g,
where we understand that ¢ is the main parameter for P.

Linnik’s problem is a rich resource for further mathematical thoughts,
and there are a number of problems that can be formulated in the direc-
tion of Linnik’s philosophy, which are called Linnik-type problems in the
following.

9.2. A Linnik-type problem for Maass forms

Let f be a Maass eigenform that is a new form of level N on T'g(N). Thus,
f has a Fourier expansion of the form (8.6). In (8.6), we may normalize so
that

Af(1) = 1. (9.1)
Since N is the exact level of f, all its Fourier coefficients {Ar(n)}>2, are
real. It is pointed out at the end of Knopp-Kohnen-Pribitkin [10] that, by
a classical method of Landau [13], the sequence {A¢(n)}72 has infinitely

many sign changes, i.e. there are infinitely many n such that A;(n) > 0,
and infinitely many n such that Af(n) < 0.
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Then a natural question arises:
Question Q. When will the first negative Ag(n) occur?

The size of the first n such that Af(n) < 0 will be measured by Qy, the
conductor of f, which is defined as

Qr = (3+ v P)N. (9.2)

We understand that this @y captures all important parameters of the
form f, and the definition (9.2) indeed follows the philosophy described
in Iwaniec-Sarnak [8]. The following theorem of Qu [22] answers Question

Q.

Theorem 9.1. Let f be a Maass eigenform that is a new form of level N
on T'o(N), with Laplace eigenvalue 1/4—}—1/% Then there is a positive integer
n satisfying

n<QY*? (m,N)=1, (9.3)

such that Ay(n) < 0, where 0 is a positive absolute constant, and the implied
constant is absolute.

Question Q for holomorphic Hecke eigenform ¢ will be explained in §9.3.
At the end of §9.3, we will comment about the connection and differences
between the proof of Theorem 9.1 and that for holomorphic Hecke eigenform
g. Corresponding results for automorphic representations for higher rank
groups will be mentioned in §9.4. Theorem 9.1 will finally be proved in §10.

9.3. A Linnik-type problem for holomorphic forms

Let g be a Hecke eigenform that is a new form of level NV of even integral
weight k on I'g(V), with Fourier expansion

9(z) = > Ag(mn* D 2e(nz), (9.4)
n>1

where we also normalize so that A\,(1) = 1. In this case, N is the exact
level of g, and all its Fourier coefficients {\;(n)}0%, are real. Applying
the afore-mentioned classical theorem of Landau, one shows that the se-
quence {Ay(n)}52; must have infinitely many sign changes. Question Q for
this sequence has been considered by a number of authors, and the reader
is referred to Kohnen [11] for a survey. In particular, Iwaniec-Kohnen-
Sengupta [6] proved that there is some n with

n < (K2N)?/ (n,N) =1, (9.5)
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such that Ag(n) < 0. To prove this, the following three ingredients are used:

(i) arithmetic properties of Ay(n), in particular, Hecke’s relation that

Ap)? =X (") + 1, (p,N) = 1; (9-6)
(ii) the Ramanujan conjecture for Ay(n) proved by Deligne [3];
(iii) sieve methods.

It should be noted that the conductor Q4 of g can also be defined in the
spirit of Iwaniec-Sarnak [8], and computed as Q, =< k?N. Thus, the right-
hand side of (9.5) takes the form Qgg/ 60

The more precise question, that how long is the sequence of Hecke eigen-
values that keep the same sign, has been studied by several authors, and
best known result is obtained in Lau-Wu [14].

A new difficulty one meets in proving Theorem 9.1 is that, for the Maass
cusp form f, the generalized Ramanujan conjecture has not been proved
yet. This difficulty makes it impossible here to apply the sieve methods as
did in [6]. To get around of this difficulty, one applies the new subconvexity
bound in Theorem 8.1.

9.4. Linnik-type problems for higher rank groups

We end this section by mentioning some corresponding results for auto-
morphic representations for higher rank groups. Let m > 2 be an integer,
and 7 an irreducible unitary cuspidal representation for GL,,(Ag), whose
attached automorphic L-function is denoted by L(s, 7). Let {\z(n)}22; be
the sequence of coefficients in the Dirichlet series expression

— A
L(s,w):2$, o> 1. (9.7)
n=1

It is also proved in Qu [22] that, if 7 is such that the sequence {Ar(n)}32,
is real, then there are infinitely many sign changes in the sequence
{Az(n)}22,, and the first sign change occurs at some n < Qm/te
@~ is the conductor of 7, and the implied constant depends only on m
and e. This generalizes the previous results for GLs. A result of the same
quality is also established for {A(n)ar(n)}22,, the sequence of coefficients
in the Dirichlet series expression

_%(s’ﬂ):iW’ o>1, (9.8)

, where

n=1
where A(n) is the von Mangoldt function. Proof of these two results are
different from that of Theorem 9.1; the reader is referred to [22] for details.
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10. The first negative Fourier coefficient of Maass forms

Now we give a proof of Theorem 9.1, applying the properties of f and of
L(s, f), described in §8.

Proof of Theorem 9.1. The idea is to consider the sum

S(z) == Z )\f(n)log%,

n<xz
(n,N)=1

assuming that
Af(n) >0 forn <z and (n,N)=1 (10.1)

The desired result will follow from upper and lower bound estimates for
S(x).

To get an upper bound for S(z), we apply Perron’s formula to the
Dirichlet series (8.9), getting

1 2+1i00 xs

x
Z Af(n) logﬁ =5 L(s,f)S—st.

2—i00

Moving the contour to the vertical line ¢ = 1/2, where we apply the Michel-
Venkatesh bound (8.13) for L(s, f), we obtain

. 1 1/24ic0 e
A log— = — L —d
> nmlog s = 5o | L D
n<x
oo 1/2
34|ty P)NYAS T g
< [ AB+lrv PNt

< Q'

To recover an estimate for S(z) from the above result, we introduce the
condition (n, N) = 1 by means of the Mobius inversion formula, which
gives

S@) = uld) Y- Ap(dm)log —.

d|N dm<z

Since d|N, we may apply the mutiplicativity property (8.7), which states
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that A¢(dm) = Af(d)Af(m) in the current situation. It follows that

=D uld)Ar(d) Y As(m log—

d|N dm<z

<<Z|u(d>xf<d>|\ S As(m 1ogﬂ]

d|N m<z/d

1/4-5 172§~ [Ar(d)]
S/ Dhervind
d|N

The Kim-Sarnak bound states that A;(d) < d"/%4*¢, and therefore,

> A 7(N) < N¢,

213

where 7(N) is the divisor function. We note that the trivial bound A\f(d) <
d'/?+¢ works equally well in the above argument. Consequently, we conclude

that

S(x) < QY Pat/>re, (10.2)

To get a lower bound for S(x) under the assumption (10.1), we first get

rid of the weight log(z/n) in a simple way:

2)> Y Apn)

n<z/2
(n,N)=1

We now restrict the summation to n = pq, where p and ¢ are primes

satisfying

p<Vz/2, ¢<+=z/2, (pb,N)=1, (¢,.N)=1,

and use the formulae

{ Ar(pa) = As(P)Af(q) ifp#4q, (0, N)=1, (¢, N) =1,
Ar(p?) = Ap(p)? =1 ifp=gq, (p,N)=1

We get

> Y Y Apg)

p<y/z/2 q<\/x/2

(p,N)=1 (q,N)=1

- {ZF Af<p>}2— PR

(p,N)=1 (p,N)=1
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Recalling the assumption (10.1), we have A\f(p?) > 0 for p < \/z/2 and
(p, N) =1, and therefore (8.8) gives

M) = X% +1 21,
that is A¢(p) > 1. It follows from this and the prime number theorem that

w{ ' £

pSyw/2 p<y/z/2

(p,N)=1

> < v T(N))2 — V. (10.3)

log x B

If
x> N° (10.4)

where € > 0 may be arbitrarily small, then (10.3) gives

S(x) > : (10.5)

log?
We remark that (10.4) is a mild requirement, and is of course satisfied.
Comparing (10.5) with (10.2), we get

T _
- < Sl) < QY a2t
og”x

that is z < Q}/ 279 This proves the theorem. O
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THE NUMBER OF NON-ZERO COEFFICIENTS
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E-mail: a.schinzel@impan.gov.pl

Let N(f) denote the number of non-zero coefficients of a polynomial f.
We start with a simple theorem (for K = Q, see [5]).

Theorem 1. Let K be any field. For every a € K*, the binomial ™ — a
has a factor f irreducible over K such that N(f) < 3.

Proof. Assume first that either char K = 2 or K contains a primitive
fourth root of unity (4. Then we shall prove by induction on n the existence
of f with N(f) = 2.

For n = 1 the equality is true.

Assume that it is true for all exponents less than n. If " — a is irre-
ducible, we take f = ™ —a; if ™ — a is reducible, then by Capelli’s theorem
(see [3, Theorem 428] a = bP, where b € K and p is a prime dividing n.
Then /P — bjz™ — a and by the inductive assumption there exists f ir-
reducible over K such that f|z"/? —b and N(f) = 2. This f satisfies our
condition. Now, if char K # 2 and (4 is not in K, then we apply our result
to the field K({4) and infer that 2™ — a has a factor fy irreducible over
K (¢4) with N(fo) = 2. Let fo = X™ —b. If b € K, then we take f = fo.
Otherwise, ™ — V/|2™ — a, where b’ is the conjugate to b over K. Since
b # b we have (2™ —b,2™ —b') = 1 and (2™ —b) (2™ —V')|2™ — a. Tt suffices
to take f = (z™ — b)(z™ = V). |

Theorem 1 suggests the following Problem 1 (1963).

Problem 1. Does there exist a constant C(Q) such that every trinomial
over Q has an irreducible factor f with N(f) < C(Q)?
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Example 1 (John Abbott).

4220 + 72" + 64 = (220 + 527 + 82° + 82" + 425 + 823 + 162” + 162 + 8)
x (2210 — 52° 4 828 — 827 4 425 — 823 + 1622 — 162 + 8).

Corollary 1. C(Q) > 9.

Problem 2. Let C(K) have the meaning of Problem 1 with Q replaced by
K. Are the constants C(K), if they exist, bounded?

In 1947 Rényi [4] constructed a polynomial f of degree 28 such that
N(f) = 29 and N(f?) = 28. In 1949 Erdés [2] proved the existence of a
constant ¢y < 1 such that for an infinite sequence of polynomials f,, € R[z]:

lim N(f,) = o0
and
N(f3) << N(fn)*.

The same year Verdenius [11] proved that ¢z = log8/log13 has the in-
dicated property. He has also proved an analogue for cubes, where co is
replaced by log270/1og271. These results have been generalized by Dav-
enport and Coppersmith [1], who proved that for any polynomial F' € C[z]
there exist a constant cp < 1 and an infinite sequence of polynomials
fneClx] such that N(f,) = n and N(F(f,)) << n°F. They have also
improved on the work of Rényi by the following Example 2.

Example 2 (D. Coppersmith and J. Davenport). N(f?) < N(f) for

f(z) = (1422 — 22% + 42® — 102* + 502° 4 1252%)(1 — 1102°).

In 1987 I have proved [6] the conjecture of Erdds and Rényi that
lim N(f,)
= oo = lim N(f2) = oo in the following more general form. If f is in
K|z], char K = 0 or char K > [ degf and N(f) > 1, then N(f!) >
I4+1+1/log2-log(1l+log(N(f)—1)/(llog4l —1)). Recently, Zannier and
I, in a paper not yet published [10] improved this as follows.

Theorem 2. Under the above assumptions,

N(f) > 2 + (log(N(f) - 1))/ log L.
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There is a big gap between this result and the result of Verdenius, which
suggests

Problem 3. Does there exist a constant c¢(l) > 0 such that if f € K|x],
char K = 0, then N(f') >> N(f)*?

The gap is still greater in the case of a general polynomial F. Namely,
Zannier [12] has proved that there exists a computable function B(n), such
that if F'is in K[z] \ K, char K = 0 and N(F(f)) < n, then N(f) < B(n).

In 1976 P. Weinberger proposed the following

Problem 4. Does there exist a function A(r,s) such that, if f,g are in
Qlz], N(f) =r, N(g) = s, then N((f,9)) < A(r,s)?

The same problem can be asked with Q replaced by any field K, only
then the function A(r, s) should be replaced by A(K,r,s) = supN((f,g)),
where the supremum is taken over all pairs of polynomials f, g in K[z] such
that N(f) =, N(g) = s. I have proved [§]

Theorem 3. A(K,2,2) =2, A(K,2,3)=3 andif r>1, s>1, (r,s)#
(2,2), (2,3), (3,2),
(char K, r, s) # (0,3,3), then A(K,r,s) = co.

Thus the only unsolved case is (charK,r, s) = (0,3, 3). The best known
example is
Example 3 (S. Chatadus). For

f(x) =2 + 922 + 27, g(z) = 2 — 272° + 729
18

(f,g) = 2° 4 32* + 62° 4+ 92% 4+ 92+ 9.

Corollary 2. A(Q,3,3) > 6.

Problem 4 leads in a natural way to the question of reducibility of
trinomials. Since trinomials 2™ + Az™ + B and 2™ + A/Bx"~"™ + 1/B are
simultaneously reducible we may assume n > 2m. We have [7]

Theorem 4. Let n,m be integers, n > 2m > 0, K a field such that char
K does not divide nm (n —m). If A, B are in K(y), A"B"™"™ is not in
K, then ™ 4+ Ax™ + B is reducible over K(y), if and only if either

(i) ™ + Ax™ 4+ B has a proper divisor of degree < 2, nx = n/(n,m),
my = m/(na m);
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(i) there exists an integer | such that (n/l,m/l) = (s,r) € So =
U 2p,p) U{(6,1),(6,2),(7,1),(8,2),(8,4),(9,3),

(10,2),(10,4), (12,2),(12,3),(12,4), (15,5)}

and A = v~ " A, (v), B = u®Bs (v), where u,v are in K(y) and polyno-
mials Asr, Bsr are explicitly given.

This result is similar to Capelli’s theorem, but compared with it has one
great disadvantage, namely the condition A™"B"™ ™ ¢ K. This condition
is avoided in the following Theorem 5.

Theorem 5. Let n,m be integers, n > 2m > 0, K a number field. If A, B
are in K*, then ™ + Ax™ + B is reducible over K, if and only if either (i)
or (i) holds with K (y) replaced by K or

(i) there exists a number | such that (n/l, m/ly = (s,r) is in S1 = {(7,2),
(7,3),(8,1),(9, 1),
(14,2),(21,7)} and A = u*~" A .(v,w),
B = u®B; . (v,w), where v € K, (v,w) € Es,(K) and polynomials
As r, Bs . and the elliptic curve Es . are explicitly given,

(iv) there exists an integer | such that (n/l,m/l) = (s,r) and A = u*~" Ay,
B = u®*By, where u € K and (Ao, Bo) is in a certain finite, possibly
empty, set Fs . (K).

Conjecture. Sets Fs .(K) can be chosen so that

U U {LCS + Agx” + BQ}
s,7 (Ag,Bo)€Fs - (K)
1s finite.
Consequence 1. For every number field K there exists a constant Cy (K)

such that, if ny > C1(K), then 2™ + Ax™ + B is reducible over K, if and
only if ™ + Ax™ + B has a proper divisor of degree < 2.

Example 4 (J. Browkin). 252 + 234 x 3 x 53z + 23° x 103 is divisible by
23 + 222 + 4z + 4.

Corollary 3. C1(Q) > 52.
Consequence 2. The answer to Problem 1 is YES.

Consequence 3. There exists a constant Ca(Q) such that if b € Z, |b] >
C2(Q), n > m > 0, n # 2m, then 2™ + bx™ + 1 is irreducible over Q.
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Example 5 (A. Bremner). 23 +67z'+1= (23 +2+1)(23%—---+1).
Corollary 4. C(Q) > 67.

Concerning Problem 4 I have the following partial result [9].

Theorem 6. For every number field K and for all positive integers n > m
there exist finite sets Ey m(K) such that if T; = a™ + A;x™ + B; and
AT B™ T s mot in By, m, (K), then N((Th,T2)) < 10.
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1. Introduction

This is a collection of open questions most of them being unrelated to each
other, at various levels of difficulty, however, all related to exponential and
multiplicative character sums. One may certainly notice a large proportion
of self-references in the bibliography. By no means should this be considered
as an indication of anything else than the fact that the choice of problems
reflects the taste and interests of the author. Thus it is not surprising that
many (but not all) of the problems are related to some previous results of
the author.

One can find the necessary background and a wealth of information
about exponential and character sums in [63] (mainly in the context of
finite fields) and in [56] (in a more general contexts), see also [60,62,79,91].

Some of the problems below are likely to be very difficult, some may
constitute a feasible long term project (such as doctoral thesis), some are
not so hard and may be used by the beginners in this area as an entry
point to gain some immediate “hands-on” experience with exponential and
character sums. In particular, part of the motivation for writing this list of
problems has been the frequent requests to the author to suggest a research
problem on exponential sums.

One can also notice that the problems fall into two categories. In one
category we talk about obtaining new bounds of exponential and character
sums, while in the other category we seek new applications, problems from
the former are motivated by those from the latter.

As a general rule, the well known problems, which are described in the
literature, are not presented. We have also avoided open ended problems of
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the form “Improve the result of ...” unless we are able to give some ideas
about how it may be possible to achieve this.

2. Notation

For an integer m > 1, we denote
en(z) = exp(2wiz/m).

We always follow the convention that arithmetic operations in the argu-
ments of e,, are performed modulo m.

We use (n/m) to denote the Jacobi symbol modulo an odd integer m > 3
(that is the Legendre symbol in the case that m = p is prime).

The letter p (possibly subscripted) always denotes a prime; k, m and n
always denote integers (and so do K, M and N).

As usual, we say that n > 2 is y-smooth if all prime divisors p of n
satisfy p < y.

We use ¢ to denote a small positive parameter on which implied con-
stants may depend. Calligraphic letters, for example, A = (a,), usually
denote sets or sequences of integers.

For a prime power ¢, we use [Fy to denote the finite field of ¢ elements.

For an integer m, we use Z/mZ to denote the residue ring modulo m.

We use some standard notations for most common arithmetic functions.
For m > 2 be an integer, we denote by:

P(m) the largest prime divisor of m,

©(m) the Euler (totient) function of m,

w(m) the number of distinct prime divisors of m,
7(m) the number of positive integer divisors of m.

We also define P(1) =w(1) =0 and 7(1) = ¢(1) = 1.
Letting > 0 be a real number, we denote by:

e 7(x) the number of primes p < z,
e 7(x;q,a) the number of primes p < x such that p = a (mod q).

Finally, logz denotes the natural logarithm; we always assume the ar-
gument is large enough for the whole expression to make sense (as well as
in the case of iterated logarithms).
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3. Problems

3.1. Exponential functions

Problem 3.1. Obtain analogues of the results of J. Bourgain, A. A. Gli-
bichuk and S. V. Konyagin [24] for multiplicative character sums

N
Z x(x1---xp + a) and Z x(g” +a)
=1

T, EX

with values of N wvery small relative to p, where X C Z/pZ, ged(g,p) = 1
and x s a nonprincipal multiplicative character modulo p, see also [16-18,
20,22].

Problem 3.2. Obtain explicit forms, with all constants explicitly evaluated,
of the results of J. Bourgain [16-18,20], J. Bourgain and M.-C. Chang [22],
J. Bourgain, A. A. Glibichuk and S. V. Konyagin [2/] and several other
similar results on short exponential sums with exponential functions

N M N
Zem(alg‘f—k---—kakg,f), and ZZem(agz + bg? + cg™),
=1 r=1y=1

where aq, . ..,ax,a,b,c € Z, ged(gqr -+ - g, m) =1, M, N € Z, and with the

products
Y Y emlami-zy),  a€Z,

r1E€X] TEEX
where X1,..., X, CZ7,.

Comments: J. Bourgain and M. Z. Garaev [23] and M.-C. Chang and
C. Z. Yao [32] have recently obtained a series of very interesting results in
this direction.

Problem 3.3. Obtain stronger bounds for the sums of Problem 3.2 on
average over prime moduli m = p.

Comments: The ideas used in the proof of [60, Theorem 5.5] and of [3,
Lemma 2.10] can possibly be of help.

Problem 3.4. Use the method of [60, Chapter 5] to estimate exponential
sums

N
> emlag®), acZ,
x=1
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where ged(g,m) = 1, for values of N very small relative to m, for “almost
all” m.

Comments: There are amazingly strong and general results of J. Bour-
gain and M.-C. Chang, see [18,20,22], which apply to very short and general
sums and thus have significantly reduced the interest to this question. On
the other hand, the method of [60, Chapter 5] may lead to more explicit
and stronger bounds (but which hold only for “almost all” m rather than
all m).

Problem 3.5. FEstimate exponential sums

T
Zep (ang + bg‘””) , a,b e,

x=1

where T is a multiplicative order of g modulo p with ged(g,p) = 1.

Comments: J. Bourgain [20] has obtained a nontrivial estimate for a
large class of primes p, but in the general case there is no nontrivial bound
(even if ¢ is a primitive root modulo p). In the case of b = 0 these sums are
estimated in [40], provided T' > p'/2*¢, see also [44,64]. Bounds of similar
sums with a composite denominator m can be found in [43].

Problem 3.6. FEstimate exponential sums

N
Zem (agmzn) : a€Z,
rx=1

where f(X) € (R)[X] is a polynomial with real coefficients or some suffi-
ciently smooth function.

Comments: In the case of polynomials f(X) € Z[X] with integers coef-
ficients and prime m = p such that ell? | p — 1 for another prime ell > p°
(with arbitrary e > 0) a nontrivial bound on the above sums are given
by M.-C. Chang [29]. Also for f(X) € Z[X] and prime m = p, in [83],
a nontrivial bound is given “on average” over all primitive roots g mod-
ulo p. In fact in both [29] and [83] more general sums over arbitrary finite
fields are estimated. The general case of polynomials, even for polynomials
f(X) € Z[X], probably requires some new ideas. On the other hand, the
case of smooth and slowly growing functions f(X) can probably be studied
by the method of [13]. Results of these type have a natural interpretation of
studying polynoially growinng sequences on orbits of the dynamical system
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generated by the map u — gu in the ring Z,,, see [14,46,47] and references
therein for various results of such type in the settings of ergodic theory.

Problem 3.7. Estimate incomplete exponential sums

N

Z em (agl/””) , a € 7,

x=1
ged(z,T)=1
where T is a multiplicative order of g modulo m with ged(g,m) = 1.

Comments: For a prime m = p and T > p° this has been done by
J. Bourgain and I. E. Shparlinski [25], see also [86] for a more explicit
estimate in the case of T' > p1/2+5.

Problem 3.8. Estimate complete exponential sums

T
Z en (agz + bgl/”) , a,beZ,
=1

z
ged(z,T)=1

where T is a multiplicative order of g modulo m with ged(g,m) = 1.

Comments: Even the case of prime m = p is of interest. Also, for a
prime m = p, some bounds on average over a,b € F,, are given in [80].
3.2. Short character sums

Problem 3.9. Extend the Burgess bound, see [56, Theorems 12.6], in full
generality, to the settings of arbirary finite fields.

Comments: Very promising results in this direction have recently been
obtained by M.-C. Chang [30,31].

Problem 3.10. Prove that for arbitrary integers m > 2, M > 0 and
N > 1, the bound

M+N 4
S| Y )| smirin?
X#xo 1z=M+1

holds, where the outter sum 1is taken over all nonprincipal multiplicative
characters x modulo m.
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Comments: For M = 0 this bound is established by J. B. Friedlander
and H. Iwaniec [41]. Furthermore, if m = p then it has also been obtained
for any M > 0 by A. Ayyad, T. Cochrane and Z. Zheng [1]. In full generality
Problem 3.10 is still open.

Problem 3.11. Prove that
h

5 ((x+a>(x+b)>\ _ o)

=1 p

max
0<a<b<p—-1

for any h > p* with some fized o < 1/2.

Comments: V. Shoup [76] gives a factorization algorithm for polynomials
over F,, of complexity O(n?+°(M)pl/2+o()) (where n is the degree of the
polynomial f(X) € F,[X] to be factored), which is based on the Weil
bound
h

Zl <(x+a)(x+b))

= P

max
0<a<b<p—-1

=0 (p1/2 logp) .

Any improvement of this bound immediately leads to a better complexity
estimate. Even obtaining such a bound only for “almost all” p is already of
great interest.

Problem 3.12. Extend the result and method of A. A. Karatsuba [58] to
double character sums modulo a composite.

Problem 3.13. FEstimate sums of Jacobi symbols over the solutions to the
congruence xy = a (mod m) in a given box, that is,

> (%) aez
zy=a (mod m) Y

y=1 (mod 2)
for X and Y reasonably small compared to m.
Comments: For very small m some results of this kind can be extracted
from the work of G. Yu [93], see also [92] for applications of results of

this kind to studying the distribution of Selmer groups of some families of
elliptic curves.

Problem 3.14. Assuming the Generalised Riemann Hypothesis estimate
the sums

Sm(XvN) = ZX(”)
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with a nontrivial multiplicative character x modulo m.

Comments: The bound S,,(x, N) = N'/2m°(!) has been a part of folk-
lore and in particular is quoted in [66, Bound (13.2)] as a consequence of the
weaker Generalised Lindeldf Hypotheis. However it seems that a full proof
has never been published. Furthermore, it is interesting to get an explicit
expression for the term ¢°).

3.3. Smooth numbers, S-units and primes

Problem 3.15. Estimate exponential and multiplicative character sums

S en(fn)  and > x(f(n)

n<x n<x
n is y-smooth n is y-smooth
with a polynomial f(T) € Z[T], where a € Z and x is a multiplicative
character modulo m.

Comments: Several bounds for exponential sums over smooth numbers
are given by Fouvry & Tenenbaum [45] and, more recently, by de la Breteche
& Tenenbaum [26]. Character sums in the case of a linear polynomial
f(T) = T —a are estimated [82]. The approach of [82] has also been used by
Gong [52] for more general sums. The arguments of [26,45] and [52,82] are
quite different and it is quite possible that combining them, or using them
in different scenarios, one can obtain many new interesting results about
exponential and character sums over y-smooth integers in wide ranges of
the parameters m, x and y.

Problem 3.16. For a set (S) = {p1,...,ps} of s primes and an integer N
we denote by (U)((S), N) the set of integral S-units up to N, that is the set
of integers u < N composed of primes from the set (S). Estimate character
sums

Ur((5),N) = Z X (arur + -+ + apug), ai, - ,ax € 7Z,
ur,..uk €(U)((S),N)

and

Wi((S), N) = > X(aruy + - tapup +1),  ar,...,a, €Z,
- uk €(U)((S),N)

with o multiplicative character x modulo m.
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Comments: In the case s = k = 1 the sums Wi ((5), N) are estimated
by E. Dobrowolski and K. S. Williams [39] and H. B. Yu [94] (in fact in
this case the only generator p; need not be prime. Note that we ask for
estimates which make use of larger values of s or k in a substantial way
rather than merely reduce the question to the case s = k = 1. There should
be a strong connection between estimates on Uy41((S), N) and Wi ((S), N).

Problem 3.17. In the case of a positive solution to Problem 3.16 use its
result together with the square sieve of R. Heath-Brown [53] to estimate the
number of perfect squares of the form

-1
UL+ -+ ug and “
w2—1
where uy, ..., ug, wi,wy € (U)((S),N) and similar.

Comments: The question is related to some finiteness conjectures about
the number of perfect squares and higher powers of the above and simi-
lar types made by P. Corvaja [38]. As for Problem 3.35, only sums with
the Jacobi symbol modulo products of two distinct primes m = pyps are
relevant.

Problem 3.18. Make use of the Burgess bound, see [56, Theorems 12.6], in
the argument of Z. Kh. Rakhmonov [75] in order to improve the bound [75]
on the sums

> xlp+a), acZ,

p<N

with multiplicative characters modulo m, where ged(a,m) = 1. Obtain a
result which is nontrivial for N > m!' =€ with some fized o > 0.

Comments: Z. Kh. Rakhmonov [75] uses the Polya-Vinogradov bound;
accordingly, his estimate is nontrivial only for N > m!*¢, see also a result
of A. A. Karatsuba [57] for the case of prime modulus m = p which is
nontrivial starting with N > p!/?+=,

3.4. Combinatorial sequences

Problem 3.19. Let Py, be that set of all palindromes of length L, that is,
the set of n for which the base g > 2 representation

h
L

n= ak(n)gk,

0

el
Il
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where
ar(n) € {0,1,...,9—1}, k=0,1,..., L — 1, and ar—1(n) #0,
satisfies the symmetry condition:
ar(n) = ar—1-x(n), k=0,1,...,L -1
FEstimate exponential and character sums
D en(f(n)  and ) x(n),
nePy nePrL

where f(X) € Z[X] and x is a multiplicative character modulo m.

Comments: W. Banks, D. Hart and M. Sakata [6] have used bounds of
twisted Kloosterman sums to estimate exponential sums with palindromes
in the case f(X) = X, see also [8]. However, the method of [6] does not
seem to apply to either exponential sums with more general polynomials or
character sums. Even the case of prime m = p is still open.

Problem 3.20. Obtain nontrivial upper bounds on exponential and char-
acter sums with factorials modulo a prime p, such as

N N
Z ep(an!) and Z x(n!+a), a €,

where x is a multiplicative character modulo p.

Comments: Double exponential sums with m!n! and single multiplica-
tive character sums as above with a = 0 are estimated in [48] and [49],
respectively.

Problem 3.21. Estimate double exponential sums with binomial coeffi-
cients

N n

ZZep (a(i)), a €7,

n=0m=0

for 0 < N < p.

Comments: Several estimates of single and double exponential and char-
acter sums with binomial coefficients and other combinatorial numbers are
given by M. Z. Garaev, F. Luca and I. E. Shparlinski in [48-51].

Problem 3.22. Estimate exponential sums

n

n N
ZZem (as(n, k)) and ZZem(aS(n,k)), a€Z,

n=1k=0 n=1k=0
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with Stirling numbers of the first and second kind, respectively.

Problem 3.23. Estimate exponential sums
Z e, (awy,) and Z ep(n) (awy), a € Z,
2<n<zx 2<n<zx

where w1 = 1 and
_(2n—1\ 1(2n > 9
Un=\pn_-1)"2\n) =
Comments: This question has also been posed in [28].

Problem 3.24. Obtain nontrivial upper bounds on exponential and char-
acter sums with n™ modulo an integer m, such as

N N
Z en (an™) and Z x (n" +a), a€Z,
n=1 n=1

where x is a multiplicative character modulo m.

Comments: Probably the case of prime m = p and the range N =p—1
is of most interest. In this case the bound O (p**/18+°(1)) of [27] on the
number of solutions to the congruence k¥ = n™ (mod p), 1 < k,n < p, is
equivalent to the estimate of the average values

% Z Z e (an™)

S p35/18+0(1)
a=1 |[n=1

and
2

< p35/18+0(1).

p—1

> x(n"+a)

n=1

3.5. Polynomaial discriminants

Problem 3.25. Estimate exponential and character sums

Z en (aD(f)) and Z x (D(f))

deg f=n, H(f)<H deg f=n, H(f)<H
fEZ[X] monic fEZ[X] monic

with a € Z and nontrivial multiplicative characters x modulo m over dis-
criminants D(f) of monic polynomials

JX)=X"+an 1 X" "+ 4 ag € Z[X]
of degree n and height H(f) = max{|ag|,...,|an-1]} < H.
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Comments: Certainly the determinant is a polynomials of degree n in
the coefficients ay, . . ., a,—1. So many general estimates for exponential and
character sums with polynomials can be applied. For example, for a prime
m = p, an immediate application of the Weil bound implies that for H < p
each of the above sums is O(H"™'p'/2log p). Certainly only estimates which
are better than such bounds and which make use of some special properties
of D(f) are of interest. We also recall that if f € F,[X] is squarefree then
by the Stickelberger theorem, see [15, Theorem 6.68],

where n = deg f and s is the number of distinct irreducible factors of f.
Therefore if x is the Legendre symbol then the corresponding sum is a
polynomial analogue of the sum of Mobius function.

Problem 3.26. Estimate double character sums

N n—1

S x (A k),

n=1 k=1
for a nontrivial multiplicative character modulo m, where
An, k) = (~1)" D/ (" — (~1)"kF (0 — k)" F)
is the discriminant of the trinomial X" + X* + 1.

Comments: The question is of interest even for a prime m = p, and
especially for m = pipy which is a product of two primes since in this
case one can use the square sieve of R. Heath-Brown [53] to study the
square-free part of A(n,k), see [67,85] for some related problems about
the discriminants of trinomials. If such a bound is obtained then again the
Stickelberger theorem, see the comments to Problem 3.25, can be used to
extract some nontrivial information about factorisations of trinomials.

3.6. Arithmetic functions

Problem 3.27. Estimate exponential sums with the divisor function

N
Z en(ar(n)), a €7,
n=1

for an odd m > 3.
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Comments: One can use the fact that “typically” 7(n) = 2¥a for a small
a and rather large k. Then one can try to use bounds of exponential sums
with exponential function from [16-19,22,24,60]. In fact the case of m = p”
where p is fixed can be a good starting point where one can use the result
of N. M. Korobov [61] for the relevant exponential sums.

Problem 3.28. Estimate exponential and character sums with the largest
squarefree divisor of n and with the squarefree part of n, that is,

N N
Z en(aQ(n)) and Z en(aS(n)), a€Z,
where

Q(n) = Hp and S(n) =min{s : \/n/s € Z}.
pln
Comments: Bounds of character sums with these functions are given
by H. Liu and W. Zhang [65], but the method of [65] does not apply to
exponential sums. Exponential sums with P(n) have been estimated in [5];

exponential and character sums with the Euler function are estimated in [2,
7,11].

Problem 3.29. For an integer g > 1 estimate exponential sums

Z €n (a(g"*1 -1)), a € Z.

n=1
n composite

Comments: This question has also been posed in [3] where one can also
find estimates of some other related sums with fractions (¢"~! — 1)/n and
alike.

3.7. Bealty sequences

Problem 3.30. Extend the bounds of character sums with Beatty sequences
lan + 3] of W. D. Banks and I. E. Shparlinski [9,10] to composite moduli.

Problem 3.31. Obtain explicit versions of the bounds of character sums
with Beatty sequences |an + 3| of W. D. Banks and I. E. Shparlinski [12]
in the case when « is of approximation type 1.

Problem 3.32. Estimate character sums with Beatty sequences |ap + (3]
over primes p < T.
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Problem 3.33. Estimate character sums with Beatly sequences |as + 3]
over smooth y-smooth integers s < x.

Problem 3.34. Estimate double character sums with Beatty sequences

Y D x(lak+m)+8])

keK meM

on sumsets, where x is a multiplicative character modulo m > 2 and IC and
M are sufficiently dense sets of integers of the interval [1, N]. Even the
case of m = p and very large N is still open.

Problem 3.35. In the case of positive solutions to Problems 3.30 and 3.31
use their results together with the square sieve of R. Heath-Brown [53] in
order to get a lower bound on the number of distinct quadratic fields of the

form(@( Lan—i—ﬁj),n:l,...,N.

Comments: Only sums with the Jacobi symbol modulo products of two
distinct primes m = p1p2 are relevant.

Problem 3.36. Extend the bounds of character sums with integer parts
Lf(n)] of “smooth” functions of W. D. Banks and I. E. Shparlinski [13] to
composite moduli.

Problem 3.37. In the case of a positive solution to Problem 3.36 use its
result together with the square sieve of R. Heath-Brown [53] in order to
get a lower bound on the number of distinct quadratic fields of the form

Q(VIFm]), n=1,-..,N.

Comments: As for Problem 3.35, only sums with the Jacobi symbol
modulo products of two distinct primes m = pyp2 are relevant.

3.8. Sparse polynomials

Problem 3.38. Obtain analogues of the result of T. Cochrane, C. Pinner
and J. Rosenhouse [34] on exponential sums

m

Zem(alxkl—i—---—i—asxks), ai,...,as € 7,

r=1

with sparse polynomials of large degree, containing only s monomials, mod-
ulo a composite m > 2.
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Comments: The result of T. Cochrane, C. Pinner and J. Rosenhouse [34]
is a generalisation of the bound of S. V. Konyagin [59] which corresponds
to the case s = 1. Extending the bound of [59] to composite moduli is al-
ready an interesting problem. The bound of [34] has been applied to various
problems in number theory [8], computer science [87] and cryptography [88].
Several other bounds (stronger, but more restrictive on the class of poly-
nomials to which they apply) on exponential sums with sparse polynomials
can be found in [17,21,35,78].

Problem 3.39. Obtain bounds on exponential sums

m

Y. en(f(@)/9(@),
gcd(gfs,lmzl
with sparse rational functions f(X)/g(X), where
fX)=a X"+ ta, X" and  g(X)=b XM 4 4 b XFe

which are better than general estimates of T. Cochrane and Z. Y. Zheng [36]
depending only on the degrees of f and g, see also [37].

Problem 3.40. Let us define the constants

q
A(n) = sup max Z en (az™)
=1

m>1ged (a,m)=1 | <=

m—1+1/n.

Compute

A= max A(n).

Comments: S. B. Stechkin [89] has given the bound
A(n) = exp (O(In1nn)?))
and conjectured that A(n) = O(1). This conjecture is proved in [77] in the
following stronger form A(n) = 1+ O(n~'/4t°()) which is improved to
A(n) =1+0(n~"7(n)logn)

in [60, Theorem 6.7]. Thus the constant A is correctly defined, and since
the methods of [60,77] are effective, computing A is a feasible task (but may
require significant efforts in making the estimates of [60,77] fully explicit).
In fact it is quite possible that A = A(2) = v/2. Problem 3.40 is also posed
as [60, Question 6.9]. Finally, we recall that by [60, Theorem 6.8]

1
A(n) >1+n texp (0.43—2"
loglogn
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for infinitely many n.

Problem 3.41. Use the bound of W. D. Banks, A. Harcharras and
I E. Shparlinski [4] on analogues of short Kloosterman sums with poly-
nomials over finite fields to sharpen the Brun-Titchmarsh theorem over
F,[X], see [55].

Comments: One may try to imitate the approach of J. B. Friedlander
and H. Iwaniec [42].

Problem 3.42. Estimate multiplicative character sums

s (5

n<N n<N

where x is a multiplicative character modulo p.

Similar exponential sums are estimated by D. R. Heath-Brown and
S. V. Konyagin [54].

3.9. Nonlinear recurrence sequences

Problem 3.43. For a given polynomial f € Fy[X] and up € Fy we define
the following sequence of elements of F,

Up = f (Un-1), n=12,....

Clearly this sequence eventually becomes periodic, that is upyr = u, for
some T > 1 whenever n > Ny. In fact, without loss of generality, one can
assume that it is purely periodic, that is, Ng = 0. Improve the bound of
H. Niederreiter and A. Winterhof [72] on character sums

N
Zw(aun), a €Ty,
n=1

with a nontrivial additive character ¢ of Fqg and N <T.

Comments: The bound of [72] develops some ideas suggested in [90]
and also improves the previous result of [68]; however it is still nontrivial
only if T is very close to its largest possible value p. Even constructing
some special (but general enough) families of polynomials for which such
improvement is possible is of interest. In the multidimensional case (that
is, for iterations of multivariate polynomials) such families are constructed
in [74]. Furthermore, A. Ostafe [73] has modified the construction of [74] in
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a way that the method of [70] applies to this constructions and has led to
much better results “on average” over all initial values. Unfortunately the
constructions of [73,74] do not work in the univariate case. This problem
has close links with pseudorandom number generation, see [69,71,90] for
these links and further references.

Problem 3.44. For a prime p, a primitive root g modulo p and an integer
vg, the following sequence of integers

v, =¢"" ' (mod p), 0<v, <p—1, n=12,....

As before we note that this sequence eventually becomes periodic with some
period T and we also assume that it is purely periodic. Estimate exponential
sums

for N <T.

3.10. Ewaluation of Kloosterman sums

Problem 3.45. Find an algorithm to evaluate or approximate Klooster-
man sums

Z @[J(x—i—ax*l), aEIE‘Z,

z€ly

with an additive character v of Fy more efficiently than directly from the
definition.

Comments: This question has some links with and motivation coming
from quantum computing, see [33]. Results of [81,84] imply lower bounds
on the complexity of computation of Kloosterman sum in some standard
computational models.
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Errata to
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IN ANALYTIC NUMBER THEORY”
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page 223, line 18, after the paragraph ending with “after analytic continu-
ation.” insert the following paragraph:
Let

{1 —ay,A)}—1; {(ay, Aj)}_ >

A = J j=n+1 c0
< {65, B}y {1 =05, Bj)}Y o

so that

(bj + Bjs) [T (a; — A4;s)
j=1

IIr
A(s) = . .

HF(CL]‘ +Aj8) H F(b] —BjS)
j=n+1 j=m+1

page 227, line 15, “the disciplines” should read “other disciplines”.
page 228, (4.27), “= y/z” should read “= \/7”.
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L. Carlitz and F. R. Olson [1] (1955) were the first who obtained the

closed formula for Maillet’s determinant:
det(R(rs))1zpezp1y2 = (1) T p"T by,

where p is an odd prime and hy, is the realtive class number of the p th cyclo-
tomic field. Here, for an integer r with (r,p) = 1, 7’ is the least nonnegative
integer with 7 = 1 mod p and R(r) denotes the least nonnegative integer
congruent to r modulo p. Thenceforth several authors have studied rela-
tionships between deteminants with rational (integer) entries and realtive
class numbers A}, of imaginary abelian number fields K, most of which are
of the form

det Rg = CKh;(,

where Ri and cx denote a square matrix with rational entries and a ra-
tional constant, possibly zero, respectively, both explicitly determined by
K.

We collect here all the relevant papers which are more than sixty in
number and present them with review and digitization information for re-
searcher’s convenience. As an appendix, we also present papers on deter-
minantal expressions of relative class numbers of imaginary function fields.
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