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PREFACE

The present volume is the proceedings of the 5th Japan-China Seminar
on Number Theory “Dreaming in dreams” held during August 27-31, 2008
at Kinki University, Higashi-osaka, Japan, the organizers being Shigeru
Kanemitsu and Jianya Liu with Professor Takashi Aoki as the local orga-
nizer.

The title sounded somewhat romantic or exotic and one of the partic-
ipants, Professor Tim. D. Browning, a relative of the world famous poet
R. Browning, expressed a poetic view that the title suggested that one
could dream of proving the RH or whatsoever of the hardest nuts to crack
in dreams. But we chose this title in view of the following due reason. Osaka
is most well-known for its world famous Osaka Castle. The builder of Osaka
Castle, Hideyoshi Toyotomi, a hero in the 16th century made a poem at his
deathbed.“Like a dew drop was I born and into a dew drop am I fading,
all that prevails in Naniwa (the present world) is like dreams in a dream.”
Here Naniwa sounds the same as the old name of Osaka. Also many of
us went to the center of the city (for empty orchestra, perhaps), Namba,
which is the modern name of Naniwa. This gives a good reason to entitle
the seminar. This may not sound poetic but associatively logical. Indeed, at
the end we have a poem composed by Professor Chaohua Jia. Thus we now
have at least four poets among participants, including Professors Tianxin
Cai (a professional), Chaohua Jia, Jianya Liu (who composed a poem in
the proceedings of the 4th China-Japan Seminar), and Tim D. Browning.

The atmosphere was enjoyable as usual and we believe everyone enjoyed
the 5 rich days. We organized various social activities including reception
party at Sheraton-Miyako Hotel to which we thank for their great hospi-
tality and generosity of providing us with champagne bottles. We made a
tour to Kyoto (the bus was arranged through Sheraton-Miyako) and vis-
ited a few musts there. Some of the foreign participants paid multiple vis-
its to Kinkakuji Temple and Kiyomizu Temple. Evening events were also
entertaining which included empty orchestra activities at various places.
We found that not only Chinese participants who were known to be good
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and enthusiastic singers, but most of the Western participants shared the
same spirit. We found Professors Trevor Wooley, Winfried Kohnen, Katsuya
Miyake and Yumiko Hironaka most entertaining. Professor Jörg Brüdern,
though didn’t sing, promised to play the guitar at the next occasion. S.
Kanemitsu, to his regret, missed the chance of attending the ever-night
show including Professor Tim. D. Browning and Professor Koichi Kawada.

Now about the contents of the seminar and the present proceedings.
The talks ranged over a wide spectrum of contemporary number theory.
As can be seen from the papers themselves as well as in the following
brief descriptions in this volume, we succeeded in assembling topics from
Analytic Number Theory (Classical and Modern with emphasis on additive
number theory), Theory of Modular Forms, Algebraic Groups and Algebraic
Number Theory.

In the proceedings we collected not only papers from the participants
but from those invitees who could not attend the seminar, including Profes-
sors Andrzej Schinzel (who was about to come), Igor Shparlinski and Ken
Yamamura.

In [Browning] a new direction of research in analytic number theory is
exhibited, i. e. a quantitative study on the distribution of rational points of
some variety—specifically, a del Pezzo surface of degree 4, V ⊂ P4 which is
defined over the rationals and is assumed to have a conic bundle structure.
The main result is the asymptotic formula for the counting function

NU0,H(B) = #{x ∈ U0(Q) : H(x) ≤ B},

where U0 is a certain Zariski open subset and H(x) is a certain norm func-
tion. The formula reads

NU0,H(B) = cV0,HB(logB)4 + error term,

establishing the Manin conjecture in this case, where cV0,H is the constant
conjectured by Peyre.

The proof involves various ingredients, the geometric Picard group
Pic(V0) � Z5, analysis of conic sections and classical techniques includ-
ing lattice points counting and divisor problems for binary forms.

[Brüdern-Kawada-Wooley] is the 8th of their series of papers “Additive
representation in thin sequences” I-VII and is a timely summary which
looks over their recent results in an enlightening way.

Their main concern is the diagonal form

λ1x
k
1 + · · · + λsx

k
s ,
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as x1, · · · , xs ranges over Z or a subset thereof, where s ≥ 2, k ≥ 1 and
λ1, · · · , λs are non-zero real numbers.

The purpose of the paper is two-fold; on one hand, it centers around
Diophantine inequalities and on the other on the potential of the methods
developed in the series, including the Davenport-Heilbronn Fourier trans-
form method, a counterpart of the Hardy-Littlewood circle method for Dio-
phantine inequalities. Starting from the case of additive cubic forms, the
authors give a very clear survey on their hitherto contributions, giving
proofs of some of the important theorems, which makes the paper more
instructive and readable.

In the paper [Hoshi-Miyake] the authors are concerned with the FIP
(Field Isomorphism Problem) on k-generic polynomial fG

t (X) ∈ k(t)[X ],
where k is a field of arbitrary characteristic, G is one of finite groups
D3, D4, D5 (dihedral groups) and C3, C4 (cyclic groups), and k(t) is the
rational function field over k with n indeterminates t = (t1, t2, · · · , tn). A
monic separable polynomial fG

t (X) is called a k-generic polynomial for G
if

• (G1) the Galois group of fG
t (X) over k(t) is isomorphic to G

and

• (G2) every G-extension L/K,K ⊃ k may be obtained as
L = SplKfG

a , the splitting field of fG
a over K, for some a =

(a1, a2, · · · , an) ∈ Kn.

The FIP reads: For a field K ⊃ k and a, b ∈ Kn, determine whether
La = SplKfG

a and Lb = SplKfG
b are isomorphic over K or not. Numerical

examples are given in the cases G = C4 and G = D5.
Two more related problems are stated without details: Subfield Problem

and Field Intersection Problem for generic polynomials.

In his paper [Jia], C. -H. Jia gives some developments over the results
on dynamics of the w-function introduced by W. -S. Goldring in 2006,
where dynamics refers to the orbit of successive iterates of the function.
For n = p1p2p3 ∈ S := C3 ∪ B3 (pi’s are prime, not all equal), the w-
function is defined by

w(n) = P (p1 + p2)P (p2 + p3)P (p3 + p1) ,

where P (n) signifies the largest prime factor of n. The objective is to classify
the elements of S and there are many results obtained by Goldring, Y.-G.
Chen et al.
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The inverse problem of finding the inverse image of the w-function is
also of interest. One of the conjectures of Goldring states that every element
of C3, which is the set of all n = p1p2p3 with pi all distinct primes, has
infinitely many C3-parents, i.e. there are infinitely many m ∈ C3 such that
w(m) = n. Jia proves, by making a novel use of the large sieve method, some
quantitative results including Theorem 9 saying that there is an element
of r2r2q ∈ C3, where r1, r2 ∼ √

x log x, q ≤ 4x which has many distinct
C3-parents (where the data is quantitative).

In the paper [Kohnen], Kohnen surveys on the recent results his paper
jointly with Mason on the generalized modular functions (GMF) (of weight
zero) on Γ, where Γ ⊂ SL2(Z) is a subgroup of finite index. A GMF is a
holomorphic function f : H → C satisfying the following two conditions.

i) f(γ ◦ z) = χ(γ)f(z) (∀γ ∈ Γ), where χ : Γ → C∗ is a (not necessarily
unitary) character of Γ,

ii) f is meromorphic at the cusps of Γ.

In the paper [Komori-Matsumoto-Tsumura], the authors report on some
recent developments on the second author’s
Problem: Is it possible to find some functional relations for multiple
zeta-functions which include some value-distribution for MZV’s (multi-
ple zeta values)? Here the multiple zeta-function of complex variables
s = (s1, s2, · · · .sr) is defined by

ζ(s1, s2, . . . , sr) =
∑

m1>m2>···>mr≥1

1
ms1

1 m
s2
2 · · ·msr

r
.

and the MZV of depth r is ζ(k1, k2, . . . , kr) with k1, k2, . . . , kr ∈ N, k1 > 1.
The authors are concerned with the multi-variable (version of the) Wit-

ten zeta-function defined by

ζr(s; g) =
∞∑

m1=1

· · ·
∞∑

mr=1

∏
α∈∆+

〈α∨,m1λ1 + · · · +mrλr〉−sα ,

where g is a complex semi-simple Lie algebra with rank r, s = (sα)α∈∆+ ∈
Cn and the data appearing on the right-hand side are certain quantities
associated with g.

Theorem 5.1 seems to be the culmination of the results which gives
a general form of the functional relations for the multiple zeta-function
ζr(s,y; ∆) with an additive character of a root system, i.e. for∑

w∈W I

( ∏
α∈∆w−1

(−1)−sα

)
ζr(w−1s, w−1y; ∆).
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However, to deduce explicit functional relations for specific root systems
from Theorem 5.1 seems rather cumbersome and the authors give some
handy formulas in §6 which they apply in later sections to deduce explicit
relations for g = A3, B2, B3, C3. There are given many concrete examples
which make the paper readable.

[Liu] is a short introduction to Maass wave forms, which originated from
his lectures at Postech in 2007. Restricting to the simplest setting of the
Maass forms of weight 0 on the full modular group, he manages to give a
quick introduction to its formidable theory and renders the situation more
familiar to analytic number-theorists. From the contents one can see the
flowchart of the paper. He starts from Fourier expansion of Maass forms,
proving thereby the Chowla-Selberg formula for the Eisenstein series, goes
on to the spectral decomposition of the Hilbert space of square-integrable
automorphic functions with respect to the non-Euclidean Laplacian, estab-
lishing the facts about the Laplace eigenvalues. After introducing Hecke
theory, he introduces the automorphic L-functions and develop analytic
methods to study them. Towards the end of the paper, a Linnik-type prob-
lem for Maass forms is studied, exhibiting how analytic number theory can
develop on such exotic stages.

There are two nice collections of problems by Andrzej and Igor’.

In [Schinzel] there is a collection of problems concerning the number
N(f) of non-zero coefficients of a polynomial f ∈ K, K being a field. f is
called an N(f)-nomial, e. g. xn −a is a binomial while 4x20 +7x18 +64 is a
trinomial. Problems are about the estimate from above or below on N(f).
E. g. Problem 2 asks about the existence (and boundedness if it exists) of a
constant C(K) such that every trinomial over K has an irreducible factor f
with N(f) < C(K).

In [Shparlinski] many open problems are given on the estimate of ex-
ponential and character sums according to the author’s taste and interest,
with enlightening annotation. Problems fall into two categories; in the first
category new improvements of the estimates are asked for, while the sec-
ond is concerned with applications of these sums. We shall talk about the
second category.

Problem 3.6 has a natural interpretation in the study of polynomially
growing sequences on orbits of the dynamical system generated by the map
u→ gu in Z/gZ. Problem 3.11 gives the estimate for complexity of factor-
ization algorithm for polynomials over Fp. Problem 3.13 has applications
to the study of distribution of Selmer groups of a certain family of elliptic
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curves. Problem 3.13 is concerned with the estimate of the exponential sum
of a sparse polynomial and has applications to number theory, computer
science and cryptography. Problem 3.43 is about the exponential sum of
a non-linear recurrence sequence and has applications to pseudo-random
number generation.

We invited Professor Yamamura to contribute his list of determinan-
tal expressions for the class number of Abelian number fields. The theory
started from the paper of Carlitz and Olson in 1955 and has been pursued
constantly. The list is in the spirit of Dilcher-Skula-Slavutskii volume on
Bernoulli numbers, is complete and will be useful for researchers in the
relevant problems.

And we also need to add one sentence, Professor Haruo Tsukada added
corrigendum to his paper published in the last proceedings.

Finally, vote of thanks is due. We would like to thank Kinki University
for its generous permission of using its excellent facilities. The conference
room was equipped with modern conveniences and was very useful in con-
ducting the seminar. We would like to thank Professor Kohji Chinen for
his help in preparing posters of the seminar as well as constant support in
keeping the working conditions in the conference room pleasant. We would
like to thank Dr. Hiromitsu Tanaka for technical help in manipulating mod-
ern devices and for his thoughtful arrangement of things. We would like to
thank Sheraton-Miyako Hotel for its excellent service and hospitality; es-
pecially thanks are due to Messers H. Fujihara and K. Morimoto for their
thoughtful support throughout.

As in the case of the last proceedings, Professor Jing Ma from Jilin
University made a devoted help in editing and we record here our hearty
thanks to her for her excellent and beautiful preparation of the manuscript
of the proceedings. It was a pity that she could not attend the seminar, but
she came to Japan in July, 2009 to complete the editing work.

Finally, we would like to express our hearty thanks to S. Kanemitsu’s
students, Mr. N. -L. Wang and Ms. X. -H. Wang for their devoted support
in making the stay of foreign participants more comfortable and pleasant.

As usual we complete the preface by a poem. This time Professor Chao-
hua Jia composed it.
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RESENT PROGRESS ON THE QUANTITATIVE
ARITHMETIC OF DEL PEZZO SURFACES

TIM D. BROWNING

School of Mathematics, University of Bristol,
University Walk, Clifton, Bristol BS8 1TW, United Kingdom

t.d.browning@bristol.ac.uk

We survey the state of affairs for the distribution of Q-rational points on non-
singular del Pezzo surfaces of low degree, highlighting the recent resolution
of Manin’s conjecture for a non-singular del Pezzo surface of degree 4 by la
Bretèche and Browning [3].

1. Introduction

Let V ⊂ Pn−1 be a non-singular projective variety defined over Q. A fun-
damental theme in mathematics is to understand when the set of rational
points V (Q) = V ∩Pn−1(Q) is non-empty, and if it is non-empty, to provide
a reasonable description of it. Our aim here is to survey recent joint work of
the author with la Bretèche [3], which addresses the second question from
a quantitative standpoint for a certain variety of dimension 2.

Before turning to the specifics of this work it is perhaps worth enter-
taining ourselves with some preliminary observations. In the classification
of algebraic varieties the Fano varieties, namely those varieties V whose
anticanonical divisor −KV is ample, are those on which we expect to stand
the highest chance of finding rational points. The situation for curves is
relatively well-understood and so we will consider here the case of Fano
surfaces, beginning with some simple-minded numerics. Imagine that we
are given a Fano variety V of dimension 2 and degree d, which is a non-
singular complete intersection in Pn−1. Quadrics are easy to analyse and so
we assume that d > 2. Suppose that V = W1 ∩ · · · ∩Wt for hypersurfaces
Wi ⊂ Pn−1 of degree di and assume, furthermore, that the intersection is
generically transversal. We are not interested in hyperplane sections of V ,
and so we will assume without loss of generality that di ≥ 2. Then the
following inequalities must be satisfied:
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(1) d1 + · · · + dt < n, [Fano]
(2) n− 1 − t = 2, [complete intersection of dimension 2]
(3) d = d1 · · · dt ≥ 3, [Bézout]
(4) dt ≥ · · · ≥ d1 ≥ 2.

It follows that the only possibilities are

(d; d1, . . . , dt;n; t) ∈ {(3; 3; 4; 1), (4; 2, 2; 5; 2)
}
.

These surfaces correspond to a cubic surface in P3 and an intersection of 2
quadrics in P4, respectively. In fact these are the most famous examples of
“del Pezzo surfaces”. This article will focus its attention on the latter type
of surfaces, which comprise the non-singular del Pezzo surfaces of degree 4.

Henceforth, we let V ⊂ P4 be such a del Pezzo surface, cut out by the
intersection of two quadrics{

Φ1(x0, . . . , x4) = 0,

Φ2(x0, . . . , x4) = 0,

with Φ1,Φ2 quadratic forms defined over Z. We will refer to such a surface
as a “dP4” for ease of notation. The geometry of dP4s is classical and is
discussed in Hartshorne [11, Section V.4], for example. The question of
finding conditions under which V (Q) is non-empty is a difficult problem in
number theory that will not concern us here. We refer the interested reader
to the thesis of Wittenberg [25].

Assuming that V (Q) �= ∅, it follows from work of Segre [22] that V (Q)
is dense in V under the Zariski topology. Thus it is natural to give some
measure of the density of rational points on V . It is at this point that
the Manin conjecture [8] enters the picture. This predicts an asymptotic
formula for the growth rate of the counting function

NU,H(B) = #{x ∈ U(Q) : H(x) ≤ B},
as B → ∞, where U ⊂ V is the Zariski open subset formed by deleting the
16 lines from V and H : P4(Q) → R≥0 is defined via H(x) = ‖x‖, if x = [x]
with x = (x0, . . . , x4) ∈ Z5 such that gcd(x0, . . . , x4) = 1. Here ‖ · ‖ is an
arbitrary norm on R5. Let PicQ(V ) be the geometric Picard group of V ,
which is just the group of Weil divisors Div(V ) modulo linear equivalence.
Suppose that K is a splitting field for the 16 lines on V . Assuming that
V (Q) is non-empty, the Manin conjecture predicts the existence of a positive
constant cV,H such that

NU,H(B) = cV,HB(logB)rankPic(V )−1
(
1 + o(1)

)
, (1.1)
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as B → ∞, where Pic(V ) = PicQ(V )Gal(K/Q). Furthermore, there is a
conjecture due to Peyre [20] concerning the value of the constant cV,H .

It should be stressed that the Manin conjecture has received a great
deal of attention in the context of singular del Pezzo surfaces, an account of
which can be found in the author’s companion survey [4]. The situation for
non-singular dP4s is rather less satisfactory. For an arbitrary such surface
the best result we have is the upper bound

NU,H(B) = Oε(B
3
2+ε),

for any ε > 0. This is due to Salberger, but has yet to appear in print.
It is based on a far-reaching refinement of Heath-Brown’s “determinant
method” developed in [14]. The implied constant in Salberger’s estimate is
allowed to depend on ε but is uniform in the coefficients of Φ1 and Φ2. It
seems likely that by adapting further work of Heath-Brown [13] one could
hope to replace the exponent 3

2 by 5
4 , under a certain unproven hypothesis

concerning the growth rate of the rank of elliptic curves over Q.
One can do better when the dP4 is assumed to have a “conic bundle

structure”. This simply boils down to Φ1 taking the shape

Φ1(x0, . . . , x4) = x0x1 − x2x3, (1.2)

which we now suppose to be the case. In work communicated at the confer-
ence Higher dimensional varieties and rational points at Budapest in 2001,
Salberger has established the upper bound

NU,H(B) = Oε,V (B1+ε) (1.3)

for any ε > 0, where now the implied constant is allowed to depend on ε

and V . Leung [17] has subsequently shown how to replace Bε in Salberger’s
work by a small power of logB. His work implies that

NU,H(B) = Oε,V (B(logB)5). (1.4)

This is best possible whenever the 16 lines are all defined over Q, since the
geometric Picard group of a dP4 has rank 6.

As highlighted by Swinnerton-Dyer [24, Question 15], it has become
something of milestone to establish the Manin conjecture for a single ex-
ample of a dP4. The gradual improvements recorded above all point the
way towards the possibility of actually establishing an asymptotic formula
for the counting function associated to a well-chosen dP4. We will see that
this is indeed the case for the surface defined by the forms (1.2) and

Φ2(x0, . . . , x4) = x2
0 + x2

1 + x2
2 − x2

3 − 2x2
4. (1.5)
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Let V0 ⊂ P4 denote the corresponding conic bundle dP4 and let U0 be the
Zariski open subset formed by deleting the lines from V0. It is easy to check
that V0 is non-singular and we will prove shortly that Pic(V0) ∼= Z5, with
K = Q(i). We are now ready to reveal the main result that is surveyed in
this note, and which confirms the conjectured estimate (1.1) for the surface
under consideration.

Theorem. We have

NU0,H(B) = cV0,HB(logB)4 +O
(B(logB)4

log logB

)
,

where cV0,H > 0 is the constant predicted by Peyre.

For comparison, Fok [17] also studies the surface V0, obtaining the upper
bound

NU0,H(B) = O
(
B(logB)4

)
. (1.6)

We will see in due course how our argument leads to this estimate rather
easily. In the following section we will show how to compute the Picard
group associated to the surface V0. While these calculations are routine
they are perhaps not entirely familiar to analytic number theorists and so
we will present fuller details than appear in [3]. Section 3 comprises the
bulk of this survey and contains a discussion of the proof of the theorem. A
number of innocent simplifications will be made along the way and so any
serious reader would do better to consult [3] directly. Finally, in Section 4
we will suggest some avenues for future exploration.

Acknowledgements

Some of this paper was prepared while the author was enjoying the hospital-
ity of Professor Jianya Liu at Shandong University in Weihei and Professor
Shigeru Kanemitsu at the 5th China–Japan Conference at Kinki Univer-
sity in Osaka. It is a great pleasure to thank these two gentlemen for the
convivial atmosphere that they provided. While working on this paper the
author was supported by EPSRC grant number EP/E053262/1.

2. Geometry of V0

Our main task in this section is to calculate an explicit basis for the Picard
group of the surface V0 that is defined by (1.2) and (1.5). We begin by
recalling some basic facts about the geometry of general dP4s V ⊂ P4. All
of the facts that we will need can be found in the book by Manin [18]. Such
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V are isomorphic to the blow-up of P2 along a union of 5 points p1, . . . , p5,
no 3 of which are collinear. Let Ei denote the exceptional divisor above pi,
for 1 ≤ i ≤ 5, let Li,j denote the strict transform of the line going through
pi and pj, for 1 ≤ i < j ≤ 5, and let Q denote the strict transform of the
unique conic going through all 5 points. These 16 divisors constitute the
famous 16 lines on V .

If Λ is the strict transform of a line in P2 not passing through any of
the 5 distinguished points, then a free basis for the geometric Picard group
PicQ(V ) is given by {Λ, E1, . . . , E5}. Here, as in all that follows, we have
found it convenient to identify divisors with their classes in PicQ(V ). In
terms of this basis the anticanonical divisor class can be written −KV =
3Λ −∑5

i=1 Ei, and furthermore, we have Li,j = Λ − Ei − Ej and Q =
2Λ−∑5

i=1 Ei. There is an intersection form (·, ·) on PicQ(V ), which is non-
degenerate, symmetric and bilinear. In terms of this intersection form the
divisors Λ, E1, . . . , E5 satisfy the relations

(Λ,Λ) = 1, (Λ, Ei) = 0, (Ei, Ej) =

{
−1, if i = j,

0, if i �= j.

One can now check that −KV is very ample, with self-intersection number
4 = deg V . We are now ready to produce an explicit basis for Pic(V0).

Let ε1, ε2 ∈ {−1,+1} and let i =
√−1. Then a straightforward calcula-

tion reveals that the 16 lines on V0 are given by

M1(ε1, ε2):

{
x0 = ε1x2 = ε2x4,

x1 = ε1x3,
M2(ε1, ε2):

{
x1 = ε1x2 = ε2x4,

x0 = ε1x3,

M3(ε1, ε2):

{
x3 = ε1ix0 = ε2ix4,

x1 = ε1ix2,
M4(ε1, ε2):

{
x3 = ε1ix1 = ε2ix4,

x0 = ε1ix2.

In particular all of the lines split over the Gaussian field Q(i). Let us write
G = Gal(Q(i)/Q) ∼= Z/2Z for the Galois group of the splitting field. Among
the lines above we will need to identify 5 mutually skew lines that are
globally invariant under the action of G. Let us set

E1 = M1(−1, 1), E2 = M1(1,−1), E3 = M2(−1,−1),
E4 = M4(−1,−1), E5 = M4(1, 1).

These lines satisfy (Ei, Ej) = 0 for each 1 ≤ i < j ≤ 5. Furthermore,
E1, E2, E3 are defined over Q, and E4, E5 are defined over Q(i), but are
conjugate under the action of G. We may therefore take Λ, E1, . . . , E5 as a
basis for PicQ(V0), whence Pic(V0) = {Λ, E1, E2, E3, E4 +E5}. This estab-
lishes the fact that Pic(V0) ∼= Z5, as recorded in the introduction. Using
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the intersection form it is now routine to show that we can choose the
projection of V0 to P2 in such a way that we have the equalities

L1,2 = M2(1,−1), L1,3 = M1(−1,−1), L1,4 = M3(−1,−1),
L1,5 = M3(1, 1), L2,3 = M1(1, 1), L2,4 = M3(1,−1),
L2,5 = M3(−1, 1), L3,4 = M4(−1, 1), L3,5 = M4(1,−1),
L4,5 = M2(1, 1), Q = M2(−1, 1),

in the description of the lines.
Let us identify Pic(V0) ⊗Z R with its dual using the intersection form.

Let Λeff(V0) denote the convex cone in Pic(V0) ⊗Z R that is generated by
the classes of effective divisors, and let Λ∨

eff(V0) denote its dual cone, with
respect to the intersection form. As is well-known, Λeff(V0) is generated by
the classes [O] =

∑
L∈O L associated to each orbit O of the action of G on

the 16 lines. In our setting we have 12 orbits overall, given by

O1(ε1, ε2) = {M1(ε1, ε2)}, O3(ε1, ε2) = {M3(ε1, ε2),M3(−ε1,−ε2)},
O2(ε1, ε2) = {M2(ε1, ε2)}, O4(ε1, ε2) = {M4(ε1, ε2),M4(−ε1,−ε2)},

for the various ε1, ε2 ∈ {−1,+1}. We may therefore conclude that Λeff(V0)
is generated by the classes

E1, E2, E3, E4 + E5,

Λ − Ei − Ej for (i, j) ∈ {(1, 2), (1, 3), (2, 3), (4, 5)},
2Λ − E1 − E2 − E3 − E4 − E5,

2Λ − 2Ei − E4 − E5 for i ∈ {1, 2, 3},
(2.7)

in Pic(V0). We will take advantage of this information in §3.5.

3. Overview of the proof

The proof of the theorem can be broken into a number of basic steps. The
primary ingredients involved are the following:

(1) reduction to conics of low height;
(2) parametrisation of the conics;
(3) lattice point counting in the plane;
(4) divisor problem for binary forms; and
(5) comparison with Peyre’s constant.

We proceed to discuss each of these steps in a little more detail.
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3.1. Reduction to conics of low height

Recall the definition of the quadratic forms Φ1,Φ2 from (1.2) and (1.5). Al-
though this is not crucial to the success of the proof, it simplifies matters to

work with the norm on R5 given by ‖x‖ = max{|x0|, |x1|, |x2|, |x3|,
√

2
3 |x4|}.

The starting point of the investigation is the expression

NU0,H(B) = 8N1(B) +O(B),

where

N1(B) = #
{

x ∈ N5 :
gcd(x0, . . . , x3) = 1, max{x0, . . . , x3} ≤ B,

Φ1(x) = Φ2(x) = 0, {x0, x1} �= {x2, x3}

}
.

This amounts to showing that we can restrict the count to positive integer
solutions, an argument that follows from elementary considerations. It is
here that our choice of norm plays a useful role. As should be clear from
Section 2, the condition {x0, x1} �= {x2, x3} ensures that we remain in U0.

The next stage of the argument involves parametrising the solutions to
the equation Φ1(x) = 0 and then substituting this parametrisation into the
second equation Φ2(x) = 0. Without labouring the details, the outcome is
that N1(B) is the number of (a, b, x, y, z) ∈ N5 such that

Ca,b : (a2 − b2)x2 + (a2 + b2)y2 = 2z2, (3.8)

with

gcd(a, b) = gcd(x, y) = 1, ab, xy �= 1, max{a, b}max{x, y} ≤ B.

Fundamental to our argument is the observation

(x, y, z) ∈ Ca,b ∩ N3 ⇔ (b, a, z) ∈ Cy,x ∩ N3. (3.9)

For fixed coprime a, b such that ab �= 1 it is clear that Ca,b ⊂ P2 defines a
non-singular plane conic with discriminant equal to −2(a4−b4). In Figure 1
we have sketched the affine part of the system of fibres {Cx,1}x∈A1 . We let
Ma,b(B) denote the number of (x, y, z) ∈ Ca,b ∩N3 for which gcd(x, y) = 1,
max{a, b} < max{x, y} and max{a, b}max{x, y} ≤ B. Note that we must
automatically have xy �= 1 in this definition. Using (3.9) we find that

N1(B) =
∑

a,b≤B
gcd(a,b)=1,ab�=1

Ma,b(B) = 2
∑

a,b<
√

B
gcd(a,b)=1,ab�=1

Ma,b(B) + E(B),

where E(B) denotes the contribution from a, b, x, y, z for which max{a, b}
is equal to max{x, y}.
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Fig. 1. The fibres {Cx,1}x∈A1

With a little work it is possible to show that E(B) = O(B(logB)3),
which is satisfactory. Thus we have succeeded in reducing the problem to
one that involves a family of conics of relatively low height. In fact there
are merely O(B) conics to consider.

Were we charged instead with establishing an upper bound like (1.3) or
(1.4) instead of our theorem, our analysis would now be relatively straight-
forward, thanks to the control over the growth rate of rational points on
conics found in the author’s joint work with Heath-Brown [5, Corollary 2].
This implies that

Ma,b(B) � τ(|a4 − b4|)
(
1 +

B

max{a, b}5/3|a− b|1/3

)
,

where τ is the divisor function, since the corresponding conic has underlying
matrix with determinant −2(a4−b4) and 2×2 minors with greatest common
divisor O(1). Here the fact that gcd(a, b) = 1 and ab �= 1 is crucial. Fur-
thermore, we have employed the lower bound |a4 − b4| � max{a, b}3|a− b|
to simplify the second term in this upper bound.

The upper bound (1.6) is now an easy consequence of taking x =
√
B

in the pair of estimates∑
a,b≤x

τ(|a4 − b4|) � x2(log x)3,
∑

a<b≤x

τ(|a4 − b4|)
b5/3|a− b|1/3

� (log x)4.

Although we will not prove them here, both of these bounds make essential
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use of joint work of the author with la Bretèche [1] concerning uniform
upper bounds for general sums of the shape∑

n1≤N1

∑
n2≤N2

ϕ(|F (n1, n2)|),

with ϕ : N → R≥0 a suitable multiplicative arithmetic function and F a
suitable binary form. This investigation extends work by Nair [19] on the
corresponding situation for polynomials in only one variable.

3.2. Parametrisation of the conics

Turning the upper bound (1.6) into an asymptotic formula requires sub-
stantial further work. Recall the definition (3.8) of Ca,b. Fundamental to
the proof is the observation that for each a, b ∈ N the conic Ca,b always
contains the rational point

ξ = [1,−1, a].

In the classical manner we can use this point to parametrise Ca,b(Q), by
considering the residual intersection with Ca,b of an arbitrary line through
ξ. Once carried out this eventually leads to the conclusion that

Ma,b(B) = #

{
(s, t) ∈ Z2 :

gcd(s, t) = 1, |s|, t > 0, 0 < Q3(s, t),
0 < Q1(s, t), Q2(s, t) ≤ λB

max{a,b}

}
+O(1),

where

Q1(s, t) = −2s2 − (a2 − b2)t2 + 4ast,

Q2(s, t) = 2s2 − (a2 − b2)t2,

Q3(s, t) = 2as2 − 2(a2 − b2)st+ a(a2 − b2)t2,

and

λ = gcd(Q1, Q2) = gcd(Q1 −Q2, Q2) = gcd(4s(s− at), 2s2 − (a2 − b2)t2).

We have almost arrived at a lattice point counting problem, but there are
still some annoying coprimality conditions to eliminate from the expression.

It is quite straightforward to discover that λ = 2νλ1λ2, with

λ1 = gcd(s, 2s2 − (a2 − b2)t2)� = gcd(s, a2 − b2)�,

λ2 = gcd(s− at, 2s2 − (a2 − b2)t2)� = gcd(s− at, a2 + b2)�,

and a certain explicit expression for ν. Here the symbol gcd(·, ·)� is used
to denote the greatest odd common divisor of two integers. In order to
simplify the exposition we will not discuss the value of ν here. This depends
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intimately on a, b, s, t and is calculated in [3, Lemma 13]. To rid ourselves
of the coprimality relations we employ Möbius inversion. This gives

Ma,b(B) =
∑

kiλi|a2+(−1)ib2

2�k1k2λ1λ2

µ(k1)µ(k2)
∞∑

�=1

µ(�)#(Λ ∩R) +O(1) (3.10)

where R ⊂ R2 is the set of (s, t) ∈ R2 such that

|s|, t > 0, 0 < Q3(s, t), 0 < Q1(s, t), Q2(s, t) ≤ 2νλ1λ2B

max{a, b}
and

Λ =
{
(s, t) ∈ Z2 : k1λ1 | s, k2λ2 | s− at, � | (s, t)

}
Clearly Λ is a sublattice of Z2 and R ⊂ R2 is a region defined by a piecewise
continuous boundary. Thus we have succeeded in translating the problem
into a lattice point counting problem in which special attention needs to be
paid to the question of uniformity in all of the parameters a, b, λi, ki and �.

3.3. Lattice point counting in the plane

In an ideal world we would like to apply the classic estimate

#(Λ ∩R) =
vol(R)
detΛ

+O(∂R + 1), (3.11)

where ∂R denotes the perimeter of R, in order to handle the summand in
(3.10). In our setting

vol(R) =
v(a, b)√
|a2 − b2| ·

2νλ1λ2B

max{a, b} , ∂R �
√

2νλ1λ2B

max{a, b} ,

with v(a, b) a real-valued continuous function that is bounded above and
below by absolute constants that do not depend on any of the parameters.

The overall contribution from the error term above is clearly

�
∑
a,b

∑
kiλi|a2+(−1)ib2

2�k1k2λ1λ2

|µ(k1)µ(k2)|
∞∑

�=1

|µ(�)|
(

1 +

√
λ1λ2B

max{a, b}

)

≥
∑
a,b

(
1 +

√
B

max{a, b}

)
� B

5
4 ,
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which is disastrously big! Thus the classic lemma is too crude and we must
work rather harder to make things succeed. Our approach involves using
exponential sums to rewrite the divisibility information in the definition of
Λ. In this way we can make the error terms more explicit and obtain can-
cellation in the summation over a, b and λ1, λ2. This part of the argument
is long and technical and will be suppressed from the present exposition in
order to maintain morale.

Ignoring the contribution from the error term, let us proceed to analyse
the contribution from the obvious main term in the classic estimate above.
Now an easy calculation reveals that detΛ = �2k1k2λ1λ2/ gcd(�, k1k2λ1λ2).
Hence our expected main term takes the shape

cB
∑

a,b<
√

B
gcd(a,b)=1,ab�=1

v(a, b)√
|a2 − b2|max{a, b}g(|a

4 − b4|), (3.12)

for a certain constant c > 0 and a certain arithmetic function g : N → Z≥0,
obtained by carrying out the summation over the ki, λi and �. In fact one
finds that g is given multiplicatively by

g(pν) =

max{1, ν − 1}, if p = 2,

1 + ν
(

1− 1
p

1+ 1
p

)
, if p > 2.

(3.13)

Recalling that τ(pν) = 1 + ν we see that g can be written as the Dirich-
let convolution g = h ∗ τ for a “small” arithmetic function h. For our
purposes an arithmetic function h is said to be small if the infinite sum∑∞

d=1 d
− 1

4 |h(d)| is convergent.

3.4. Divisor problem for binary forms

The next step is to analyse the main term (3.12). The factor
v(a, b)/(

√
|a2 − b2|max{a, b}) is basically harmless and can be reintroduced

later via an application of partial summation. We therefore need to inves-
tigate sums of the shape

S∗(X,ϕ) =
∑

a,b≤X
gcd(a,b)=1

ϕ(F (a, b)),

for suitable arithmetic functions ϕ : N → R≥0 and suitable integral binary
forms F . Let S(X,ϕ) denote the corresponding sum without the condition
that gcd(a, b) = 1 in the summation.

When ϕ = τ is the ordinary divisor function the problem of estimat-
ing T (X) = S(X, τ) has enjoyed considerable attention in the literature.
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Dealing with forms of degree at most 2 is straightforward. Greaves [10]
pioneered the study of higher degree forms by showing the existence of
constants cF , c′F , with cF > 0, such that

T (X) = cFX
2 logX + c′FX

2 +Oε,F (X
27
14 +ε), (3.14)

for any ε > 0, when F is an irreducible cubic form with non-zero discrimi-
nant. Greaves’ proof uses exponential sums. It remained a significant open
problem to deal with forms of degree 4 until Daniel [6] was able to show
that

T (X) = cFX
2 logX +OF (X2 log logX),

for a constant cF > 0, when F is an irreducible quartic form with non-zero
discriminant. Daniel also sharpens Greaves’ asymptotic formula, showing
that the error term in (3.14) may be replaced by Oε,F (X

15
8 +ε) for cubics.

Daniel’s argument avoids using exponential sums and is based on some
ideas from the geometry of numbers instead.

In our work we need to extend the work of Daniel to an asymptotic
formula for T (X), but with

• F = L1L2Q reducible, where L1, L2 are non-proportional integral bi-
nary linear forms and Q is an integral binary quadratic form which is
irreducible over Q;

• τ replaced by τ ∗ h for small h; and
• a summation over coprime a, b.

In other words we need to investigate S∗(X ; τ ∗ h) for small arithmetic
functions h. All of the necessary estimates are corralled into a separate
investigation [2]. As a special case we are able to show in [2, Théorème 1]
that

T (X) = cL1,L2,QX
2(logX)3 +Oε,L1,L2,Q(X2(logX)2+ε),

for any ε > 0, and furthermore, in [2, Corollaire 2] an asymptotic formula
of similar strength for S∗(X, τ ∗ h). We also investigate the asymptotic
behaviour of the more general sum

S∗(X,h;Y, V ) =
∑

x=(x1,x2)∈Z2∩XB
gcd(x1,x2)=1

h
(
L1, L2, Q;Y, V ),

for Y ≥ 2 and B ⊆ [−1, 1]2 a convex region whose boundary is defined by a
piecewise continuously differentiable function, with Li(x) > 0 and Q(x) > 0
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for every x ∈ B. Furthermore, V ⊆ [0, 1]4 is a region cut out by a finite num-
ber of hyperplanes with absolutely bounded coefficients, and the summand
is defined to be

h(L1, L2, Q;Y ;V ) =
∑

d|L1(x)L2(x)Q(x)
di=gcd(d,Li(x)), d3=gcd(d,Q(x))

(
log d1
log Y ,

log d2
log Y ,

log d3
2 log Y ,

log max{|x1|,|x2|}
log Y )∈V

(1 ∗ h)(d). (3.15)

Suppose for simplicity that Li(x) > 0 and Q(x) > 0 for every x ∈ [0, 1]2. If
one takes V = [0, 1]4 and B = [0, 1]2, together with

h(n) =

{
1, if n = 1,

0, if n > 1,

and Y sufficiently large in terms of X , then S∗(X,h;Y, V ) simplifies to
become the sum S∗(X, τ) that was introduced above. It might seem strange
to study such a general function, but it turns out that this is what is required
for the theorem, as we will discuss below.

The proofs in [2] are based on the approach using the geometry of num-
bers that was developed by Daniel in his study of T (X) for irreducible
forms of degree at most 4. The need to maintain complete uniformity in all
of the relevant parameters causes considerable extra labour.

3.5. Comparison with Peyre’s constant

According to the conjecture of Peyre [20], the constant cV0,H in the theorem
should be a product of two constants α(V0) and τH(V0).

Let L(s, V0) = ζ(s)5L(s, χ), where χ is the real non-principal character
modulo 4. It turns out that this is the Hasse–Weil L-function associated to
our non-singular dP4. The constant τH(V0) is basically a product of local
densities and convergence factors. Specifically, if ωH,v denotes the usual
v-adic density of points on V0(Qv) for any place v of Q, then

τH(V0) = lim
s→1

(
(s− 1)5L(s, V0)

)
ωH,∞

∏
p

ωH,p

Lp(1, V0)

= ωH,∞
∏
p

(
1 − 1

p

)5

ωH,p.

Checking that the predicted local factors ωH,v really do match up with the
factors that emerge in the theorem is quite involved.

The constant α(V0) is a rational number defined as the volume of a
certain polytope obtained by intersecting the cone of effective divisors of
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V0 with a hyperplane. Determining its value for non-singular del Pezzo
surfaces of low degree can be a very challenging problem in its own right.
For example, for the non-singular del Pezzo surface of degree 1 in which
all of the 240 exceptional divisors are defined over Q one would need to
calculate the volume of a polytope with 19440 generators! An alternative
approach has been developed by Derenthal, Joyce and Teitler [7]. For V0

we have

α(V0) =
1
36
, (3.16)

as calculated by Derenthal in [3, Appendix].
For the sake of general edification, we present here an alternative proof

of (3.16) using the method developed by Peyre and Tschinkel [21]. The
constant α(V0) is defined by Peyre [20] as the volume of the polytope

{t = (t0, . . . , t4) ∈ Λ∨
eff(V0) : (t,−KV0) = 1}.

Here t ∈ Pic(V0)⊗Z R is understood to mean t0Λ+ · · ·+ t3E3 + t4(E4 +E5),
with t0, . . . , t4 ∈ R. Recall that the effective cone Λeff(V0) is generated by
the classes (2.7) in Pic(V0). Then it follows that α(V0) is the volume of the
polytope

P =


t ∈ R5 :

3t0 − t1 − t2 − t3 − t4 = 1,
t0 − t4, t1, t2, t3, t4 > 0,
t0 − ti − tj > 0 for (i, j) ∈ {(1, 2), (1, 3), (2, 3)},
2t0 − t1 − t2 − t3 − t4 > 0,
2t0 − 2ti − t4 > 0 for i ∈ {1, 2, 3}


.

Eliminating t4, we are left with the the non-simplicial polytope

P =


t ∈ R4 :

−1 + 3t0 − t1 − t2 − t3 > 0,
1 − t0, t1, t2, t3 > 0,
t0 − ti − tj > 0 for (i, j) ∈ {(1, 2), (1, 3), (2, 3)},
1 − 2t0 + t1 + t2 + t3 > 0,
1 − t0 − ti + tj + tk > 0 for {i, j, k} = {1, 2, 3}


. (3.17)

We can calculate the volume of this using the software package polymake [9],
for example, the outcome being that (3.16) holds.

We now arrive at one of the most subtle aspects of the proof of the
theorem. In Section 3.3 we considered the effect of working with the main
term in the classic estimate (3.11), which in turn led us to estimate (3.12),
as discussed in Section 3.4. However, if one were to follow this course of
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action exactly, one would ultimately be led to a final main term of the
shape

1
32

· τH(V0) · B(logB)4,

where τH(V0) is the product of local densities introduced above. One notes
immediately that 1

32 > 1
36 = α(V0) and so somewhere along the way we

have over-counted things!
What is at fault here is our initial idea of approximating #(Λ ∩ R) in

(3.10) by the volume of R divided by the determinant of Λ. We have failed
to observe that for some ranges of the parameters λ1, λ2 that appear in
(3.10) we will have #(Λ ∩ R) = 0 even if the approximation vol(R)/ detΛ

is non-zero. Thus a further reduction on the set of allowable parameters
λ1, λ2 is necessary. Once taken into account this will eventually lead to the
expected main term that we see in the statement of the theorem.

For any R > 0 and coprime a, b <
√
B with ab �= 1, define the region

Va,b(R) =

(t1, t2) ∈ R2
≥1 :

max{a, b}t1 ≤ Rt2,

max{a, b}t2 ≤ Rt1,

max{a, b}3/R ≤ t1t2,

t1t2 ≤ max{a, b}R

 . (3.18)

It can then be shown that the summation over λ1, λ2 is necessarily restricted
to (λ1, λ2) ∈ Va,b(R) for a suitable choice of R depending on B. Doing
so requires one to take into account all of the available symmetry in our
counting problem. Since we have λi | a2 + (−1)ib2, so it follows that there
exist µ1, µ2 ∈ Z such that λiµi = a2 + (−1)ib2. Switching between the λi

and the µi is a crucial ingredient in deriving some of the inequalities present
in the definition of Va,b(R). To illustrate a simple case let us indicate how
the first inequality max{a, b}λ1 ≤ Rλ2 arises in (3.18). We have already
recorded an expression for the volume of R in Section 3.3. With a little
extra work one is able to show that

R ⊂ [−c
√
X, c

√
X] × (0, c

√
X/|a2 − b2|],

where c > 0 is an absolute constant and X = 2νλ1λ2B/max{a, b}. Given
that s �= 0 and λ1 | s for any (s, t) ∈ Λ ∩ R, it therefore follows that
λ1 �

√
X, whence the first inequality in (3.18) is satisfied by (λ1, λ2) for

any R� 2νB.
The outcome of this analysis is that the function g in (3.12) should be
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replaced by

g̃(a, b;R) =
∑

d|a4−b4

di=gcd(d,a+(−1)ib)

d3=gcd(d,a2+b2)

(1 ∗ h)(d)χd1d2,d3(R),

for a suitable value of R ≥ 1, where χt1,t2(R) is the characteristic function
of the set (3.18) and h is such that g = τ ∗ h in (3.13). Define the region

W =


w ∈ R4 :

wi ≥ 0 for i ∈ {1, 2, 3, 4},
w1 + w2 + w4 ≤ 1 + 2w3,

2w3 + w4 ≤ 1 + w1 + w2,

3w4 ≤ 1 + w1 + w2 + 2w3,

w1 + w2 + 2w3 ≤ 1 + w4


⊂ [0, 1]4.

One easily checks that g̃(a, b;R) = h(L1, L2, Q;R;W ), in the notation of
(3.15), with the appropriate choices of Li, Q.

Once these changes are carried through one is ultimately led to a main
term of the shape vol(W0) · τH(V0) ·B(logB)4, where

W0 =
{

(w1, w2,
w3

2
, w4) ∈W :

max{w1, w2,
1
2w3} ≤ w4,

2w4 ≤ 1

}
.

We can calculate the volume of W0 using polymake [9], the outcome being
that vol(W0) = 1

36 = α(W0). The reader is invited to compareW0 with P in
(3.17). Both are polytopes in R4 defined by a minimal set of 12 inequalities.

4. Further exploration

It remains to discuss a few of the ways in which the ideas in [3] and [2] could
be developed further. While it still seems hopeless to deal with the divisor
problem for binary forms of degree 5 or more, one could try to handle the
remaining binary quartic forms. In view of [2] and [6] it remains to handle
reducible binary quartic forms which factor as a linear form and a cubic
form, or as the product of two quadratic forms, or split completely as the
product of four linear forms. All of this seems doable and would no doubt
prove useful in related counting problems of the nature considered in our
theorem.

Problem 4.1. Establish analogues of [2] and [6] for other reducible binary
quartic forms.
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Returning to the Manin conjecture, it is very natural to wonder how
far the ideas behind the proof of the theorem can be extended to other
surfaces.

Problem 4.2. Establish the Manin conjecture for other conic bundle del
Pezzo surfaces of degree 4.

A good starting point would be to consider the family of surfaces V ⊂ P4

defined by (1.2) and

Φ2(x0, . . . , x4) = c0x
2
0 + c1x

2
1 + c2x

2
2 + c3x

2
3 + c4x

2
4.

It is easy to check that V will be non-singular if and only if c0 · · · c4 �= 0 and
c0c1 �= c2c3. In attacking Problem 4.2 one might also begin by considering
only those V for which the corresponding conic bundle morphisms have a
section such as for the surface considered in the theorem. This is equivalent
to the map V (Q) → P1(Q) being surjective. Assuming this to be the case
there will still be considerable work to be done, since the corresponding
fibres take the shape

f1(a, b)x2 + f2(a, b)y2 + c4z
2 = 0,

for binary forms f1(a, b) = c0a
2 + c3b

2 and f2(a, b) = c2a
2 + c1b

2. Thus
one is led to Problem 4.1 for the case in which f1f2 factors over Q as the
product of two quadratic forms or splits completely.

It would be even more interesting to handle a non-singular del Pezzo
surface of degree 4 with a conic bundle structure, for which the morphism
V → P1 does not possess a section.

Problem 4.3. Establish the Manin conjecture for a conic bundle del Pezzo
surface of degree 4 whose morphisms to P1 do not have a section.

Thus far we have dealt only with non-singular del Pezzo surfaces of
degree 4. One might ask how far things can be pushed for the corresponding
surfaces of degree 3: ie. non-singular cubic surfaces V ⊂ P3 defined over Q.
In this setting one should take U = V \ {27 lines}. The following table
summarises some of our progress to date:
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who? NU,H(B) conditions?

Slater & Swinnerton-Dyer � B(logB)rankPic(V )−1 2 skew
[23] lines /Q
Heath-Brown [12] � B

4
3+ε 3 coplanar

lines /Q
Hooley [16] � B

5
3+ε V diagonal

& 1 line /Q
Salberger (in preparation) � B

12
7 +ε —

It should be remarked that Heath-Brown’s result covers the Fermat
cubic surface x3

0 +x3
1+x3

2+x3
3 = 0. This particular surface has already been

the object of much study. Previously, Hooley [15] had used exponential sums
to show that NU,H(B) = Oε(B

5
3+ε) for any ε > 0. Later, a much shorter

proof of this estimate was provided by Wooley [26], and it is the ideas in
this argument that provided the inspiration behind Heath-Brown’s sharper
bound in [12]. With the latter result in mind we end with the following
challenging problem.

Problem 4.4. Prove an upper bound of the shape NU,H(B) = OV (Bθ),
with θ < 4/3, for a single non-singular cubic surface V ⊂ P3.

In attacking Problem 4.4 it makes sense to start by analysing a cubic
surface with a conic bundle structure. The example

x0x1(x0 + x1) = x2x3(x2 + x3)

seems worthy of attention.
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Recent developments in the theory of diophantine inequalities and the
Davenport-Heilbronn method are discussed and then directed toward specific
inequalities of definite character. Special emphasis is on the value-distribution
of diagonal forms near thin test sequences.

1. Theme and results

1.1. Diophantine inequalities

The focus of our attention in this survey article is the distribution of the
values of the diagonal form

λ1x
k
1 + λ2x

k
2 + · · · + λsx

k
s , (1.1)

as x1, . . . , xs range over Z or an interesting subset thereof; here s ≥ 2 and
k ≥ 1 are given integers and λ1, . . . , λs are non-zero real numbers. Our
goal is twofold. In one direction we wish to emphasise recent developments
in the analytic theory of diophantine inequalities, in another discuss the
potential of methods developed in earlier papers of this series pertaining
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to this circle of ideas. Some basic principles are also readdressed herein, so
that the paper should introduce the uninitiated reader to the subject.

When the polynomial (1.1) is a real multiple of a form with integer
coefficients, its values are discrete and can be studied by classical methods
as well as the techniques developed in this series. The complementary case,
in which (1.1) is not a multiple of a rational form, arises when at least one of
the ratios λ1/λj (2 ≤ j ≤ s) is irrational, and by renumbering the variables,
we shall from now on suppose that λ1/λ2 is irrational. In this situation, and
when s ≥ k+1, one expects that the values of (1.1) are dense on the real line
unless k is even and all λj have the same sign. In the latter case, one might
hope that the gaps between these values shrink to zero as they approach
infinity. When k = 1, this is classical territory as long as the variables xj are
allowed to vary over the integers, but, for example, much less is known about
the distribution of λ1p1 +λ2p2 when p1, p2 denote primes. When k = 2, an
affirmative theorem is available for indefinite quadratic forms from the work
of Margulis [28] (see also [19]), and also for the definite case when s ≥ 5.
This was shown by Götze [25], following the pivotal contribution by Bentkus
and Götze [2]. Their work may be viewed as a formidable refinement of a
Fourier transform method developed by Davenport and Heilbronn [17]. This
very general method is a variant for diophantine inequalities of the famous
circle method of Hardy and Littlewood that delivered enormous insight into
the labyrinth of diophantine equations during the last century. Davenport
and Heilbronn themselves studied the indefinite case k = 2 of (1.1) and
showed that the values taken at integer points are dense on the real line.
Their pioneering paper was the igniting spark for much work on related
questions. It would take us too far afield to sketch the development of the
subject at large, so instead we follow a fruitful tradition in additive number
theory, where new ideas have often been tested on Waring’s problem for
cubes or on Goldbach’s problem. Thus, we now concentrate on the case
k = 3 in (1.1), and later move on to the value distribution of λ1p1 + λ2p2,
although the methods that we develop apply in a much wider context.

1.2. Additive cubic forms

We discuss a slightly narrower problem from now on, by enforcing a kind of
definiteness. Let λ1, . . . , λs denote positive real numbers, to be considered
as fixed once and for all. For 0 < τ ≤ 1 and ν > 0, let ρs(τ, ν) be the
number of solutions of the inequality

|λ1x
3
1 + λ2x

3
2 + · · · + λsx

3
s − ν| < τ (1.2)
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in natural numbers xj . Note that for any solution counted here one has
xj � ν1/3. In accordance with our earlier remarks, we still expect the gaps
among large values of λ1x

3
1 + λ2x

3
2 + · · · + λsx

3
s to shrink to zero provided

that s ≥ 4 and λ1/λ2 is irrational. One anticipates that ρs(τ, ν) should be
large when τ is fixed and ν is large. The work of Freeman [21], [22] applies to
this problem, and so does the refinement by Wooley [44], and it is implicit
in the latter that for τ fixed, one has

ρ7(τ, ν) � ν4/3, ρ8(τ, ν) = cν5/3(1 + o(1)). (1.3)

Here c is a certain positive constant depending only on τ and the coefficients
λj . Freeman and Wooley consider in detail a different scenario: ν is fixed,
one counts solutions of (1.2) in integers xj with |xj | ≤ X , and examines
the growth for X → ∞. Little change is necessary to derive the “definite”
versions (1.3) by the arguments of Wooley [44], but older routines based on
the original work of Davenport and Heilbronn [17] do not apply. Instead
one would find only that (1.2) has infinitely many solutions in integers xj .

Thus far, the situation is in direct correspondence to what is known
when the cubic form in (1.2) is a multiple of a rational form. Focusing
on this case temporarily, when τ is sufficiently small, the inequality (1.2)
reduces to an equation. Hence there is no loss in assuming here that all λj

are natural numbers, and that the equation is

λ1x
3
1 + λ2x

3
2 + · · · + λsx

3
s = ν. (1.4)

Let ρs(ν) denote the number of its solutions with xj ∈ N. The methods
of Vaughan [33], [34] provide the lower bound ρ7(ν) � S7(ν)ν4/3, and
the asymptotic formula ρ8(ν) = CS8(ν)ν5/3(1 + o(1)), where Ss(ν) is the
singular series associated with (1.4), and C is a positive constant depending
only on the λj . Similar formulae are expected when s ≥ 4, and are at least
implicitly known on average. In fact, the envisaged formula for ρ4(ν) holds
for all but O(N(logN)ε−3) of the natural numbers ν not exceeding N .
This much follows from the work of Vaughan [33] and Boklan [3]. For an
analogue in the irrational case, one must first address the question of how
one should average over the now real number ν. One could choose a discrete
sequence of test points that are suitably spaced, and then count how often
an asymptotic formula for ρ4(τ, ν) fails. Alternatively, one may estimate
the measure of all such real ν ∈ [1, N ]. Only very recently Parsell and
Wooley [31] proved that this measure is o(N). As an illustration of the
averaging process, we improve their estimate when λ1/λ2 is an algebraic
irrational. The result, which we deduce as a consequence of Theorem 2.1
in §2.3 below, fully reflects the current state of knowledge for forms with
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integer coefficients, but it appears difficult to do equally well under the sole
assumption that λ1/λ2 is irrational.

Theorem 1.1. Let λ1, λ2, λ3, λ4 denote positive real numbers with λ1/λ2

irrational and algebraic. Then, whenever (logN)−3 < τ ≤ 1, one has∫ N

0

∣∣∣∣∣ρ4(τ, ν) −
2Γ(4

3 )3τν1/3

(λ1λ2λ3λ4)1/3

∣∣∣∣∣
2

dν � τ3/2N5/3(logN)ε−3/2.

Previous articles within this series exposed methods for testing the con-
jectural behaviour of counting functions such as ρs(ν) when ν varies over
a thin sequence, for example the values of a polynomial. A typical result is
contained in Theorem 1.1 of III∗ that we now recall. It will be convenient
to describe a polynomial φ ∈ R[t] of degree d ≥ 1 as a positive polynomial
if its leading coefficient is positive. If φ ∈ Q[t] and φ(n) is integral for all
n ∈ Z, then φ is an integral polynomial. Let rs(n) be the number of positive
solutions of n = x3

1 + x3
2 + · · ·+ x3

s. Then, for any 0 < δ ≤ 1
2 , the inequality

|r6(ν) − Γ(4
3 )6S6(ν)ν| > ν(log ν)−δ

can hold for no more than O(N(logN)2δ−5/2+ε) of the values ν = φ(n)
with n ≤ N assumed by a positive integral quadratic polynomial φ. There
is no difficulty in extending this to forms with positive integral coefficients.

Our primary concern in the later chapters of this paper is to describe
methods that allow one to derive similar results in the context of diophan-
tine inequalities. Later we will comment on some of the difficulties that
arise, and we shall find the desired generalisation not as straightforward as
one might hope. A conclusion for ρ6(τ, ν) of strength comparable to the
aforementioned theorem on r6(ν) is contained in the next result, the proof
of which may be found in §5.2.

Theorem 1.2. Let φ denote a positive integral quadratic polynomial, and
let λ1, . . . , λ6 denote positive real numbers with λ1/λ2 irrational. Also, let
0 < τ ≤ 1. Then there exists a function ξ(ν), with ξ(ν) = o(1) as ν → ∞,
such that the inequality

|ρ6(τ, ν) − 2Γ(4
3 )6(λ1 · · ·λ6)−1/3τν| > νξ(ν)

holds for at most O(N(logN)ε−5/2) of the positive values ν = φ(n) with
1 ≤ n ≤ N .

∗Here and later we refer to our papers “Additive representation in thin sequences” by
their numeral within the series, I–VII. Hence, III refers to [9], for example.
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One might object that although it is rather natural to average over the
values of an integral polynomial in the case of diophantine equations, this
is not adequate for inequalities, and one should take the values of a real
polynomial as test points, or even a monotone sequence with a certain rate
of growth. In principle, our methods still apply in this wider context, but
some techniques such as certain divisor estimates do no longer have their
full impact on the problem at hand, and the ensuing results are sometimes
considerably weaker. We illustrate this in §§6.2 and 6.3 with an analysis of
following example.

Theorem 1.3. Let φ denote a positive quadratic polynomial, and let
λ1, . . . , λ6 denote positive real numbers for which λ1/λ2 is irrational. Fix
0 < τ ≤ 1. Then, there exists a real number c > 0 such that, for all but
O(N23/27) of the integers n ∈ [1, N ], one has ρ6(τ, φ(n)) ≥ cφ(n).

We have not been able to establish the expected asymptotic formula
almost always when φ is not an integral polynomial. Theorem 1.3 should
also be compared with Theorem 1.1 of I where the exceptional set is shown
to be O(N19/28) when ρ6(τ, ν) is replaced by r6(ν).

Similar results for forms in five variables are not yet available. This ap-
plies even to the simplest examples in the rational case: it is not known
whether almost all squares are the sum of five positive cubes. In such situa-
tions our methods can sometimes be turned toward a lower bound estimate.
The idea is discussed in detail in IV, and then used to show that when φ is
a positive integral quadratic polynomial, then amongst the integers n with
1 ≤ n ≤ N , the equation φ(n) = x3

1 + · · · + x3
5 has solutions with xj ∈ N

for at least N129/136 values of n (see Theorem 1.1 of IV). In §6.4 we prove
a result of similar flavour.

Theorem 1.4. Let φ denote a positive quadratic polynomial, and let
λ1, . . . , λ5 be positive real numbers with λ1/λ2 irrational. Fix 0 < τ ≤ 1.
Then ρ5(τ, φ(n)) ≥ 1 for at least N3/4 natural numbers n ∈ [1, N ].

Cubic forms in seven variables, in the rational case, have also been
discussed in III and VII, although only in the context of sums of cubes.
Moments of rs(n) over polynomial sequences are one of the objectives in
VII, and in particular, Theorem 1 of VII contains an asymptotic formula
for the sum ∑

n≤N

r7(φ(n))2
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when φ is a positive integral quadratic polynomial. The result coincides with
the formula that arises from summing the leading term in the anticipated
asymptotic expansion of r7(ν). Similarly, under the assumptions of Theorem
1.3 (suitably adapted to the current context with seven variables), one can
derive an asymptotic formula for∑

n≤N

ρ7(τ, φ(n))2.

It suffices to follow the pattern laid out in VII, but the argument is simpler
in the absence of a singular series, and we spare the reader any detail.

1.3. Linear forms in primes

We now turn to the value distribution of the binary form λ1p1 + λ2p2 with
positive coefficients λ1, λ2 and large prime variables p1, p2. When λ1/λ2 is
rational, we may as well suppose that λ1, λ2 ∈ N, and one then wishes to
solve λ1p1 + λ2p2 = n for a given natural number n. A necessary condition
is that λ1x1 + λ2x2 ≡ n mod 2λ1λ2 has a solution in integers x1, x2 both
coprime to 2λ1λ2 (the congruence condition). It is at least implicit in the
work of Montgomery and Vaughan [29] and of Liu and Tsang [27] that the
number of natural numbers n ≤ N which satisfy the congruence condition,
but have no representation in the form n = λ1p1 + λ2p2, does not exceed
O(N1−δ), for some δ > 0. Pintz has recently announced that one may
take any δ < 1

3 here, at least when λ1 = λ2 = 1. A result of comparable
strength is available for the irrational case λ1/λ2 �∈ Q when this ratio is
algebraic. This was observed by Brüdern, Cook and Perelli [6]. We illustrate
the underlying idea in the second half of §2.3 with a related result. For
0 < τ ≤ 1 and ν > 0, let σ(τ, ν) denote the number of prime solutions to

|λ1p1 + λ2p2 − ν| < τ, (1.5)

with each solution p1, p2 counted with weight (log p1)(log p2).

Theorem 1.5. Let λ1, λ2 denote positive real numbers such that λ1/λ2 is
an algebraic irrational. Then, for any A ≥ 1, the set of real numbers ν with
1 ≤ ν ≤ N , for which ∣∣∣σ(τ, ν) − 2τν

λ1λ2

∣∣∣ > τν

(logN)A
, (1.6)

has measure O(τ−1N2/3+ε), uniformly in 0 < τ ≤ 1.
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For comparison, Parsell [30] works under the weaker hypothesis that
λ1/λ2 is irrational, and obtains a result that is essentially equivalent to∫ N

0

∣∣∣σ(τ, ν) − 2τν
λ1λ2

∣∣∣2dν = o(N3). (1.7)

Our method also gives a proof of (1.7), as well as an improvement when
λ1/λ2 is algebraic, but not by a power of N . Limitations arise from our cur-
rent knowledge concerning the zeros of the Riemann zeta function. Thus,
when λ1/λ2 is algebraic, one may apply the methods described below to con-
firm that the integral on the left hand side of (1.7) is O(N3 exp(−c√logN))
for some c > 0, and with only moderate extra effort one obtains a saving
that corresponds to the sharpest one currently known in the error term for
the prime number theorem.

Next, we investigate averages over polynomial sequences. Theorem 1
of II asserts that there is a constant δ > 0 such that, for any positive
integral polynomial φ of degree d, the number of even values of φ(n) with
1 ≤ n ≤ N that are not the sum of two primes does not exceed O(N1−δ/d).
In the irrational case we require λ1/λ2 to be algebraic, and the conclusion
is decidedly weaker. In §5.6 we sketch a proof of the following result.

Theorem 1.6. Let λ1, λ2 denote positive real numbers such that λ1/λ2 is
an algebraic irrational. Fix 0 < τ ≤ 1 and A ≥ 1. Let φ denote a positive
polynomial of degree d, and let Eφ(N) denote the number of integers n with
1 ≤ n ≤ N for which the inequality (1.6) holds with ν = φ(n). Then, there
is an absolute constant δ > 0 such that

Eφ(N) � N1−δ/(d log d).

In the absence of the hypothesis that λ1/λ2 be algebraic, it seems
difficult to establish a quantitative bound for Eφ(N), but proving that
Eφ(N) = o(N) is straightforward. In chapter 4 we average over even thin-
ner sets. Brüdern and Perelli [15] have a corresponding result on Goldbach’s
problem.

Theorem 1.7. Let λ1, λ2 denote positive real numbers such that λ1/λ2 is
an algebraic irrational. Fix 0 < τ ≤ 1 and A ≥ 1. Let 1 < γ < 3

2 , and write
φ(t) = exp((log t)γ). Let Eφ(N) be the number of natural numbers n with
1 ≤ n ≤ N for which the inequality (1.6) holds with ν = φ(n). Then, there
is a κ > 0 such that

Eφ(N) � N exp(−κ(logN)3−2γ).
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1.4. Further applications

Various other examples of averages over thin sequences can be found in
I–VI, and one may extend most of them to diophantine inequalities along
the lines indicated above. We single out two results from V and VI that
concern the form (1.1) when the degree k is large. Theorem 1.5 of V shows
that whenever s ≥ 1

2k log k + O(k log log k) and φ is a quadratic, positive
and integral polynomial, then for almost all n ∈ N the number φ(n) is the
sum of s positive k-th powers. This may be somewhat surprising, because
one cannot do substantially better in the seemingly simpler problem in
which the quadratic polynomial φ(n) is replaced by a linear one; the lower
bound on s required here is again of the type s ≥ 1

2k log k +O(k log log k).
This much is implicit in the work of Wooley [40].

Now suppose that λ1x
k
1 + · · ·+ λsx

k
s is an irrational form with positive

coefficients, and let 0 < τ ≤ 1 and ν > 0. Let ρk,s(τ, ν) denote the number
of solutions of the inequality

|λ1x
k
1 + λ2x

k
2 + · · · + λsx

k
s − ν| < τ

in positive integers xj (whence ρ3,s = ρs in the notation of §1.2). One
can now combine the methods used to prove Theorem 1.2 in this paper
with the strategy explained in V to confirm that whenever φ is a positive
integral quadratic polynomial and τ is fixed, then for almost all n, one has
ρk,s(τ, φ(n)) > 0, provided only that s ≥ 1

2k log k+O(k log log k). This is a
proper analogue of the aforementioned result on Waring’s problem. For a
general real polynomial, as we discover in §6.7, the problem is more difficult.

Theorem 1.8. Let λ1, . . . , λs be positive real numbers, and suppose that
λ1/λ2 is irrational. Let 0 < τ ≤ 1. Let φ be a positive quadratic polynomial.
Then there is a number s0(k), with s0(k) = 3

4k log k + O(k log log k), such
that whenever s ≥ s0(k), then for almost all n one has ρk,s(τ, φ(n)) > 0.

Similar conclusions can be obtained when φ is a polynomial of degree
d ≥ 3, by a method akin to that used to establish Theorem 1.6.

One may also ask whether the form (1.1) takes values near an arithmetic
sequence, such as the primes. This theme was discussed in VI, and we derive
in §6.8 an analogue of Theorem 1 from that paper.

Theorem 1.9. Suppose that all Dirichlet L-functions satisfy the Riemann
hypothesis. Let λj be as in Theorem 1.8, and suppose that s ≥ 8

3k+2. Then,
the integer parts of λ1x

k
1 + λ2x

k
2 + · · ·+ λsx

k
s are prime infinitely often for

natural numbers xj .
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1.5. A related diophantine inequality

A polynomial φ ∈ R[t] is described as irrational if it is not a real multiple of
an integral polynomial. It is in this case that our results are usually rather
weaker than their equation counterparts in other papers of this series; for
integral polynomials we experienced little difficulty in extending our ideas
for averaging over polynomial values to diophantine inequalities. In part,
this is due to the available estimates for the number of solutions of such
inequalities as ∣∣∣ t∑

j=1

(φ(nj) − φ(mj))
∣∣∣ < 1, (1.8)

in natural numbers nj ,mj ≤ N . These differ substantially according to
whether φ is integral or irrational. Auxiliary bounds of this type are also
relevant for a class of diophantine inequalities recently discussed by Freeman
[24]. He considers a set of s non-zero positive polynomials

φj(t) =
d∑

l=1

λjlt
l (1 ≤ j ≤ s)

without constant terms, and of degree at most d. Suppose that at least one
of the ratios λjl/λkm is irrational. The number ρφ(τ, ν) of solutions of

|φ1(x1) + · · · + φs(xs) − ν| < τ, (1.9)

in positive integers, generalises the counter ρk,s(τ, ν) in a natural way. Free-
man’s result is that there is a number s0(d), with s0(d) ∼ 4d log d, and such
that for fixed τ > 0 and large ν one has ρφ(τ, ν) ≥ 1 (see Theorem 2 of [24]).
Our investigation of (1.8) in §5.5 implies the following result, which we es-
tablish in chapter 7.

Theorem 1.10. For any d ∈ N, there exists a number s1(d) with s1(d) ∼
2d2 log d and the following property. When φ1, . . . , φs are polynomials of
respective degrees d1, . . . , ds at most d subject to the conditions described in
the preceding paragraph, then

ρφ(τ, ν) = c(φ)τνD−1 + o(νD−1),

in which D = d−1
1 + · · · + d−1

s and

c(φ) =
2Γ(1 + d−1

1 ) . . .Γ(1 + d−1
s )

Γ(D)λ1/d1
1 . . . λ

1/ds
s

.
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Under the current stipulations on φ, the inequality (1.9) implies an
upper bound on xj , whence the problem remains “definite”. Freeman [24]
also considers a cognate “indefinite” problem, and the corresponding ana-
logue of Theorem 1.10 follows mutatis mutandis. These results are the first
recorded instances of asymptotic formulae for ρφ(τ, ν).

The individual chapters of this memoir are equipped with sections that
describe the methods used herein in greater detail than would be possi-
ble at this point. The next chapter is intended as an introduction to the
Davenport-Heilbronn method. Emphasis is on newer techniques that yield
asymptotic formulae. In particular, we discuss a central contribution from
the work of Bentkus and Götze [2] and of Freeman [21]. Rather than follow-
ing their line of thought, we describe their device as an interference estimate
for certain major arcs (Theorems 2.3 and 2.4). This yields an independent
approach to asymptotic formulae for diophantine inequalities. In chapter
3, the work of chapter 2 is then illustrated with proofs for Theorems 1.1
and 1.5. A classical use of Plancherel’s identity suffices here. In chapter 4,
a discrete mean square approach is explained within a proof of Theorem
1.7. In chapter 5 we discuss the averaging tools from earlier papers in this
series, that are then used to establish Theorems 1.2 and 1.6. Along the way,
new mean value estimates for certain Weyl sums are obtained in §§5.4–5.5.
The next chapter combines the ideas from chapter 5 with mean values of
smooth Weyl sums, and also describes a lower bound method that was in-
troduced in IV. The final chapter is an appendix on the problem described
in Theorem 1.10.

The notation used in this memoir is standard, or otherwise explained
at the appropriate stage of the proceedings. We write e(α) = exp(2πiα).
The distance of a real number α to the nearest integer is ‖α‖. The integer
part of α is [α], and �α� is the smallest integer n with n ≥ α. We apply
the following convention concerning the letter ε. Whenever ε occurs in a
statement, it is asserted that this statement is true for all real ε > 0, but
constants implicit in Landau or Vinogradov symbols may depend on the
actual value of ε.

2. The Fourier transform method

2.1. Some classical integrals

We begin with a review of the Fourier transform method, as pioneered
by Davenport and Heilbronn. The scene is set up to cover more recent
developments which yield asymptotic formulae, not only accidental lower
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bounds. Before we can embark on details, a few classical integral formulae
are required that we now collect.

The Fourier transform of an integrable function w : R → C is

ŵ(x) =
∫ ∞

−∞
w(y)e(−xy)dy, (2.1)

and for any positive real number η, the functions

wη(x) = η
( sinπηx

πηx

)2

, ŵη(x) = max
(
0, 1 − |x|

η

)
(2.2)

are Fourier transforms of each other. Note that w and ŵ are non-negative.
One can use (2.3) to construct a continuous approximation to the indicator
function of an interval. When τ > 0 and δ > 0, define Wτ,δ : R → [0, 1] by

Wτ,δ(x) =


1, for |x| ≤ τ,

1 − (|x| − τ)/δ, for τ < |x| < τ + δ,

0, for |x| ≥ τ + δ.

By (2.3), one has

Wτ,δ(x) =
(
1 +

τ

δ

)
ŵτ+δ(x) − τ

δ
ŵτ (x). (2.3)

Before we return to diophantine inequalities, we apply the function
wη(x), given by (2.3), to define a measure dηx on R with the property
that for any bounded continuous function ψ : R → C and a measurable set
B, one has ∫

B
ψ(x)dηx =

∫
B
ψ(x)wη(x)dx. (2.4)

We omit explicit mention of the range of integration when B = R. This
convenient notation avoids repeated occurences of the kernel wη in most of
the many integrals to follow.

2.2. Counting solutions of diophantine inequalities

The basic idea that underpins the strategy followed by Davenport and Heil-
bronn [17] is best explained in broad generality. Consider the polynomial
F ∈ Z[x1, . . . , xs], and suppose that u : Zs → [0,∞) is a weight that van-
ishes outside a finite subset of Zs. In practice u will be supported in a box
depending on a size parameter, say B. For a positive real number τ , we
then wish to evaluate the sum

P(τ ;u) =
∑
x∈Zs

|F (x)|<τ

u(x), (2.5)
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at least asymptotically, as B → ∞. This is approached through the cognate
yet analytically simpler expression

P∗(τ ;u) =
∑
x∈Zs

u(x)ŵτ (F (x)). (2.6)

Occasionally, we shall use also the clumsier notation PF (τ ;u), P∗
F (τ ;u) to

point out the dependence on F more explicitly. If only a lower bound for
P(τ ;u) is desired, then it will suffice to proceed through the inequality

P(τ ;u) ≥ P∗(τ ;u) (2.7)

that is readily inferred from (2.3), (2.5) and (2.6). Moreover, it is an exercise
in elementary analysis to show that an asymptotic formula for P∗(τ ;u)
implies a related one for the unweighted counter P(τ ;u). If one has to take
care of error terms, this needs some dexterity. There are several ways to
perform the transition. Freeman [22] and Wooley [44] describe a sandwich
technique. Another option is to choose δ in the range 0 < δ < 1

2τ . Then
observe that

P(τ ;u) ≤
∑
x∈Zs

u(x)Wτ,δ(F (x)), (2.8)

an upper bound that uses only the definition ofWτ,δ and the non-negativity
of u(x). However, when δ is much smaller than τ , the right hand side here
should be approximately equal to P(τ ;u). In fact, the difference between
the left and right hand sides of (2.8) arises only from solutions of τ <

|F (x)| < τ + δ, and by taking into account the actual definition of Wτ,δ,
we find that

P(τ ;u) ≥
∑
x∈Zs

u(x)Wτ,δ(F (x)) − P∗
F−τ (δ;u) − P∗

F+τ (δ;u).

We may combine these inequalities and apply (2.4) to conclude as follows.

Lemma 2.1. Let 0 < δ < 1
2τ . Then, in the notation introduced in this

section, one has

P(τ ;u) =
(
1 +

τ

δ

)
P∗(τ + δ;u) − τ

δ
P∗(τ ;u) − E,

where E satisfies the inequalities 0 ≤ E ≤ P∗
F+τ (δ;u) + P∗

F−τ (δ;u).
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2.3. Weighted counting

With the transition relations in (2.7) and Lemma 2.1 now in hand, we may
concentrate on P∗(τ ;u). By (2.1), (2.3), (2.6) and (2.6) we have

P∗(τ ;u) =
∫ ∑

x∈Zs

e(αF (x))u(x)dτα. (2.9)

It then suffices to establish an asymptotic formula for P∗(τ ;u); a mild
uniformity in τ comes with it at no cost so that Lemma 2.1 yields the
desired formula for P(τ ;u).

The integral (2.9) is the starting point for the Davenport-Heilbronn
method. Before we enter this subject, we make the rather abstract dis-
cussion in §2.2 more concrete and show how this can be used to reduce
the proofs of Theorems 1.1 and 1.5 to related weighted versions of these
theorems.

We begin with additive cubic forms. The classical Weyl sum

f(α) =
∑
x≤X

e(αx3) (2.10)

will be prominently featured. When λ1, . . . , λs are positive we choose

X = 2(λ−1/3
1 + · · · + λ−1/3

s + 1)N1/3. (2.11)

Then, for any solution of |λ1x
3
1 + · · · + λsx

3
s − ν| < 1 with ν ≤ N , one

has xj ≤ X . Hence, we may take F = λ1x
3
1 + · · · + λsx

3
s − ν and u(x)

as the indicator function on the box 1 ≤ xj ≤ X (1 ≤ j ≤ s). Then
ρs(τ, ν) = PF (τ ;u) in the notation of the previous section, and the weighted
analogue P∗

F (τ ;u) now becomes

ρ∗s(τ, ν) =
∫
f(λ1α) · · · f(λsα)e(−να)dτα,

as a special case of (2.9). In this form, Lemma 2.1 shows that whenever
0 < δ < 1

2τ , one has

ρs(τ, ν) =
(
1 +

τ

δ

)
ρ∗s(τ + δ, ν)− τ

δ
ρ∗s(τ, ν) +O

(
ρ∗s(δ, ν + τ) + ρ∗s(δ, ν − τ)

)
.

(2.12)
For Theorem 1.2, we will have to work directly from this formula; see

the last part of §5.2. In order to establish Theorem 1.1, on the other hand,
we take s = 4, and invoke the following weighted variant which involves the
moment

Υ(τ,N) =
∫ N

0

∣∣∣∣∣ρ∗4(τ, ν) − Γ(4
3 )3τν1/3

(λ1λ2λ3λ4)1/3

∣∣∣∣∣
2

dν. (2.13)
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Theorem 2.1. Let λ1, λ2, λ3, λ4 be positive real numbers with λ1/λ2 irra-
tional and algebraic. Then, uniformly in (logN)−3 < τ ≤ 1, one has

Υ(τ,N) � τN5/3(logN)ε−3.

This will be proved in §§3.1–3.3. For the time being, we take Theorem
2.1 for granted and deduce Theorem 1.1. One uses (2.12) together with the
identity

2τ =
(
1 +

τ

δ

)
(τ + δ) − τ2

δ
− δ (2.14)

within the integral in Theorem 1.1. Then, by (2.13) and the trivial inequal-
ity |α+ β|2 ≤ 2(|α|2 + |β|2), one finds that∫ N

0

∣∣∣∣∣ρ4(τ, ν) −
2Γ(4

3 )3τν1/3

(λ1λ2λ3λ4)1/3

∣∣∣∣∣
2

dν

�
(τ
δ

)2(
Υ(τ + δ,N) + Υ(τ,N)

)
+
∫ 2N

0

|ρ∗4(δ, ν)|2dν + δ2N5/3

holds uniformly for 0 < δ < 1
2τ ≤ 1

2 . The term N5/3δ2 arises from integrat-
ing the term −δ in the expansion of 2τ , and the integral on the right hand
side stems from the error terms ρ∗(δ, ν ± τ) in (2.12). A similar argument
gives ∫ 2N

0

|ρ∗4(δ, ν)|2dν � Υ(δ, 2N) +
∫ 2N

0

ν2/3δ2dν,

and thus we conclude that∫ N

0

∣∣∣∣∣ρ4(τ, ν) −
2Γ(4

3 )3τν1/3

(λ1λ2λ3λ4)1/3

∣∣∣∣∣
2

dν

�
(τ
δ

)2(
Υ(τ + δ,N) + Υ(τ,N)

)
+ Υ(δ, 2N) + δ2N5/3.

The conclusion of Theorem 1.1 now follows from Theorem 2.1 on taking
δ = 1

2τ
3/4(logN)−3/4.

Similar techniques yield Theorem 1.5, but the details are more involved.
For λ1, λ2 > 0 we study the linear problem (1.5). In this new context, put

X = 2(λ−1
1 + λ−1

2 + 1)N, (2.15)

and observe that for any ν ≤ N and any solution of (1.5), one has pj ≤ X .
In (2.5) we insert F = λ1x1 + λ2x2 − ν, and set u(x1, x2) = 0 unless
x1, x2 are primes p1, p2 not exceeding X , in which case we take u(p1, p2) =
(log p1)(log p2). In the notation of Theorem 1.5 and that used in §2.2, we
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see that σ(τ, ν) = PF (τ ;u). By (2.6) and (2.9), the formulae for P∗(τ ;u)
mutate into

σ∗(τ, ν) =
∫
h(λ1α)h(λ2α)e(−να)dτα,

where now

h(α) =
∑
p≤X

(log p)e(αp)

is a Weyl sum over primes. The formula (2.12) remains valid, with ρs, ρ
∗
s

replaced by σ, σ∗, respectively. We conclude as follows.

Theorem 2.2. With the hypotheses of Theorem 1.5, for any A ≥ 1, there
is a measurable function Eτ (ν) such that, for 1 ≤ ν ≤ N , one has

σ∗(τ, ν) =
τν

λ1λ2
+ Eτ (ν) +O(τN(logN)−A)

and ∫ N

0

|Eτ (ν)|2dν � τN8/3+ε.

We defer the proof of this result to §3.4, for now is the moment to
deduce Theorem 1.5. Observing that the desired conclusion is trivial when
τ is smaller than N−1/3, we are entitled to assume the contrary. Equipped
with the newly interpreted versions of (2.12) and (2.13), with σ in place of
ρs, we deduce from (2.14) that for 0 < δ < 1

2τ , one has

σ(τ, ν) − 2τν
λ1λ2

=
(
1 +

τ

δ

)
Eτ+δ(ν) − τ

δ
Eτ (ν) +

δν

λ1λ2

+O
(
σ∗(δ, ν + τ) + σ∗(δ, ν − τ) +

τ2

δ
N(logN)−8A

)
.

Choosing δ = τ(logN)−4A, it is an easy exercise in the theory of uniform
distribution to show that

(logN)−2σ∗(δ, ν) ≤ card {n,m ≤ X : |λ1n+ λ2m− ν| < δ} � δN.

Here it is worth recalling that X � N and λ1/λ2 is algebraic, and thus one
even obtains an asymptotic formula for the counting problem in the middle
term. The formula central to our discussion now reduces to∣∣∣σ(τ, ν) − 2τν

λ1λ2

∣∣∣� (logN)4A(|Eτ+δ(ν)| + |Eτ (ν)|) +
τN

(logN)2A
. (2.16)
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Next, consider any real number ν ∈ [12N,N ] for which the inequality (1.6)
holds. Then, by (2.16), one of the two inequalities

|Eτ (ν)| ≥ τN

(logN)6A
or |Eτ+δ(ν)| ≥ τN

(logN)6A

must also hold. However, by Theorem 2.2, the measure of all ν ≤ N , for
which this lower bound for |Eτ (ν)| holds, cannot exceed

(logN)12A

τ2N2

∫ N

0

|Eτ (ν)|2dν � τ−1N2/3+ε.

Since the same argument may be applied to Eτ+δ(ν), the conclusion of
Theorem 1.5 follows via a dyadic dissection argument.

2.4. The central interval

As remarked earlier, the Davenport-Heilbronn method for diophantine in-
equalities embarks from (2.9). Whenever it succeeds, an asymptotic formula
is produced where the main term arises from an interval centered at the
origin, hereafter called the central interval. It has become common to refer
to the latter interval as the major arc, by analogy with the circle method,
but we reserve the term “major arcs” for classical major arcs.

We proceed in moderate detail and discuss the central interval for the
integrals ρ∗s(τ, ν) and σ∗(τ, ν). Our treatment of ρ∗s(τ, ν) can be taken as a
model for any other application of the Fourier transform method to definite
diophantine inequalities. There is a certain overlap with the exposition in
Wooley [44], but the discussion there emphasises indefinite forms, and uses
a different kernology. We shall conclude as follows.

Lemma 2.2. Suppose that s ≥ 4, that λ1, . . . , λs are positive real numbers
and that X is defined by (2.11). Let C > 0 denote a real number with
6Cλj < 1 for all 1 ≤ j ≤ s, and let C = [−CX−2, CX−2]. In addition, put

I =
∫

C

f(λ1α) · · · f(λsα)e(−αν)dτα.

Then, uniformly in 0 < τ ≤ 1 and 1 ≤ ν ≤ N , one has

I = Γ(4
3 )sΓ( s

3 )−1(λ1 · · ·λs)−1/3τνs/3−1 +O
(
1 + τXs−10/3

)
.

Proof. Let

v(α) =
∫ X

0

e(αβ3)dβ. (2.17)
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Then, according to Theorem 4.1 of Vaughan [35], in the range |α| ≤ 1
6X

−2

one has f(α) = v(α) +O(1). Also, Theorem 7.3 of Vaughan [35] yields

v(α) � X(1 +X3|α|)−1/3. (2.18)

For α ∈ C, we therefore deduce that

f(λ1α) · · · f(λsα) = v(λ1α) · · · v(λsα) +O
(
1 +Xs−1(1 +X3|α|)−(s−1)/3

)
.

Then, on multiplying the previous display by wτ (α)e(−αν) and integrating,
we obtain

I =
∫

C

v(λ1α) · · · v(λsα)e(−αν)dτα+O(1 + τXs−4 logX).

By (2.18), the singular integral

I∞ =
∫
v(λ1α) · · · v(λsα)e(−να)dτα

converges, and by (2.18) and (2.3), for any Y > 0, one has∫ ∞

Y

|v(λ1α) · · · v(λsα)|dτα� τ

∫ ∞

Y

α−s/3dα.

It is now immediate that

I = I∞ +O(1 + τXs−10/3). (2.19)

Within the singular integral, we resubstitute (2.17) and apply (2.1) and
(2.6) to arrive at the interim identity

I∞ =
∫

[0,X]s
ŵτ (λ1β

3
1 + · · · + λsβ

3
s − ν)dβ.

Since the λj are positive, it follows from (2.3) that we may extend the range
of integration to [0,∞)s. A change of variable then yields the alternative
formula

I∞ = (λ1 · · ·λs)−1/3

∫
[0,∞)s

ŵτ (z3
1 + · · · + z3

s − ν)dz.

Consider the equation t = z3
1 + · · · + z3

s , which defines a surface in Rs

of codimension 1. The area of this manifold in the quadrant with all zj

positive is Γ(4
3 )sΓ( s

3 )−1t
s
3−1. Hence, by the transformation formula and

Fubini’s theorem, one confirms that

I∞ = (λ1 · · ·λs)−1/3Γ
(4

3

)s

Γ
(s

3

)−1
∫ ∞

0

ts/3−1ŵτ (t− ν)dt.
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By (2.3), the remaining integral on the right hand side is equal to∫ τ

−τ

(
1 − |α|

τ

)
(ν + α)s/3−1dα = τνs/3−1 +O(τ2νs/3−2),

and the lemma follows from (2.19).

The analysis of the prime variables case is deeper because we need a
rather wide central interval, for a reason that will become more transpar-
ent in due course. In such cases, the distribution of primes in short intervals
comes into play. Fortunately, our discussion may be abbreviated by appeal-
ing to Brüdern, Cook and Perelli [6].

Lemma 2.3. Let λ1, λ2 > 0 and 0 < τ < 1, and suppose that X is defined
by means of (2.15). In addition, let C = [−X−1/2, X−1/2]. Then, for any
A > 1, and uniformly in 0 < τ ≤ 1 and 1 ≤ ν ≤ N , one has∫

C

h(λ1α)h(λ2α)e(−να)dτα =
τν

λ1λ2
+O(τX(logX)−A).

Proof. Let

h∗(α) =
∑
x≤X

e(αx).

Then one may apply the methods underlying the proof of Lemma 2 of [6]
to establish the estimate∫

C

|h(λjα) − h∗(λjα)|2dα� X(logX)−2A. (2.20)

Here we note that although Lemma 2 of [6] states (2.20) only with A = 1,
an inspection of the proof, which combines only Lemma 1 and estimate (5)
of that paper, shows that any positive value of A is permissible. Next, let

v1(α) =
∫ X

0

e(αβ)dβ.

By Euler’s summation formula, one finds that h∗(α) − v1(α) � 1 + X |α|,
whence from (2.20) we obtain∫

C

|h(λjα) − v1(λjα)|2dα� X(logX)−2A.

Then, on noting the trivial estimate wτ (α) � τ evident from (2.3), it follows
from Schwarz’s inequality that∫

C

h(λ1α)h(λ2α)e(−να)dτα

=
∫

C

v1(λ1α)v1(λ2α)e(−να)dτα+O(τX(logX)−A). (2.21)
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We can now proceed as we have explained in detail for sums of cubes. By
partial integration, one has v1(α) � X(1 + X |α|)−1, and consequently,
the integral on the right hand side of (2.21) can be extended to the whole
real line, with the introduction of acceptable errors. Then, applying Fourier
inversion as before we confirm that∫ ∞

−∞
v1(λ1α)v1(λ2α)e(−να)dτα =

τν

λ1λ2
,

the details being considerably simpler. This proves the lemma.

2.5. The interference principle

In the previous section, we evaluated the contribution from the central
interval C to the Fourier transform that counts solutions of a diophantine
inequality. The complementary set c = R\C consists of two disjoint half-
lines, and we therefore refer to it as the complementary compositum. For a
successful analysis, its contribution to the count should be of a lower order
of magnitude. The most important ingredient in any proof of this is an
interference principle asserting that, when λ1, λ2 are non-zero real numbers,
and λ1/λ2 is irrational, then two exponential sums such as f(λ1α) and
f(λ2α), or h(λ1α) and h(λ2α), say, cannot be large simultaneously unless
α lies in the central interval. However, loosely speaking, when |f(λjα)|
is large, then as a consequence of Weyl’s inequality, or a suitable variant
thereof, one finds that λjα has a rational approximation aj/qj with small
denominator. If this happens simultaneously for j = 1, 2, then a1q2/(a2q1)
is an approximation to λ1/λ2, and so the measure of the set of all α where
|f(λ1α)| and |f(λ2α)| are simultaneously large, should be quite small. In
this form, the interference principle becomes a statement about diophantine
approximations alone, and references to exponential sums can be removed
entirely. For another, rather different view of this phenomenon, see section
3 of Brüdern [5].

We shall present here a simple derivation of the interference principle
along the lines indicated, based on ideas of Watson [38]. It appears to us
that the potential of this approach has been overlooked in the past. As
we shall demonstrate below, our method provides easy access to asymp-
totic formulae for diophantine inequalities, avoiding to a large extent the
entangled interplay between diophantine approximations and major arc in-
formation for exponential sums, as in the celebrated works of Bentkus and
Götze [2], and Freeman [21], who were the first to obtain such asymptotic
formulae at all. The stronger bounds that are available when λ1/λ2 is not
only irrational but also algebraic, moreover, follow from the same principles.



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

ADDITIVE REPRESENTATION IN THIN SEQUENCES 39

Before making these comments precise, we need to introduce some no-
tation. Let N ≥ 1 denote the main parameter. For 1 ≤ Q ≤ 1

2

√
N the

intervals |qα − a| ≤ Q/N with 1 ≤ q ≤ Q, a ∈ Z and (a, q) = 1, are pair-
wise disjoint. Their union, the major arcs M(Q), forms a 1-periodic set.
The subset N(Q) = M(Q) ∩ [0, 1] is the familiar set of major arcs in the
classical circle method. We also define here the minor arcs

m(Q) = R\M(Q), n(Q) = [0, 1]\N(Q),

although these will not be needed until the next section. Watson’s method
is imported through Lemma 4 of Brüdern, Cook and Perelli [6] that we
restate as Lemma 2.4. Temporarily, we suppose only that λ1, λ2 are non-
zero real numbers, so that our main estimates Theorems 2.3 and 2.4 apply
also to indefinite problems. With λ1, λ2 ∈ R\{0} fixed, we define

K(Q1, Q2) = {α ∈ R : λjα ∈ M(Qj) (j = 1, 2)}.

In addition, when y > 0, we put

Ky(Q1, Q2) = {α ∈ K(Q1, Q2) : y < |α| ≤ 2y}.

Lemma 2.4. Let λ1, λ2 be non-zero real numbers such that λ1/λ2 is ir-
rational. There exists a positive real number ε0 = ε0(λ1, λ2) with the fol-
lowing property. Suppose that 1 ≤ Qj ≤ 1

2

√
N (j = 1, 2), and r ∈ N

satisfies r ≤ ε0N/(Q1Q2) and ‖rλ1/λ2‖ < 1/r. Then, for any y > 0 with
|λj |y ≥ 2Qj/N (j = 1, 2), one has mes Ky(Q1, Q2) � yN−1Q1Q2r

−1.

Note that N(Q) has measure about Q2N−1. An application of Schwarz’s
inequality therefore reveals that mesKy(Q1, Q2) � yN−1Q1Q2. Lemma 2.4
improves on this estimate by a factor 1/r, and it is this saving that implies
that λ1α and λ2α simultaneously lie on major arcs only for a slim set of
real numbers α.

For a non-zero real number λ, define

Tλ(R) = max{r ∈ N : r ≤ R, ‖λr‖ ≤ 1/r}. (2.22)

When λ is irrational, then ‖λr‖ ≤ 1/r has infinitely many solutions, and
consequently Tλ(R) → ∞ as R → ∞. If rm is the sequence of solutions
of ‖λr‖ ≤ 1/r, arranged in increasing order, then for algebraic irrational
numbers λ, Roth’s theorem gives rm+1 � r1+ε

m . Therefore, in this case,

Tλ(R) � R1−ε. (2.23)
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We can now put Lemma 2.4 into a form more readily applied. Subject to
the conditions of this lemma, we deduce from (2.3) and (2.6) that∫

Ky(Q1,Q2)

dτα� Q1Q2(NT )−1 min(τy, (τy)−1),

where T = Tλ1/λ2(ε0N/(Q1Q2)). We choose a number Y with |λj |Y ≥
2Qj/N (j = 1, 2) and sum the previous estimate over y = 2lY . This gives∫

|α|≥Y
α∈K(Q1,Q2)

dτα� Q1Q2(NT )−1. (2.24)

Theorem 2.3. Let λ1, λ2 be non-zero real numbers. If λ1/λ2 is irra-
tional and algebraic, then uniformly in 0 < τ ≤ 1, Qj ≤ 1

2

√
N and

Y ≥ 2Qj/(|λj |N) (j = 1, 2), one has∫
|α|≥Y

α∈K(Q1,Q2)

dτα� Nε−2Q2
1Q

2
2.

The proof is immediate from (2.23) and (2.24).

Theorem 2.4. Let Q = Q(N) be a function that is increasing, unbounded,
and satisfies Q(N)/

√
N → 0 as N → ∞. Let λ1, λ2 be non-zero real

numbers such that λ1/λ2 is irrational. Then, uniformly in 0 < τ ≤ 1,
1 ≤ Qj ≤ Q(N) and Y ≥ 2Q(N)/(|λj |N), one has∫

|α|≥Y
α∈K(Q1,Q2)

dτα� N−1Q1Q2Tλ1/λ2

( ε0N

Q(N)2
)−1

.

Again, this is merely a restatement of (2.24) if one observes that un-
der the current hypotheses, one has Q1Q2 ≤ Q(N)2, and Tλ(R) is a non-
decreasing function. We note that the condition N/Q(N)2 → ∞ ensures
that the upper bound in Theorem 2.4 is o(N−1Q1Q2) as N → ∞.

3. Classical mean square methods

3.1. Plancherel’s identity

In this chapter, we complete the proofs of Theorems 1.1 and 1.5 by demon-
strating Theorems 2.1 and 2.2. However, our primary concern is to illus-
trate, in this and related enterprises, the use of Plancherel’s identity for
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take-off and Wooley’s amplifier [44] coupled with the interference principle
for landing.

As in previous sections, we begin with additive cubic forms. Under the
hypotheses of Theorem 2.1, for any measurable set A ⊂ R we write

ρ∗A(τ, ν) =
∫

A

f(λ1α)f(λ2α)f(λ3α)f(λ4α)e(−να)dτα. (3.1)

We define the central interval C as in Lemma 2.2, and the complemen-
tary compositum c as in §2.5, and then have ρ∗4(τ, ν) = ρ∗C(τ, ν) + ρ∗c (τ, ν).
Consequently, recalling (2.13), we find that

Υ(τ,N) �
∫ N

0

∣∣∣∣∣ρ∗C(τ, ν) − Γ(4
3 )3τν1/3

(λ1λ2λ3λ4)1/3

∣∣∣∣∣
2

dν +
∫ N

0

|ρ∗c (τ, ν)|2dν.

Next, applying Lemma 2.2 to estimate the term involving the central inter-
val, we deduce that

Υ(τ,N) � N(1 +N4/9τ2) +
∫ N

0

|ρ∗c (τ, ν)|2dν. (3.2)

Now, by (3.1) and (2.6), the number ρc(τ, ν) is the Fourier transform, at ν,
of the function that is

f(λ1α)f(λ2α)f(λ3α)f(λ4α)wτ (α)

for α ∈ c, and 0 on C. By Plancherel’s identity,∫ ∞

−∞
|ρ∗c (τ, ν)|2dν =

∫
c

|f(λ1α) · · · f(λ4α)|2wτ (α)2dα,

from which we deduce, via (2.3) and (2.6), the important inequality∫ N

0

|ρ∗c (τ, ν)|2dν ≤ τ

∫
c

|f(λ1α) · · · f(λ4α)|2dτα (3.3)

through which the estimation will proceed.

3.2. Some mean values

We summarize here a few standard bounds for Weyl sums f(α). It will
be convenient, temporarily, to write M = M(X3/4) and m = m(X3/4),
with N and n defined mutatis mutandis. Combining the methods used to
prove Lemma 1 in Vaughan [33] with the bounds for Hooley’s ∆-function in
Hall and Tenenbaum [26], we obtain an enhanced form of Weyl’s inequality
which asserts that

sup
α∈m

|f(α)| � X3/4(logX)1/4+ε. (3.4)
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Boklan [3] supplies the bound∫
n

|f(α)|8dα� X5(logX)ε−3 (3.5)

as an improvement over Theorem B of Vaughan [33]. Standard applica-
tions of the circle method (see Chapter 4 of [35]) yield the complementary
estimates ∫

N

|f(α)|4dα� X1+ε,

∫
N

|f(α)|4+θdα� X1+θ, (3.6)

the latter being valid for any fixed θ > 0. This last bound combines with
(3.8) to deliver the estimate∫ 1

0

|f(α)|8dα� X5, (3.7)

a conclusion that is also implied by Theorem 2 of Vaughan [33]. We now
transport these mean value bounds into integrals over 1-periodic sets,
against the measure dτα.

Lemma 3.1. Let G : R → C be a function of period 1 that is integrable on
[0, 1]. Then, for any τ > 0 and any u ∈ R, one has∫

G(α)e(−αu)dτα =
∞∑

n=−∞
ŵτ (n− u)

∫ 1

0

G(α)e(−αn)dα.

Proof. This is a special case of formula (4) in Brüdern [4], with wτ (α) in
the role of the kernel K employed in [4]. Note that the sum on the right is
over |n− u| ≤ τ only.

As an example, take u = 0, and put G(α) = |f(α)|8 when α ∈ m, and
G(α) = 0 otherwise. Then∫

m

|f(α)|8dτα =
∑
|n|≤τ

ŵτ (n)
∫

n

|f(α)|8e(−αn)dα,

whence, in particular,∫
m

|f(α)|8dτα� X5(logX)ε−3. (3.8)

Similarly, when τ � 1 and θ > 0, one infers from (3.6) that∫
M

|f(α)|4dτα� X1+ε,

∫
M

|f(α)|4+θdτα� X1+θ, (3.9)
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and from (3.7) that ∫
|f(α)|8dτα� X5. (3.10)

3.3. The amplification technique

The first steps in the estimation of the right hand side of (3.2) follow
Wooley [44]. We need to cover c by the sets

d = {α ∈ c : λjα ∈ m (1 ≤ j ≤ 4)},
D = {α ∈ c : λjα ∈ M (1 ≤ j ≤ 4)},

Eij = {α ∈ c : λiα ∈ M, λjα ∈ m} (1 ≤ i, j ≤ 4, i �= j).

Each of these sets a requires a different argument. For convenience, we write

I(a) =
∫

a

|f(λ1α) · · · f(λ4α)|2dτα.

By Hölder’s inequality, one infers that

I(d) ≤
4∏

j=1

( ∫
λjα∈m

|f(λjα)|8dτα
)1/4

.

Since a change of variable reveals that∫
λα∈m

|f(λα)|8dτα =
∫

m

|f(α)|8dτ/λα,

one derives from (3.8) the important bound

I(d) � X5(logX)ε−3. (3.11)

Next, we use (3.4) and Hölder’s inequality to conclude that

I(E12) � X3/2+ε
(∫

λ1α∈M

|f(λ1α)|4dτα
)1/2

×
( ∫

|f(λ3α)|8dτα
)1/4(∫

|f(λ4α)|8dτα
)1/4

.

Thus, by changes of variable together with (3.9) and (3.10), it follows that
I(E12) � X9/2+ε. By symmetry, this shows that

I(Eij) � X9/2+ε (1 ≤ i, j ≤ 4, i �= j). (3.12)

The amplification is now complete: since c is the union of d,D and the Eij ,
then in view of (3.11) and (3.14), it suffices to consider D. Here all λjα

lie on a major arc. But by comparison with the analysis just undertaken,
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major arc moments are far easier to control (compare (3.8), (3.6)), and the
interference principle can be brought into play.

For |qα − a| ≤ QX−3 and q ≤ Q ≤ X3/4 it follows from Theorem 4.1
and Lemma 4.6 of [35] that

f(α) � X(q +X3|qα− a|)−1/3, (3.13)

and consequently, when α ∈ M(2Q)\M(Q), we find that f(α) � XQ−1/3.
Therefore, slicing D into sections

D(Q1, Q2) = {α ∈ D : λjα ∈ M(2Qj)\M(Qj) for j = 1, 2}, (3.14)

with 1 ≤ Qj ≤ X3/4, we see from Theorem 2.3 that∫
D(Q1,Q2)

|f(λ1α)f(λ2α)|2dτα� Nε−2X4(Q1Q2)4/3 � Nε.

By a dyadic dissection argument and trivial bounds for |f(λ3α)f(λ4α)|,
it therefore follows that I(D) � NεX4. In combination with (3.11) and
(3.14), we may infer that the integral on the left hand side of (3.2) is
O(τX5(logX)ε−3), and Theorem 2.1 follows from (3.6). In view of the
discussion following the statement of Theorem 2.1, this also completes the
proof of Theorem 1.1.

3.4. Linear forms in primes

We now establish Theorem 2.2 by an argument paralleling that of the pre-
vious two sections. By Lemma 2.3, if we put c = {α : |α| ≥ X−1/2} and

Eτ (ν) =
∫

c

h(λ1α)h(λ2α)e(−να)dτα, (3.15)

then just as in the discussion leading to (3.2), Plancherel’s identity gives∫ N

0

|Eτ (ν)|2dν � τ

∫
c

|h(λ1α)h(λ2α)|2dτα. (3.16)

The dissection of c this time is much simpler. For j = 1 and 2, we consider

mj = {α ∈ c : λjα ∈ m(X1/3)}.
Then c is the union of m1,m2 and c ∩ K(X1/3, X1/3).

Vinogradov’s estimate for exponential sums (Vaughan [35], Theorem
3.1) shows both that

sup
α∈m(X1/3)

|h(α)| � X5/6(logX)4,
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and, whenever Q ≤ X1/3, that

sup
α∈M(2Q)\M(Q)

|h(α)| � XQ−1/2(logX)4. (3.17)

Paired with the mean square bound∫
|h(λ1α)|2dτα =

∑
λ1|p1−p2|<τ

p1,p2≤X

(log p1)(log p2) � X logX, (3.18)

the first of these estimates yields∫
m2

|h(λ1α)h(λ2α)|2dτα� X8/3(logX)9,

and the same is true for the contribution from m1, by symmetry. For the
set K(X1/3, X1/3), we apply the same slicing technique as we used for D in
§3.3. Then, importing (3.16) into Theorem 2.3, we find that∫

c∩K(X1/3,X1/3)

|h(λ1α)h(λ2α)|2dτα� X8/3+ε,

an estimate that may also be found on p. 97 of [6]. Collecting the upper
bounds obtained thus far, we conclude that∫

c

|h(λ1α)h(λ2α)|2dτα� X8/3+ε, (3.19)

and Theorem 2.2 follows from (3.16) and Lemma 2.3.

3.5. Bessel’s inequality

The continuous averages in Theorems 1.1, 2.1 and 2.2 could be replaced
by discrete ones. In such a setting, one chooses an increasing sequence of
test points νm that is roughly of linear growth; see [6] for one of the many
possibilities to make this precise. One would then study, for example, a
mean square of the type∑

νm≤N

∣∣∣∣∣ρ4(τ, νm) − 2Γ(4
3 )3τν1/3

m

(λ1λ2λ3λ4)1/3

∣∣∣∣∣
2

as the appropriate analogue of the integral in Theorem 1.1. This approach,
which has been used successfully by Brüdern, Cook and Perelli [6], Parsell
[30], and others, is roughly of the same strength as the methods described
herein. Bessel’s inequality performs the averaging in the discrete world, and
replaces Plancherel’s identity in the work of §3.1 and elsewhere. For thinner
averages, it appears that it is almost mandatory to work with discrete test
points, and this will be the theme in most of the following sections.
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4. Semi-classical averaging

4.1. Another mean square approach

The main purpose of this chapter is to establish Theorem 1.7. Thus, we
continue the discussion begun in §§3.4 and 3.5, and examine the distribution
of the linear form λ1p1 + λ2p2 near the sequence

νm = exp((logm)γ), (4.1)

where 1 < γ < 3
2 is fixed once and for all. As much as is possible, the

notation from the proof of Theorem 1.5 is kept throughout this chapter. The
parametersX andN are linked as in (2.15), and we apply the same notation
as in §3.4 and the statement of Lemma 2.3. This defines the central interval
and its complement c. With Eτ (ν) as in (3.15), we recall that Lemma 2.3
asserts that for any A > 1, uniformly in 0 < τ ≤ 1 and 1 ≤ ν ≤ N , one has

σ∗(τ, ν) =
τν

λ1λ2
+ Eτ (ν) +O(τN(logN)−A). (4.2)

Now define M through the equation

exp((log 2M)γ) = N.

Then logM � (logN)1/γ , and whenever m ≤ 2M one has νm ≤ N .

Lemma 4.1. Let 1 < γ < 3
2 . Also, let λ1, λ2 > 0, and suppose that λ1/λ2

is an algebraic irrational. Then, there exists κ > 0 such that∑
M<m≤2M

|Eτ (νm)|2 �MN2 exp
(− 2κ(logM)3−2γ

)
.

This implies Theorem 1.7, for in view of (4.1) we infer that for any fixed
0 < τ < 1, the asymptotic formula

σ∗(τ, ν) =
τν

λ1λ2
+O(N(logN)−A)

holds for all but O(M exp(−κ(logM)3−2γ)) of the values ν = νm with
M < m ≤ 2M . By the transfer principle (Lemma 2.1) and an argument
almost identical to the one given after the statement of Theorem 2.2, this
can be reformulated as an asymptotic formula for σ(τ, ν). Theorem 1.7 then
follows by summing over dyadic intervals.

4.2. Exponential sums over test sequences

Let

Φ(ζ) =
∑

M<m≤2M

e(ζνm), H(ζ) = h(λ1ζ)h(λ2ζ). (4.3)
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Then, by (3.15), one has∑
M<m≤2M

|Eτ (νm)|2 =
∫∫
c×c

H(α)H(−β)Φ(β − α)dταdτβ. (4.4)

The next lemma is a special case of Theorem 2 of Brüdern and Perelli [15].

Lemma 4.2. Let 1 < γ < 3
2 and 0 < δ < min( 1

100 , γ − 1). Then, there is a
real number κ > 0 such that uniformly in N δ−1 ≤ |ζ| ≤ N δ, one has

Φ(ζ) �M exp(−2κ(logM)3−2γ).

In order to establish Lemma 4.1, we split the integration in (4.4) into
the three regions

T = {(α, β) ∈ c × c : |α− β| > 2N δ},
U = {(α, β) ∈ c × c : N δ−1 < |α− β| ≤ 2N δ},
V = {(α, β) ∈ c × c : |α− β| ≤ N δ−1}.

The corresponding contributions to (4.4) are denoted by J(T), J(U), J(V)
respectively, and we examine each in turn.

The set T presents little difficulty. When |α − β| > 2N δ, then
max(|α|, |β|) > N δ. By symmetry and a trivial bound for Φ(ζ), this im-
plies that

|J(T)| ≤ 4M
∫

|H(β)|dτβ

∫ ∞

Nδ

|H(α)|dτα.

By Schwarz’s inequality and (3.18), the β-integral here is O(X logX). For
the α-integral, note that whenever λ > 0, then

λ

∫ y+1/λ

y

|h(λα)|2dα =
∫ 1

0

|h(α)|2dα� X logX,

irrespective of y ∈ R. Hence, we may split the range [N δ,∞) into intervals
of length 1/λ to deduce via (2.3) and (2.6) that∫ ∞

Nδ

|h(λα)|2dτα� τ−1N−δX logX.

We apply this bound with λ = λ1 and λ = λ2. Recalling that X � N in the
current context, another application of Schwarz’s inequality reveals that

J(T) �MN2−δ(logN)2, (4.5)

which is more than is required.
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For the set U, we argue similarly, but this time one estimates Φ(α− β)
using Lemma 4.2. The remaining double integral can be taken over R2, and
is then readily reduced to four integrals of the type (3.18). This yields

J(U) �MN2(logN)2 exp(−2κ(logM)3−2γ). (4.6)

Rather more care is required for V. The treatment begins with (4.4)
and the substitution β = α + ζ. With a trivial bound for Φ(ζ) and (2.6),
we infer that

J(V) �M

∫
c

|H(α)|
∫ Nδ−1

−Nδ−1
|H(α+ ζ)|wτ (α+ ζ)dζdτα.

Reverse the order of integrations, and then apply Schwarz’s inequality to
the integral over c to bring in the integral (3.19). This implicitly applies the
interference estimates from the work of §3.4, and reveals that

J(V) �MX4/3+ε

∫ Nδ−1

−Nδ−1

( ∫
|H(α+ ζ)wτ (α+ ζ)|2dτα

)1/2

dζ.

A trivial estimate for h(λ2(α + ζ)), in combination with (2.3) and (3.18),
bounds the inner integral by

τ2X2

∫ ∞

−∞
|h(λ1(α+ ζ))|2wτ (α+ ζ)dα� τ2X3 logX,

which then implies the bound

J(V) � τMN11/6+δ+ε. (4.7)

The conclusion of Lemma 4.1 follows from (4.4), (4.5), (4.6) and (4.7).

4.3. Potential applications

The method exposed here is particularly useful if the test sequence νm is
uniformly distributed modulo 1, as is the case with the example (4.1). The
Fourier series Φ(ζ) then peaks only at ζ = 0. The mean square method
produces a double integral that Φ collapses to an expression reminiscent of
a one-dimensional situation, but with two sets of generating functions. This
far, there is a strong resemblence to the analysis via Plancherel’s identity.
The success of the method then depends on the savings that one can obtain
for Φ(ζ), and in the case (4.1) this is our Lemma 4.2.

At least in principle, the method is also applicable when νm runs through
an arithmetic sequence, such as the values of a polynomial, but then Φ(ζ)
may have large values when ζ is in some set of major arcs M(Q). Yet, at
the cost of extra complication in detail, the method can still be pressed
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home when the initial estimations stemming from a suitable analogue of
Lemma 4.2 turn out to be successful. Perelli [32] is an example where these
ideas were used, and one could obtain a weaker version of Theorem 1.6
along these lines as well. However, for polynomial sequences in particular,
the methods developed in I - VI are more promising, and we now turn to
their initiation in the context of diophantine inequalities.

5. Fourier analysis of exceptional sets

5.1. An illustrative example

The work of chapter 4 depends on an analysis of the Fourier series of the
test sequence. From now on we take a different point of view, and examine
the Fourier series of the exceptional set to a representation problem.

Most of the results stated in chapter 1 that we have not yet established
have a common flavour. One investigates a diophantine inequality involving
a (large) parameter ν, and it is expected that there are many solutions. This
expectation is tested on average over the values νm of a positive polynomial
(Theorems 1.2, 1.3, 1.6, 1.8). There may be exceptions to the anticipated
behaviour, but these are characterised by an analytic inequality: the inte-
gral over the complementary compositum must be unexpectedly large. This
gives a precise meaning to an “exceptional value” ofm. These numbers form
a set Z, and we consider the exponential sum∑

m∈Z
e(ανm).

This is no longer a classical Weyl sum, as was the case with (4.2), but
whenever the sum reappears within moment estimates, one can restore the
polynomial structure through an enveloping argument. This idea has been
explored in I, II, III and V, for diophantine equations, but there is little
difficulty to adapt the principal ideas to the wider context. The introductory
section of I contains a detailed account of the method to which we have
nothing to add. Instead, we introduce the reader to the basic strategy by
working through an illustrative example that can be handled from scratch.
This will ultimately yield a proof of Theorem 1.2.

Thus, we are now concerned with the weighted counter ρ∗6(τ, ν), we
suppose that 1 ≤ ν ≤ N , and that X � N1/3 is chosen in accordance with
(2.11). We can apply Lemma 2.2, the infrastructure of which also fixes the
central interval and the complementary compositum c. The result is that

ρ∗6(τ, ν) =
Γ(4

3 )6τν
(λ1 · · ·λ6)1/3

+
∫

c

F (α)e(−να)dτα+O(1 + τN8/9). (5.1)
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where F (α) = f(λ1α) · · · f(λ6α). We will attempt to mimic the amplifica-
tion procedures in §3.3, and also the interference estimate. It is important
to observe that the latter can be performed without averaging, and we
therefore begin with this part.

Let m,M be defined as in §3.2. Following the pattern of §3.3, we write

D = {α ∈ c : λjα ∈ M (1 ≤ j ≤ 6)}
for the amplifying set, and slice it into the subsets D(Q1, Q2) introduced
in (3.14). Let

T̃ (N) = min(Tλ1/λ2(ε0NX
−3/2), (log logN)4).

By (3.13) and Theorem 2.4, the bound∫
D(Q1,Q2)

|f(λ1α)f(λ2α)|4dτα� X8N−1(Q1Q2)−1/3T̃ (N)−1

holds throughout the relevant range 1 ≤ Q1, Q2 ≤ X3/4. We may therefore
sum over dyadic ranges for Q1 and Q2 to confirm that∫

D

|f(λ1α)f(λ2α)|4dτα� N5/3T̃ (N)−1. (5.2)

Also, by (3.9) one has∫
D

|f(λjα)|16/3dτα� X7/3 (3 ≤ j ≤ 6), (5.3)

and an application of Hölder’s inequality combined with (5.2) and (5.3)
yields the final estimate∫

D

|f(λ1α) · · · f(λ6α)|dτα� NT̃ (N)−1/4. (5.4)

Another subset of c needs to be removed before an averaging process
can be launched. Let I ⊂ {1, 2, . . . , 6} be a set with 4 elements, and let

E(I) = {α ∈ c\D : λiα ∈ M (i ∈ I)}.
We write E for the union of all E(I). By symmetry, there is no loss of
generality in considering the special case where I = {3, 4, 5, 6}. Then, since
α /∈ D, at least one of λ1α and λ2α lies in m, and consequently, the bound
f(λ1α)f(λ2α) � X7/4+ε follows from (3.4). By Hölder’s inequality and
(3.9), we therefore obtain∫

E(I)

|F (α)|dτα� X7/4+ε
6∏

j=3

(∫
λjα∈M

|f(λjα)|4dτα
)1/4

� X11/4+ε.
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We conclude that ∫
E

|F (α)|dτα� X11/4+ε. (5.5)

Now let e = c\(D ∪ E) and write

Hτ (ν) =
∫

e

F (α)e(−να)dτα. (5.6)

Inserting (5.4), (5.5) and (5.8) into the initial formula (5.1) for ρ∗6(τ, ν), in
the restricted range (logN)−1 ≤ τ ≤ 1 we deduce that

ρ∗6(τ, ν) =
Γ(4

3 )6τν
(λ1 · · ·λ6)1/3

+Hτ (ν) +O(NT̃ (N)−1/4) (5.7)

holds uniformly in 1 ≤ ν ≤ N .

We are ready to define the exceptional set. Let φ denote a positive inte-
gral quadratic polynomial, as in Theorem 1.2. Also, let M be the positive
solution of the equation φ(2M) = N . Then, for large N , the φ(m) with
M < m ≤ 2M are positive integers, and we define

Z(M) = {M < m ≤ 2M : |Hτ (φ(m))| ≥ N/ log logN}.
We remark that when M < m ≤ 2M , but m /∈ Z(M), then (5.9) yields the
asymptotic formula

ρ∗6(τ, φ(m)) =
Γ(4

3 )6τφ(m)
(λ1 · · ·λ6)1/3

+O(NT̃ (N)−1/4). (5.8)

Hence it remains to establish a good bound for the number Z = cardZ(M).

5.2. A quadratic average

When m ∈ Z(M), define the complex number ηm by means of the equation
ηmHτ (φ(m)) = |Hτ (φ(m))|, and then write

K(α) =
∑

m∈Z(M)

ηme(−αφ(m)). (5.9)

From the definitions of Hτ (ν) and Z(M), we have

ZN

log logN
≤

∑
m∈Z(M)

|Hτ (φ(m))| =
∫

e

F (α)K(α)dτα. (5.10)

This is the essential step: an upper bound for the size of the exceptional
set is provided by an integral, and K(α) inherits the arithmetical structure
of the test sequence.
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Lemma 5.1. Let λ > 0 be a fixed real number, and let Z ⊂ [M, 2M ] ∩ N

be a set of Z elements. Let φ be a positive polynomial of degree at least 2.
For 0 < τ ≤ 1, let Uτ denote the number of solutions of the inequality

|φ(m1) − φ(m2) + λ(x3
1 − x3

2)| < τ, (5.11)

with mj ∈ Z and 1 ≤ xj ≤ X. Then

Uτ � XZ +XεZ2. (5.12)

If φ is an integral polynomial, then one has also

Uτ � XZ +X2+ε. (5.13)

Proof. When m1 = m2, the inequality (5.11) reduces to |x3
1 − x3

2| < τ/λ,
which has O(X) solutions with 1 ≤ xj ≤ X . The number of solutions of
this type to be counted is therefore O(XZ). When m1 �= m2, on the other
hand, one has |φ(m1)−φ(m2)| �M . Hence, for any of the O(X2) possible
choices for x1, x2, the inequality (5.11) may have no solution with m1 �= m2

and mj ∈ Z, or else reduces to at most two equations

φ(m1) − φ(m2) = u, φ(m1) − φ(m2) = u+ 1, (5.14)

for some u ∈ Z with M � |u| � X3. When φ is an integral polynomial,
a divisor function estimate shows that (5.14) leaves at most O(Xε) choices
for m1 and m2. The number of solutions with m1 �= m2 is thus at most
O(X2+ε) in this case, and this completes the proof of (5.13).

In order to establish (5.12), we count the solutions with m1 �= m2 in a
different way. There are O(Z2) possible choices for such m1, m2, and for
each fixed such pair, the inequality (5.11) reduces to |x3

1−x3
2−κ| < τ/λ, for

a suitable number κ satisfying κ � M . Again, a divisor function estimate
suffices to conclude that the number of solutions of this last inequality, in
integers x1, x2 satisfying 1 ≤ xj ≤ X , is at most O(Xε). On assembling
this bound together with our earlier estimate for the number of diagonal
solutions, we confirm (5.12).

As an immediate consequence of this lemma, we infer from (2.3), (2.6)
and (5.11) that when λ is any one of the numbers λj , then∫

|K(α)f(λα)|2dτα� ZX +X2+ε. (5.15)

An estimate for Z can now be obtained through (5.12) and (5.15). Let
a ⊂ R be a measurable set, and write

I(a) =
∫

a

|f(λ1α) · · · f(λ6α)K(α)|dτα.
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An estimate for I(e) is needed, and this is accomplished by an individual
treatment of various subsets of e, specifically

d = {α ∈ e : λjα ∈ m (1 ≤ j ≤ 6)}
and, when i, j, l ∈ {1, 2, . . . , 6} are distinct, also

eij(l) = {α ∈ e : λiα ∈ m, λjα ∈ m, λlα ∈ M}.
It is important to observe that e is the union of d and the eij(l). To see this,
consider α ∈ e\d. Then, there exists at least one l with λlα ∈ M. Since α
is neither in D nor E, there are two distinct i, j with λiα ∈ m, λjα ∈ m,
whence α ∈ eij(l), as required.

By Hölder’s inequality,

I(d) �
(∫

|Kf1|2dτα
)1/2 5∏

j=2

( ∫
m

|fj |8dτα
)1/8

sup
λ6α∈m

|f6(α)|.

Here and hereafter, we write fj = f(λjα). By (3.4), (3.10) and (5.15), it
follows that

I(d) � X13/4(ZX +X2+ε)1/2(logX)ε−5/4. (5.16)

Also, by (3.4), one has f2f1 � X3/2+ε on e12(3), so by Hölder’s inequality,

I(e12(3)) � X3/2+ε
( ∫

|Kf6|2dτα
)1/2(∫

|f5|8dτα
)1/8

×
(∫

|f4|8dτα
)1/8(∫

M

|f3|4dτα
)1/4

.

Employing (3.10) once again, we find that the eighth moments of f5 and f4
are bounded by O(X5). The other factors can also be estimated via (5.15)
and (3.9), and thus

I(e12(3)) � X3+ε(ZX +X2+ε)1/2, (5.17)

a bound superior to (5.16). Also, by symmetry, this last bound holds for
any other eij(l) in place of e12(3). Hence, the bound (5.16) remains valid
with d replaced by e.

Estimating the right hand side of (5.12) by means of (5.16) and (5.17),
we deduce that

ZN

log logN
� X13/4(ZX +X2+ε)1/2(logX)ε−5/4.

But N � X3, whence it now follows that

Z � X3/2(logX)ε−5/2 �M(logM)ε−5/2.
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In particular, the asymptotic formula (5.8) holds for all but
O(M(logM)ε−5/2) of the integers m with M < m ≤ 2M . One can now
apply the transference principle (2.12), with s = 6 and δ = (log logN)−1/2,
say, to conclude that the expected asymptotic formula

ρ6(τ, φ(m)) =
2Γ(4

3 )6τφ(m)
(λ1 · · ·λ6)1/3

+O(NT̃ (N)−1/8)

holds for all but O(M(logM)ε−5/2) of the integers m ∈ (M, 2M ] as well. A
dyadic dissection argument completes the proof of Theorem 1.2.

5.3. Some brief heckling

Most of the results in I, II, III, V and VI depend on mean value esti-
mates over exceptional sets, often in mixed form. Lemma 5.1 is only a
typical example, and one may take our proof of Theorem 1.2 as a model for
generalising our results on diophantine equations to the wider class of in-
equalities. However, it should be stressed that the estimate (5.13) applies to
integral polynomials only. Its proof crucially depends on a divisor estimate
that is otherwise not available. If the test sequence stems from a positive
polynomial that is no longer integral, different methods have to be applied,
and this is the main reason why in the non-integral case our exceptional
set estimates are considerably weaker. We proceed by presenting two mean
value estimates relating to general polynomials, and then illustrate their
use within the proof of Theorem 1.6.

5.4. An inequality involving quadratic polynomials

The sole purpose of this section is to establish the following simple mean
value theorem. Although the result is not needed until chapter 6, the
method is a model for the work in §5.5 which is more relevant for our
immediate needs.

Lemma 5.2. Let φ ∈ R[t] denote a quadratic polynomial. Suppose that
Z ⊂ [1,M ] ∩ Z, and write Z = cardZ. Finally, let Ω(M,Z) denote the
number of solutions of the inequality

|φ(m1) + φ(m2) − φ(m3) − φ(m4)| < 1 (5.18)

with mj ∈ Z. Then one has Ω(M,Z) �M1+εZ.

Proof. We may write φ(t) = λ2t
2+λ1t+λ0 for some real numbers λ0, λ1, λ2

with λ2 �= 0. Given a solution of (5.18) counted by Ω(M,Z), let k1 and k2
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be defined by means of the equations

kj = mj
1 +mj

2 −mj
3 −mj

4 (j = 1, 2). (5.19)

The inequality (5.18) then reduces to

|λ2k2 + λ1k1| < 1. (5.20)

Substituting from the linear equation in (5.19) into the quadratic one,
we find that

2(m1 −m3 − k1)(m2 −m3 − k1) = 2m3k1 + k2
1 − k2. (5.21)

We note that |k1| ≤ 2M , and that for any given k1, the inequality (5.20)
allows only O(1) possible choices for k2. Thus, when the right hand side of
(5.21) is non-zero, there are O(MZ) possible choices for k1, k2 and m3, and
for any one of these choices, a divisor function estimate shows that there
are O(M ε) possible values for m1 and m2 satisfying (5.21). The solutions
of this type consequently contribute O(M1+εZ) to Ω(M,Z). On the other
hand, when the right hand side of (5.21) is zero, one has either k1 = 0 or
m3 = (k2−k2

1)/(2k1), and this implies that there are at most O(M) possible
choices for k1, k2 and m3. For each fixed choice of this type, one finds from
(5.21) that mj = m3 + k1 for j = 1 or 2, whence there are at most O(Z)
integers m1 and m2 satisfying (5.21). The solutions of this second type
therefore contribute at most O(MZ) to Ω(M,Z). The conclusion of the
lemma now follows.

5.5. An application of Vinogradov’s method

A version of Lemma 5.2 for polynomials of higher degree can be fabricated
through a suitable generalisation of the idea exploited in §5.4. The prob-
lem may be addressed through an application of Vinogradov’s mean value
theorem. Let Jk,s(M) denote the number of solutions of the simultaneous
equations

s∑
j=1

(xl
j − yl

j) = 0 (1 ≤ l ≤ k),

with 1 ≤ xj , yj ≤M .

Lemma 5.3. Let φ ∈ R[t] denote a polynomial of degree d ≥ 3. Let s ≥ 2,
and let Uφ,s(M) denote the number of solutions of the inequality∣∣∣ s∑

j=1

(φ(xj) − φ(yj))
∣∣∣ < 1, (5.22)
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in integers xj , yj with 1 ≤ xj , yj ≤M . Then

Uφ,s(M) �M
1
2 d(d−1)Jd,s(M).

Proof. Motivated by the argument used to prove Lemma 5.2, we begin by
writing φ(t) = λdt

d + · · ·+λ1t+λ0, with λd �= 0. Given a solution of (5.22)
counted by Uφ,s(M), we define k1, . . . , kd by

kl =
s∑

j=1

(xl
j − yl

j). (5.23)

Then (5.22) implies that |λdkd + · · · + λ1k1| < 1. If k1, . . . , kd−1 are de-
termined, then this inequality leaves O(1) possibilities for kd. On not-
ing that |kl| < sM l, we find that the number of choices for k1, . . . , kd is
O(M

1
2 d(d−1)), and hence

Uφ,s(M) � M
1
2 d(d−1) max

k1,...,kd

Jd,s,k(M),

where Jd,s,k(M) denotes the number of solutions of the diophantine system
(5.23), with 1 ≤ xj , yj ≤ M . But a well-known argument (see inequality
(5.4) of Vaughan [35]) shows that Jd,s,k(M) ≤ Jd,s(M), and the lemma
follows.

An upper bound for Jd,s(M) is now required that is of the expected
order of magnitude. According to Theorem 3 of Wooley [42], there exists a
constant C with the property that whenever

s > d2(log d+ 2 log log d+ C), (5.24)

one has Jd,s(M) � M2s− 1
2 d(d+1). Subject to the condition (5.24), one de-

duces from Lemma 5.3 the bound

Uφ,s(M) �M2s−d. (5.25)

5.6. Linear forms in primes, yet again

In this section, we briefly indicate how (5.25) may be applied to establish
Theorem 1.6. Thus, we now work under the hypotheses of that theorem. In
particular, we suppose that λ1/λ2 is an algebraic irrational, and φ ∈ R[t]
is a polynomial of degree d. The argument, at the beginning, is largely
similar to that proceeding in §4.1, but we need to replace the test sequence
by νm = φ(m), and the parameter M by φ(2M) = N . In all other respects,
we use the notation and work from §4.1 that is partly inherited from Lemma
2.3 and §3.4. This defines a complementary compositum, a parameter X



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

ADDITIVE REPRESENTATION IN THIN SEQUENCES 57

with X � N , and Eτ (ν) via (3.15). The substitute for Lemma 4.1 is the
following estimate.

Lemma 5.4. Let s denote a natural number, and suppose that (5.25) holds.
Then, whenever 0 < τ ≤ 1 is fixed, one has∑

M<m≤2M

|Eτ (φ(m))| �MN1−1/(6s)+ε.

This implies Theorem 1.6, as we now demonstrate. By Lemma 5.4,
the inequality |Eτ (φ(m))| > N(logN)−A can hold for no more than
O(MN−1/(6s)+2ε) of the integers m with M < m ≤ 2M , and for the
remaining values in this range, the relation (4.1) yields the asymptotic
formula

σ∗(τ, φ(m)) =
τφ(m)
λ1λ2

+O(N(logN)−A).

The now familiar transference principle takes this to an asymptotic for-
mula for σ(τ, φ(m)), outside an exceptional set that still has no more
than O(MN−1/(6s)+2ε) members. But M � N1/d, and (5.25) holds when-
ever s satisfies (5.24). Consequently, a dyadic dissection argument deliv-
ers the conclusion of Theorem 1.6 with a permissible value of δ satisfying
δ = 1

6 +O(log log d/ log d).

It remains to prove Lemma 5.4. Define the numbers ηm by putting
ηm = 0 when Eτ (φ(m)) = 0, and otherwise via the equation |Eτ (φ(m))| =
ηmEτ (φ(m)). Also, write

K(α) =
∑

M<m≤2M

ηme(−αφ(m)).

Then, by (3.15) and Hölder’s inequality,∑
M<m≤2M

|Eτ (φ(m))| =
∫

c

K(α)h(λ1α)h(λ2α)dτα

≤
( ∫

|K(α)|2sdτα
)1/(2s)

J1/(2s)(J1J2)
1
2 (1−1/s),

where

J =
∫

c

|h(λ1α)h(λ2α)|2dτα, Jl =
∫

|h(λlα)|2dτα.

A consideration of the underlying diophantine inequality reveals that∫
|K(α)|2sdτα ≤ Uφ,s(M),
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and we may now apply (5.25), (3.19) and (3.18) to infer that∑
M<m≤2M

|Eτ (φ(m))| � (M2s−d)1/(2s)(N8/3+ε)1/(2s)(N logN)1−1/s.

The proof of Lemma 5.4 is completed by recalling that M � N1/d.

Note that when φ is an integral polynomial, the work of Ford [20] gives
much better bounds for Uφ,s(M), and there is then no essential difficulty in
improving the exceptional set estimate to a full analogue of Theorem 1 of
II. On the other hand, it seems more difficult to relax the hypothesis that
λ1/λ2 be algebraic. If λ1/λ2 is merely supposed to be irrational, one might
have to accept weaker exceptional set estimates.

6. Outstanding arts

6.1. Smooth cubic Weyl sums

This chapter is devoted to all the remaining results concerned with additive
representation in thin sequences. In the next section we consider diagonal
cubic forms in six variables, and we establish Theorem 1.3 by applying a
complementary compositum estimate, the proof of which is the central fo-
cus of §6.3. We then pause to discuss diagonal cubics in five variables, the
topic of Theorem 1.4, and a situation in which we are restricted to contem-
plating only lower bound estimates via the methods of IV. The argument
here makes use of an asymptotic lower bound for the number of solutions
of the diophantine inequality in question, a matter we defer to §6.5, incor-
porated into a mean value involving the exceptional set within §6.4. Some
preparatory work concerning smooth Weyl sums of higher degree leads from
§6.6 to the proof of Theorem 1.8 in §6.7. Finally, in §6.8, we consider prime
numbers close to diagonal forms using the methods of VI, completing our
journey with the proof of Theorem 1.9. All of these discussions are depen-
dent, in some way or other, on mean value estimates for smooth Weyl sums.
We finish this section by recording here those estimates that are needed to
establish Theorems 1.3 and 1.4.

Define

A(P,R) = {x ∈ N : x ≤ P, p|x⇒ p ≤ R}.

Also, let η > 0 denote a small real number, and write

g(α) =
∑

x∈A(X,Xη)

e(αx3). (6.1)
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Lemma 6.1. Let u be one of 6 and 77/10. Then, there exists a real number
η0 > 0 such that, whenever 0 < η ≤ η0, one has the estimate∫ 1

0

|g(α)|udα� Pµu ,

where µ6 = 3.2495 and µ77/10 = 4.7.

The permissible exponent µu claimed in Lemma 6.1 is a consequence of
Theorem 1.2 of Wooley [43] when u = 6, and is a special case of Theorem
2 of Brüdern and Wooley [16] when u = 77/10. In fact, in the case u = 6,
we have rounded up; for a microscopically better bound see [43].

6.2. Senary cubic forms

In this and the next section we establish Theorem 1.3. Let λ1, . . . , λ6 be
positive real numbers with λ1/λ2 irrational. As always, our leading param-
eter is N , and X is chosen in accordance with (2.11), so that X3 � N .
With f(α) and g(α) defined by (2.10) and (6.1), and fixed 0 < τ ≤ 1, we
consider the integral

ρ∗(τ, ν) =
∫
f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α)e(−να)dτα. (6.2)

By considering the underlying diophantine inequality, it follows that for all
ν ∈ R one has

ρ6(τ, ν) ≥ ρ∗(τ, ν). (6.3)

The central interval is chosen as

C = {α ∈ R : |α| ≤ (logN)1/4N−1}. (6.4)

Then, as a consequence of Lemma 8.5 of Wooley [39], there exists a number
C = C(η) > 0 such that, whenever α ∈ C, one has

f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α) − Cv(λ1α) · · · v(λ6α) � X6(logX)−1/2,

where v is defined in (2.17). Now, much as in the proof of Lemma 2.2, it
follows that∫

C

f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α)e(−να)dτα

= C

∫ ∞

−∞
v(λ1α) · · · v(λ6α)e(−να)dτα+O(X3(logX)−1/4).

The integral on the right hand side here has also been evaluated in the
course of the proof of Lemma 2.2, the result being Γ(4

3 )6(λ1 · · ·λ6)−1/3τν
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for 0 ≤ ν ≤ N . In particular, we may conclude from the above that when-
ever 1

10N ≤ ν ≤ N , then one has∫
C

f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α)e(−να)dτα ≥ 2cN, (6.5)

where c > 0 denotes a certain positive constant independent of ν and N .

For the treatment of the complementary compositum c = R\C, we en-
gineer an amplification procedure that is quite similar to the one used in
§3.3. The amplifier here will be

D = {α ∈ c : λ1α ∈ M(X3/4), λ2α ∈ M(X3/4)}.
We show in the next section that∫

D

|f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α)|dτα = o(N), (6.6)

a conclusion that for the remainder of this section we take as granted.
On the complement d = c\D, the averaging method described in §5.2

is required. Let φ be a positive quadratic polynomial. For large N , let
M be the unique positive solution of φ(2M) = N . Then, for any m with
M < m ≤ 2M , we have 1

10N ≤ φ(m) ≤ N . We define Z(M) to be the set
of integers m with M < m ≤ 2M for which ρ6(τ, φ(m)) < cN , where c is
the number introduced in (6.5). In addition, we write Z(M) = cardZ(M).
We note that Theorem 1.3 follows from a dyadic dissection argument, once
one has established the bound

Z(M) � M23/27. (6.7)

Write

H(ν) =
∫

d

f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α)e(−να)dτα.

Then, one finds from (6.2), (6.3), (6.5) and (6.6) that for m ∈ Z(M), one
has |H(φ(m))| � N . For m ∈ Z(M), define ηm through the equation
|H(φ(m))| = ηmH(φ(m)), and then define K(α) by means of (5.11). By
the argument that delivered (5.12) we now infer that

NZ(M) �
∫

d

|f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α)K(α)|dτα. (6.8)

In the next section we show that∫
d

|f(λ1α)f(λ2α)g(λ3α) · · · g(λ6α)|4/3dτα� X43/9−2v, (6.9)
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where v = 10−6. Equipped with this estimate, we may apply Hölder’s in-
equality to the right hand side of (6.8) and bound the fourth moment of
K(α) by utilising Lemma 5.2. This yields

NZ(M) � (M1+εZ(M))1/4X43/12−v,

and the desired conclusion (6.7) follows.

6.3. Two technical estimates

For notational convenience, we now write fj = f(λjα) and gj = g(λjα),
and we define

J(a) =
∫

a

|f1f2g3g4g5g6|4/3dτα.

We split d into the three subsets

d1 = {α ∈ c : λ1α ∈ m, λ2α ∈ M},
d2 = {α ∈ c : λ2α ∈ m, λ1α ∈ M},
d3 = {α ∈ c : λ1α ∈ m, λ2α ∈ m},

where, as on earlier occasions, we put M = M(X3/4), m = m(X3/4). By
making use of (3.4) in order to estimate f1, an application of Hölder’s
inequality shows that

J(d1) � X1+ε
(∫

λ2α∈M

|f2|4dτα
)1/3 6∏

j=3

(∫
|gj |8dτα

)1/6

.

The eighth moment of gj is O(X5); this can be seen either via (3.10), on
considering the underlying diophantine inequality, or by reference to Lemma
6.1. By (3.9), the restricted fourth moment of f2 is O(X1+ε), and thus we
deduce that J(d1) � X14/3+ε. By symmetry, the same bound holds also for
J(d2). In order to estimate J(d3), meanwhile, we again use (3.4) to bound
f1 and |f2|8/9, and then apply Hölder’s inequality, thereby confirming that

J(d3) � X5/3+ε
( ∫

|f2|4dτα
)1/9 6∏

j=3

( ∫
|gj|6dτα

)2/9

.

Here the fourth moment of |f2| is O(X2+ε), as one finds by considering
the underlying diophantine inequality, or by reference to Hua’s lemma. The
sixth moments of gj are each O(Xµ6), by Lemma 6.1. This then yields the
estimate J(d3) � X43/9−2v. In combination with our earlier bounds for
J(d1) and J(d2), the estimate (6.9) is confirmed on noting that J(d) =
J(d1) + J(d2) + J(d3).
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We now turn to the proof of (6.6). Let T = Tλ1/λ2((logN)1/4) be defined
via (2.22). Then T → ∞ as N → ∞. Now let

E = {α ∈ D : λjα ∈ M(T 1/4) for j = 1, 2}, e = D\E.
Then, one finds from Theorem 2.4 that∫

E

|f1f2g3g4g5g6|dτα� X6

∫
E

dτα� X3T−1/2, (6.10)

which is acceptable. Moreover, on combining (3.4) with the major arc upper
bound for |f1f2| derived from (3.13), we infer that

sup
e

|f1f2| � X2T−1/12.

Now, by Hölder’s inequality,∫
e

|f1f2g3g4g5g6|dτα

� (sup
e

|f1f2|)1/44
(∫

λ1α∈M

|f1|301/74dτα
)37/154

×
( ∫

λ2α∈M

|f2|301/74dτα
)37/154 6∏

j=3

( ∫
|gj|77/10dτα

)10/77

.

The moments of gj can be bounded using Lemma 6.1, and the moments of
f1, f2 by (3.9) (where it is important to note that 301

74 > 4). It follows that
the integral in question is O(X3T−1/528). The desired estimate (6.6) now
follows by combining this bound with (6.10).

6.4. The lower bound variant

We now embark on the proof of Theorem 1.4. The method derives from
IV to which we refer for a discussion of the main idea. Fundamental to its
success is a lower bound for the number of solutions of a related equation
or inequality in which the test sequence occurs as an additional variable.
Thus, we need the following result.

Lemma 6.2. Let φ ∈ R[t] denote a positive quadratic polynomial, and let
λ1, . . . , λ5 denote positive real numbers with λ1/λ2 /∈ Q. Let X be suffi-
ciently large, and let M be a positive real number with M � X3/2 satis-
fying the condition that φ(2M) < 2λjX

3 for all j. Finally, for any fixed
0 < τ ≤ 1, let

V =
∑

ŵτ (λ1x
3
1 + · · · + λ5x

3
5 − φ(m)),
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with the sum extended over m,x1, . . . , x5 in the ranges

x1, x2 ≤ X, x3, x4, x5 ∈ A(X,Xη), M < m ≤ 2M.

Then, one has V � X2M .

Note that V counts solutions of the diophantine inequality

|λ1x
3
1 + · · · + λ5x

3
5 − φ(m)| < τ, (6.11)

with a certain non-negative weight attached. A related result occurs as
Theorem 2 of Brüdern [4], but it does not cover Lemma 6.2. The cited
work predates the innovations of Bentkus and Götze, and of Freeman, and
therefore, one would find a lower bound for V only for a certain sequence
of values of the parameter X . Secondly, in [4] the polynomial φ has to be a
monomial. It is relatively straightforward to attend to these two problems.
More importantly, however, the method in [4] is laid out only for an alge-
braic irrational coefficient ratio. Therefore, we spell out a proof of Lemma
6.2 in the next section.

It is a delightful exercise to deduce Theorem 1.4. Let N be a large real
number, let X be defined in accordance with (2.11), and choose M as in
the statement of Lemma 6.2. Next, let Z(M) denote the set of all m with
M < m ≤ 2M for which the diophantine inequality (6.11) has at least one
solution in positive integers xj , and put Z = cardZ(M). We write

Φ(α) =
∑

M<m≤2M

e(αφ(m)), k(α) =
∑

m∈Z(M)

e(αφ(m)),

G(α) = f1(α)f2(α)g3(α)g4(α)g5(α).

Then, on considering the underlying diophantine inequality, one verifies
that ∫

G(α)Φ(−α)dτα =
∫
G(α)k(−α)dτα. (6.12)

By orthogonality, the left hand side here is equal to the quantity V defined
in Lemma 6.2. Hence, by that lemma, it follows that the integrals in (6.12)
are asymptotically bounded from below by X2M .

We now estimate the integral on the right hand side from above. With
this end in view, we cover the real line by the three sets

ej ={α ∈ R : λjα ∈ m} (j = 1, 2),

E ={α ∈ R : λ1α ∈ M, λ2α ∈ M}.
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When a is any one of these sets, we write

I(a) =
∫

a

|G(α)k(α)|dτα.

By (6.12) and the discussion thereafter, it follows that

X2M � I(e1) + I(e2) + I(E). (6.13)

It remains to establish upper bounds for I(e1), I(e2) and I(E). On the
set E, we use the trivial bound |k(α)| ≤ Z, and apply Hölder’s inequality
to infer that

I(E) ≤ Z
(∫

λ1α∈M

|f1|4dτα
)1/4(∫

λ2α∈M

|f2|4dτα
)1/4

×
5∏

j=3

(∫
|gj |6dτα

)1/6

.

One may estimate the first two integrals by applying (3.9). An upper bound
for the sixth moments of gj is given in Lemma 6.1, and we deduce that

I(E) � X17/8Z. (6.14)

A similar argument may be used to estimate I(e1). By (3.4), we find
that f1(α) � X3/4+ε whenever α ∈ e1. Hölder’s inequality now reveals that

I(e1) � X3/4+ε
( ∫

|kf2|2dτα
)1/2 5∏

j=3

( ∫
|gj |6dτα

)1/6

.

As before, the sixth moments of gj may be estimated through Lemma 6.1.
Moreover, by Lemma 5.1, we have∫

|k(α)f2(α)|2dτα� XεZ2 +XZ.

Therefore, it follows that I(e1) � X19/8(Z2 + XZ)1/2, and by symmetry,
the same bound holds for I(e2). On combining these estimates with (6.13)
and (6.14), we conclude that

X2M � X17/8Z +X19/8(Z2 +XZ)1/2.

This implies the lower bound Z �M3/4, as required to complete the proof
of Theorem 1.4.
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6.5. An auxiliary inequality

In the notation of the previous section, our object is to evaluate the integral

V =
∫
G(α)Φ(−α)dτα. (6.15)

Define C as in (6.4). Then, just as in the discussion following the latter
definition, there is little difficulty in adapting the arguments applied to
prove Lemma 2.2 so as to establish here the lower bound∫

C

G(α)Φ(−α)dτα� X2M. (6.16)

We feel entitled by now to omit the details.

The treatment of the complementary compositum depends on a tech-
nique sometimes referred to as pruning, and made available for diophantine
inequalities by Brüdern [4].

Lemma 6.3. Let φ(t) = λt2 + µt + ζ ∈ R[t], with λ �= 0. In addition, let
K = {α ∈ R : λα ∈ M(X)}, and let k = R\K. Then given a fixed non-zero
real number ω, for any 0 < τ ≤ 1, one has∫

K

|Φ(α)g(ωα)|2dτα � X2+ε,∫
k

|Φ(α)|4|g(ωα)|2dτα � M2X1+ε.

Moreover, these estimates remain valid if f is substituted for g.

Proof. Note that φ, ω and τ are fixed in the current context. We may
substitute β = λα in both integrals. This replaces ω by ω/λ, and τ by
τ/λ. Hence, we may assume that λ = 1 in the proof of this lemma. This is
mostly for notational convenience. Note that we now have K = M(X) and
k = m(X).

Next, we define the function Υ on R by taking

Υ(α) = (q +N |qα− a|)−1, (6.17)

when α ∈ M(1
5M), and a and q are the unique coprime integers with

1 ≤ q ≤ 1
5M and |qα − a| ≤ M/(5N). We put Υ(α) = 0 for α /∈ M(1

5M).
Then, by Weyl’s inequality and a familiar transference principle (see [35],
Lemma 2.4 and Exercise 2 of §2.8), for all α ∈ R, one has

|Φ(α)|2 �M2+εΥ(α) +M1+ε. (6.18)
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Next, by Lemma 3 of Brüdern [4], one finds that whenever 1 ≤ Q ≤ 1
5M ,

one has ∫
M(Q)

Υ(α)|g(ωα)|2dτα� (QX +X2)Nε−1. (6.19)

We choose Q = X and observe that for α ∈ M(X) one has Υ(α) ≥ 1
2X

−1,
so that |Φ(α)|2 � M2+εΥ(α). The first bound claimed in the lemma is
therefore immediate. In order to establish the second bound, we begin by
covering m(X) by a dyadic dissection of the form M(2Q)\M(Q), with X ≤
Q ≤ 1

10M , and the residual set m∗ = m(X) \M(1
5M). Then one finds from

(6.18) that |Φ(α)|2 �M1+ε for α ∈ m∗, whence∫
m∗

|Φ(α)|4|g(ωα)|2dτα�M2+ε

∫
|g(ωα)|2dτα� XM2+ε.

Also from (6.18), one sees that when α ∈ M(2Q)\M(Q) and Q ≤ 1
10M ,

then one has |Φ(α)|4 �M4+εQ−1Υ(α), and thus (6.19) yields the bound∫
M(2Q)\M(Q)

|Φ(α)|4|g(ωα)|2dτα� (X +X2Q−1)M2+ε.

The second bound of the lemma now follows on adding the contribution aris-
ing from the O(logN) values of Q comprising the aforementioned dyadic
dissection, and incorporating our earlier bound for the contribution stem-
ming from m∗. Finally, when g is replaced by f , then the conclusion of
Lemma 6.2 follows mutatis mutandis.

We now consider the integral

I(a) =
∫

a

|G(α)Φ(α)|dτα.

In view of (6.16), it suffices now to show that I(c) = o(X2M), for it then
follows from (6.15) that

V � X2M, (6.20)

as required to complete the proof of Lemma 6.2. Recall the notation of the
statement of Lemma 6.3. We begin an amplification argument by consider-
ing the set

e = {α ∈ c : λα ∈ m(X)}.
Then, by Hölder’s inequality, one finds that

I(e) ≤
( ∫

k

|Φ|4|f1|2dτα
)1/4( ∫

|f1|2|f2|4dτα
)1/4 5∏

j=3

(∫
|gj |6dτα

)1/6

.
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By Schwarz’s inequality, followed by applications of (3.10) and Hua’s
Lemma (see Vaughan [35], Lemma 2.5), we deduce that∫

|f1|2|f2|4dτα ≤
(∫

|f1|4dτα
)1/2( ∫

|f2|8dτα
)1/2

� X7/2+ε.

Consequently, by Lemmata 6.1 and 6.3, it now follows that

I(e) � (M2X)1/4X7/8+ε(Xµ6)1/2 = o(MX2),

a bound which does not interfere with the desired conclusion (6.20).
On the remaining set, we may suppose that λα ∈ M(X). We next

dispose of the subsets

Ej = {α ∈ c : λα ∈ M(X) and λjα ∈ m(X3/4)}.

Then, by (3.4) and Hölder’s inequality, we have

I(E1) � X3/4+ε
(∫

K

|Φf2|2dτα
)1/2 5∏

j=3

( ∫
|gj |6dτα

)1/6

.

The first integral may be estimated by applying Lemma 6.3, and for the
sixth moments of gj we again make use of Lemma 6.1. We then find that

I(E1) � X3/4+ε(X2+ε)1/2(Xµ6)1/2 �MX15/8.

By symmetry, the same bound holds for I(E2).
It remains to consider the amplifying set

D = {α ∈ c : λα ∈ M(X) and λjα ∈ M(X3/4) (j = 1, 2)}.

The endgame is almost identical to the one described in §6.3. If T is de-
fined as in the discussion surrounding (6.10), then one may show that the
portion of D, wherein λ1α ∈ M(T 1/4) and λ2α ∈ M(T 1/4) hold simulta-
neously, makes a contribution to I(D) that is O(MX2T−1/2) = o(MX2).
The required argument follows exactly that leading to (6.10). This leaves
the two sets

Dj = {α ∈ D : λjα ∈ m(T 1/4)} (j = 1, 2).

Here we apply (3.13) to bound f(λjα), and thereby conclude that one has
f(λjα) � XT−1/12 throughout Dj , whence

sup
α∈D1∪D2

|f1f2| � X2T−1/12.
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We now infer from Hölder’s inequality that

I(D1 ∪ D2) ≤ sup
α∈D1∪D2

|f1f2|1/8
( ∫

D

|Φ|5dτα
)1/5 5∏

j=3

( ∫
|gj |8dτα

)1/8

×
(∫

D

|f1|70/17dτα
)17/80(∫

D

|f2|70/17dτα
)17/80

.

The last two integrals can be bounded with the aid of (3.9), and for the
eighth moments of gj , one may apply Lemma 6.1 combined with a trivial
estimate. In addition, when λα ∈ M(X), one may apply the recent work
of Vaughan [36] to show that Φ(α) � MΥ(λα)1/2, with Υ defined as in
(6.17). Then, a straightforward calculation reveals that∫

D

|Φ(α)|5dτα�M3.

Note here the important feature that there is no inflation of the estimate
by an unacceptable logarithmic factor. Collecting together the estimates of
this paragraph, we find that I(D1 ∪ D2) � MX2T−1/96. In summary, we
have shown that I(D) � MX2T−1/96, and hence also I(c) = o(MX2).
The proof of Lemma 6.2 is therefore complete.

6.6. Additive forms of large degree

In the last three sections of this chapter, we discuss the distribution of the
values of the additive form (1.1) for larger degree. Theorem 1.8 will be
established in §6.7, and Theorem 1.9 in §6.8. Here, we summarize results
on smooth Weyl sums over k-th powers. The definition of g(α) in (6.1) is
now to be replaced by the more general

g(α) =
∑

x∈A(X,Xη)

e(αxk).

It will also be convenient to define

t0(k) = � 1
2k(log k + log log k + 1)� + � 1

2k(1 + 1/
√

log k)�.

Lemma 6.4. For any ε > 0 there exists η0(ε) > 0 such that whenever
0 < η ≤ η0 and t ∈ N, one has∫ 1

0

|g(α)|2tdα� X2t−k+∆t+ε,
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where the real number ∆t satisfies ∆te
∆t/k ≤ ke1−2t/k. Moreover, when

t ≥ t0(k), then ∫ 1

0

|g(α)|2tdα� X2t−k.

Proof. The first estimate is the corollary to Theorem 2.1 of Wooley [41],
the second is (5.2) of V.

Lemma 6.5. Let Y = X2/3. Then, uniformly for α ∈ m(Y ), one has
g(α) � X1−µ for some µ = µk > 0. Moreover, for 1 ≤ T ≤ (logX)2

and α ∈ m(T ), one has g(α) � XT ε−1/(2k). Finally, for any real number
t > 4k, one has ∫

N(Y )

|g(α)|tdα� Xt−k.

Proof. The first bound, of Weyl’s type, follows from Theorem 1.4 of Woo-
ley [40], for example. By combining Lemmata 7.2 and 8.5 of Vaughan and
Wooley [37], one may confirm that

|g(α)| � X(q +Xk|qα− a|)ε−1/(2k)

whenever q ≤ Y , |qα − a| ≤ Y X−k and (a, q) = 1. The second upper
bound for g(α) is now transparent, and the major arc estimate follows via
a straightforward calculation.

We also present a rather general treatment for the expected main terms.
Suppose that λ1, . . . , λt are positive real numbers. Also, define

X = 2(λ−1/k
1 + · · · + λ

−1/k
t + 1)N1/k. (6.21)

Then, whenever 1 ≤ ν ≤ N and 0 < τ ≤ 1, and xj ∈ N satisfy

|λ1x
k
1 + · · · + λtx

k
t − ν| < τ,

one finds that xj ≤ X . The central interval C remains defined by (6.4).
Then for any fixed τ ∈ (0, 1], uniformly in 1 ≤ ν ≤ N , it follows that
whenever t > k one has∫

C

g(λ1α) · · · g(λtα)e(−να)dτα = cνt/k−1 +O(Xt−k(logX)−1/4). (6.22)

Here, the constant c > 0 is independent of ν and X . This is readily estab-
lished by following the method of proof of Lemma 2.2, but the approxima-
tion of g(λjα) is accomplished via Lemma 8.5 of Wooley [39], for example.
The reader is entitled to be spared further details.
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70 JÖRG BRÜDERN, KOICHI KAWADA AND TREVOR D. WOOLEY

6.7. Proof of Theorem 1.8

Consider the situation described in Theorem 1.8. Suppose that 1 ≤ ν ≤ N ,
and that X � N1/k is chosen in accordance with (6.21). In particular, let
s ∈ N with s ≥ max(3

2 t0(k) + 1, 4k + 3), and consider the integral

J(ν) =
∫
g(λ1α) · · · g(λsα)e(−να)dτα, (6.23)

where 0 < τ ≤ 1 is fixed from now on. Then by (6.22), uniformly for 1
10N <

ν ≤ N , the central interval C contributes � XsN−1 to the integral in (6.23).
On the complementary compositum c, we first define T = Tλ1/λ2(logN) via
(2.22), and then the amplifying set by

D = {α ∈ c : λ1α ∈ M(T 1/4), λ2α ∈ M(T 1/4)}.
Then, as in (6.10), one may employ Theorem 2.4 to establish that the
contribution of D to the integral (6.23) does not exceed O(XsN−1T−1/2),
uniformly in ν.

We are now reduced to the set d = c\D, and here we average over the
quadratic polynomial φ. Let M be the positive solution of φ(2M) = N .
Suppose that m is an integer with M < m ≤ 2M for which

|λ1x
k
1 + · · · + λsx

k
s − φ(m)| < τ

has no solution in natural numbers xj . Then J(φ(m)) = 0. Let Z(M) be
the set of all such m, and write Z(M) for its cardinality. Recalling what has
just been said concerning the contributions of C and D to (6.23), it follows
that for all m ∈ Z(M), one has the lower bound∣∣∣ ∫

d

g(λ1α) · · · g(λsα)e(−φ(m)α)dτα
∣∣∣� XsN−1.

We sum over these exceptional m. Then, for suitable ηm ∈ C with |ηm| = 1,
and with K(α) defined by (5.11), we infer that

XsN−1Z(M) �
∫

d

|g(λ1α) · · · g(λsα)K(α)|dτα.

Let Y = X2/3, and let dj be the set of all α ∈ d with λjα ∈ m(Y ).
Then, by Hölder’s inequality and Lemma 6.5,∫

d1

|g1 · · · gsK|dτα

� X1−µ
(∫

|K|4dτα
)1/4 s∏

j=2

(∫
|gj |(4s−4)/3dτα

)3/(4s−4)

.
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We estimate the first integral using Lemma 5.2. Also, since 4
3 (s−1) ≥ 2t0(k),

one may apply Lemma 6.4 to the moments of gj . Thus we obtain the upper
bound ∫

d1

|g1 · · · gsK|dτα� (M1+εZ(M))1/4Xs−3k/4−µ.

By symmetry, the same bound holds for any other dj . It therefore remains
only to discuss the contribution from the set

e = {α ∈ d : λjα ∈ M(Y ) (1 ≤ j ≤ s)}.
The definition of D combined with Lemma 6.5 shows that for α ∈ d one has
g(λ1α)g(λ2α) � X2T ε−1/(8k). Moreover, by applying Hölder’s inequality
in combination with the major arc estimate from Lemma 6.5, it is clear
that ∫

e

|g3g4 · · · gs|dτα� Xs−2−k,

whence ∫
e

|g1 · · · gsK|dτα� Xs−kT ε−1/(8k)Z(M).

Assembling together the estimates of this section, we find that

XsN−1Z(M) � Xs−kT ε−1/(8k)Z(M) + (M1+εZ(M))1/4Xs−3k/4−µ,

and we may therefore conclude that Z(M) � M1+εX−4µ/3. This estab-
lishes Theorem 1.8.

6.8. Proof of Theorem 1.9

In this section, we discuss the diophantine inequality

|λ1x
k
1 + · · · + λsx

k
s − p− 1

2 | < 1
2 (6.24)

by the methods of §6.7. If p is a prime and x1, . . . , xs are natural numbers
satisfying (6.24), then

[λ1x
k
1 + · · · + λsx

k
s ] = p.

We choose N and X in accordance with (6.21), and set τ = 1
2 . In the

present context, it is appropriate to modify the definition of h(α) so that

h(α) =
∑
p≤N

(log p)e(pα).
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72 JÖRG BRÜDERN, KOICHI KAWADA AND TREVOR D. WOOLEY

We then put

J =
∫
g(λ1α) · · · g(λsα)h(−α)e(− 1

2α)dτα. (6.25)

This integral provides a weighted count of the solutions of (6.24) with
xj ≤ X and p ≤ N , in which the weight is non-negative. We assume the
Riemann hypothesis for Dirichlet L-functions, and proceed to show that for
s ≥ 8

3k + 2, one has J � Xs. This suffices to establish Theorem 1.9.

It will be useful to denote the contribution to (6.25) from a measurable
set a ⊂ R by J (a). In order to estimate J (C), we choose ν = p + 1

2 and
τ = 1

2 in (6.22). Multiplying by log p and summing over primes p ≤ N ,
we confirm the lower bound J (C) � Xs. Hence, if c denotes the comple-
mentary compositum, it now suffices to show that J (c) = o(Xs). It is only
at this point that the Riemann hypothesis is required, and it is invoked
through Lemma 2 of Brüdern and Perelli [14]. As a consequence of the
latter, we have

sup
α∈m(N1/6)

|h(α)| � N5/6+ε.

Also, when α ∈ M(N1/6), one has h(α) � Υ∗(α), where for α = a/q + β

with (a, q) = 1, 1 ≤ q ≤ N1/6 and |β| ≤ q−1N−5/6, the function Υ∗ is
defined by

Υ∗(α) = Nϕ(q)−1(1 +N |β|)−1.

Here ϕ(q) denotes Euler’s totient.
We split c into various subsets of which we first treat

e = {α ∈ c : α ∈ m(N1/6)}.
On this set, Hölder’s inequality yields

J (e) � N5/6+ε
s∏

j=1

(∫
|gj |sdτα

)1/s

,

and since s ≥ 8
3k + 2, we may apply Lemma 6.4 to establish the bound∫

|gj |sdτα� Xs− 5
6 k−µ,

for some µ > 0. Consequently, one deduces that J (e) � Xs−µ+ε, which is
acceptable.

It remains to consider the set c ∩ M(N1/6). The auxiliary estimate∫
M(N1/6)

Υ∗(α)|g(λjα)|2tdτα� Nε
(
N1/6

∫ 1

0

|g(α)|2tdα+X2t
)

(6.26)
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is now required, and this may be verified by a route paralleling that which
arrives at (6.19). Note here that the irritating factor ϕ(q)−1 can be replaced
by q−1 at the cost of an inflationary factor O(log logN) that can be ab-
sorbed into the term Nε. The amplification is now similar to the work in
§6.7. Let

dj = {α ∈ c ∩ M(N1/6) : λjα ∈ m(Y )}.
Then, by Lemma 6.5 and Hölder’s inequality, one obtains

J (d1) � X1−µ
2k+1∏
j=2

( ∫
d1

Υ∗(α)|g(λjα)|2kdτα
)1/(2k)

Xs−2k−1.

On combining (6.26) with the first estimate of Lemma 6.4, it readily follows
that J (d1) � Xs−µ+ε. By symmetry, the same is true for J (dj) when
2 ≤ j ≤ s.

It now remains to discuss the set

E = {α ∈ c ∩ M(N1/6) : λjα ∈ M(Y ) for 1 ≤ j ≤ s}.
Define T = Tλ1/λ2(logN) as in (2.22) once again, and put

D = {α ∈ E : λ1α ∈ M(T 1/4) and λ2α ∈ M(T 1/4)}.
Then, again as in §6.7, one finds that J (D) � XsT−1/2, which is again
acceptable. For α ∈ E\D, it follows from Lemma 6.5 that

g(λ1α)g(λ2α) � X2T ε−1/(8k).

The estimate ∫
E

Υ∗(α)3dτα ≤
∫

M(N1/6)

Υ∗(α)3dτα� N2

follows by a simple calculation. In addition, on noting that 3
2 (s − 1) > 4k

and λjα ∈ M(Y ) for all j, an application of Hölder’s inequality in alliance
with Lemma 6.5 confirms the upper bound∫

E

(|g1g2|1/2|g3 · · · gs|)3/2dτα� X3(s−1)/2−k.

Here, and in what follows, we have written gi for g(λiα). It now follows by
Hölder’s inequality that∫

E\D

|Υ∗(α)g1 · · · gs|dτα ≤ sup
α∈E\D

|g1g2|1/2
(∫

E

Υ∗(α)3dτα
)1/3

×
(∫

E

(|g1g2|1/2|g3 · · · gs|)3/2dτα
)2/3

.
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We therefore deduce that J (E\D) � XsT ε−1/(16k), a bound that in concert
with our earlier estimates yields J (c) = o(Xs). This suffices to complete
the proof of Theorem 1.9.

7. An appendix on inhomogenous polynomials

7.1. The counting integral

In this final chapter we sketch a proof of Theorem 1.10. Freeman’s work
[24] will be invoked when appropriate, but the argument relies heavily on
Lemma 5.3, and is otherwise largely standard.

We keep as much notation from earlier chapters as is possible, and in
particular apply the conventions of §1.5. We can then rewrite the polynomi-
als φj as φj(t) = λjdj t

dj + · · ·+λj1t, and rearrange the indices of φ1, . . . , φs

so as to assure that

λ1l1 and λ2l2 are not in rational ratio (7.1)

for some 1 ≤ l1 ≤ d1, 1 ≤ l2 ≤ d2. To see this, suppose first that all the
φj are multiples of rational polynomials. Then, there exist non-zero real
numbers µj such that µjφj ∈ Q[t]. Under the current hypotheses, there
must be an index j with µ1/µj �∈ Q. Exchanging j with 2, we find that
(7.1) holds. In the contrary case, at least one of the polynomials φj is
irrational, and we may assume that this is so for φ1. Then d1 ≥ 2, and
λ1d1/λ1i is irrational for some i with 1 ≤ i ≤ d1 − 1. Hence, one of the
numbers λ1d1/λ2d2 , λ1i/λ2d2 is also irrational, as required.

From now on, suppose that (7.1) holds, and that ν is large. Define Xj

to be the unique positive solution of φj(Xj) = ν. Then, for any positive
solution of (1.9) with 0 < τ ≤ 1, one has xj ≤ 2Xj. Define the Weyl sums

fj(α) =
∑

x≤2Xj

e(αφj(x)), (7.2)

and the integral

ρ∗φ(τ, ν) =
∫
f1(α) · · · fs(α)e(−να)dτα.

In view of (7.1) and (2.6), this is a counting integral with weight, of the type
considered in (2.6), and can therefore be compared with the number ρφ(τ, ν)
through the now familiar mechanism based on Lemma 2.1. In particular,
the proof of Theorem 1.10 is made complete with the verification of the
asymptotic formula

ρ∗φ(τ, ν) = 1
2c(φ)τνD−1 + o(νD−1). (7.3)
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7.2. The central interval

In the interests of brevity, we put

I(a) =
∫

a

f1(α) · · · fs(α)e(−να)dτα.

Set d = max dj , and write Y = ν1/(2d)−1 and C = [−Y, Y ]. One may closely
follow the proof of Lemma 2.2, or the arguments of Freeman [24], pp. 239–
243, in order to evaluate I(C). One replaces fj(α) with the function

vj(α) =
∫ 2Xj

0

e(αφj(t))dt,

and then completes the singular integral

I∞(ν) =
∫
v1(α) · · · vs(α)e(−να)dτα.

The error terms in these processes can be controlled by appealing to Lemma
4.4 of Baker [1] (see also Lemma 4 of [24]) and Theorem 7.3 of Vaughan [35].
In this way, one may confirm that

I(C) = I∞(ν) +O(νD−1−1/(2d)),

provided only that s > 2d. This asymptotic relation is more than we need
later. Under the same condition on s, the concluding part of the proof of
Lemma 2.2 is readily modified to yield

I∞(ν) = 1
2c(φ)τνD−1

(
1 +O(ν−1/(2d))

)
,

where c(φ) is the positive real number defined in the statement of Theorem
1.10. If c = R \ C, then, in order to confirm (7.5), it now suffices to show
that I(c) = o(νD−1).

7.3. The complementary compositum

The prearrangement in (7.1) is required only within the following lemma,
which combines Lemmata 8 and 9 of Freeman [24]. We choose δ = 1/(2d)
in Lemma 9 of [24], and then conclude as follows.

Lemma 7.1. Suppose that (7.1) holds. Then there exists a monotone func-
tion T (ν), with T (ν) → ∞ as ν → ∞, such that

sup
Y ≤|α|≤T (ν)

|f1(α)f2(α)| = o(X1X2).
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We remark that this is an estimate of Bentkus-Götze-Freeman type. In-
stead, it would be possible to work with Theorem 2.4, but at this stage the
tidy reference for Lemma 7.1 saves some effort.

Now let C > 1 be a suitably large positive number with the property
that t(d) = d2(log d+2 log log d+C) is an integer. From (5.25) we have the
bound ∫

|fj(α)|2t(d)dτα� X
2t(d)−dj

j � X
2t(d)
j ν−1. (7.4)

By Lemma 11 of Freeman [24] (which is essentially already in Davenport
and Roth [18], Lemma 2), it then also follows that∫

|α|>T (ν)

|fj(α)|2t(d)dτα� X
2t(d)
j ν−1T (ν)−1. (7.5)

Write

L = {α : Y < |α| < T (ν)} and l = {α : |α| ≥ T (ν)}.
Then for s ≥ 2t(d)+2 and j ≥ 3, we may apply (7.7), together with Hölder’s
inequality and Lemma 7.1, to confirm the estimate

I(L) = o(X1X2 · · ·Xsν
−1).

Likewise, by Hölder’s inequality and (7.8), we infer that

I(l) = o(X1X2 · · ·Xsν
−1).

These two bounds combine to deliver the conlusion I(c) = o(νD−1), which
was all that was required to complete the proof of Theorem 1.10.
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In this paper we introduce some basic concepts of dynamics and give a survey
on the recent progress on the dynamics of the w function.

1. Introduction

In calculus, when studying a function f(x), we let x run through some set
S. In functional analysis, we often fix x ∈ S and let f vary in some family
of functions. This is a symmetric relationship in which we can exchange the
roles of x and f . In the theory of dynamics, we should manage the family
of functions

f(x), f(f(x)), f(f(f(x))), · · · · · · , (1.1)

where x runs in some set S and the condition f(x) ∈ S is needed. For
simplicity, we write

f0(x) = x, f1(x) = f(x), f2(x) = f(f(x)), · · · · · · . (1.2)

If f i(x) = x for some i ≥ 1, x is called periodic. If some f j(x)(j ≥ 1)
is periodic, x is called preperiodic. The principal goal of dynamics is to
classify the elements x ∈ S according to the behavior of the sequence (1.1).

If S is a set of positive integers, f is an arithmetic function. The dynam-
ics of arithmetic function is an important subject. In 2006 Wushi Goldring
[4] introduced a special arithmetic function named w function. The study
on the dynamics of the w function requires a lot of knowledge on the dis-
tribution of prime numbers.

Now we introduce some notations. Let P be the set of prime numbers
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and P (n) denote the largest prime factor of the integer n > 1. Write

C3 = {p1p2p3 : pi ∈ P (i = 1, 2, 3), pi �= pj (i �= j)},
B3 = {p1p2p3 : pi ∈ P (i = 1, 2, 3), p1 = p2 or p1 = p3

or p2 = p3, but not p1 = p2 = p3},
D3 = {p3 : p ∈ P}.

Then

{p1p2p3 : pi ∈ P (i = 1, 2, 3)} = C3 ∪B3 ∪D3,

where no two of C3, B3 and D3 intersect. Let

A3 = C3 ∪B3.

For n = p1p2p3 ∈ A3, we define the w function by

w(n) = P (p1 + p2)P (p1 + p3)P (p2 + p3). (1.3)

The value of w(n) does not depend on the order of pi so that it is well
defined. Wushi Goldring [4] showed that if n ∈ A3, then w(n) ∈ A3 (Lemma
2.1 in [4]). Therefore we can consider the dynamics of the w function in A3.

2. Dynamics of the w function

The calculation shows that

w1(20) = 98, w2(20) = 63, w3(20) = 75, w4(20) = 20,

which means that every element in the set {20, 98, 63, 75} is periodic.
For the other elements in A3, Wushi Goldring [4] proved that they are
preperiodic in the following theorem.

Theorem 2.1. If n ∈ A3, then there exists a positive integer i such that

wi(n) = 20.

It is natural to ask how many steps there are to go from n to 20. We
define the periodicity index as the least positive integer i such that wi(n) =
20 and denote it by ind(n). Wushi Goldring [4] first gave the following
estimate for the periodicity index.

Theorem 2.2. If n ∈ A3, then

ind(n) = O(π(P (n))).
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By the prime number theorem, for sufficiently large P (n), we know that

π(P (n)) ∼ P (n)
logP (n)

,

where f(m) ∼ g(m) means f(m)
g(m) → 1 as m → ∞. Wushi Goldring [4] put

forward the following conjecture.

Conjecture 2.1. If n ∈ A3, then

ind(n) = O(logP (n)).

In 2008 Yong-Gao Chen and Ying Shi [2] proved the following result
which is a big improvement on Theorem 2.2 and is quite approximate to
Conjecture 2.1.

Theorem 2.3. If n ∈ A3, then

ind(n) = O(log2 P (n)).

In the opposite direction, Wushi Goldring [4] made the following con-
jecture on the periodicity index.

Conjecture 2.2. There is a subset in A3 in which the elements have ar-
bitrarily large periodicity index.

Yong-Gao Chen and Ying Shi [2] gave a positive answer to Conjecture
2.2. One can further ask the following problem: Are there infinitely many
n ∈ A3 such that

ind(n) � logP (n)? (2.1)

3. Inverse problem

Inverse problems are important in the dynamics of the w function. Wushi
Goldring [4] asked three inverse problems:

1) For n ∈ A3, can we find m ∈ A3 such that w(m) = n?
2) If so, how many such elements are there?
3) What form do they have?
For n ∈ A3, if there is m ∈ A3 such that w(m) = n, we call m a

parent of n. If this m ∈ S ⊂ A3, we call it S-parent of n. It is obvious that
the element of C3 has no B3-parent. Wushi Goldring [4] put forward the
following conjecture.

Conjecture 3.1.
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1) Every element of C3 has infinitely many C3-parents;
2) every element of B3 has infinitely many C3-parents;
3) every element of B3 has infinitely many B3-parents.

Wushi Goldring [4] obtained the first result on the inverse problem in
the following theorem.

Theorem 3.1. There are infinitely many elements of B3 which have at
least seven parents.

In 2008 Yong-Gao Chen and Ying Shi [3] got the following improvement
on Theorem 3.1.

Theorem 3.2. For any given positive integer k, there are infinitely many
elements of B3 which have at least k B3-parents.

On the other hand, Yong-Gao Chen and Ying Shi [3] proved the follow-
ing conclusion which denies the assertion in part 3) of Conjecture 3.1.

Theorem 3.3. There are infinitely many elements of B3 which have no
B3-parent.

The dynamics of the w function is concerned with the distribution of
prime numbers. In the process of their study, Yong-Gao Chen and Ying Shi
[3] put forward the following conjecture.

Conjecture 3.2. For any integer a �= 0, there are infinitely many p ∈ P
such that p+ a have the same largest prime factor.

In [5] Chaohua Jia studied inverse problems, especially on the C3-
parents of elements in C3 which had not been attacked by previous authors.
The novelty in [5] is an application of the following theorem.

Theorem 3.4. Let r ∈ P , nj (1 ≤ j ≤ Z) be distinct positive integers
not exceeding N and Z(N ; r, a) denote the number of those nj which are
congruent to a (mod r). If X ≥ 2, then we have∑

r≤X

r

r∑
a=1

(
Z(N ; r, a) − Z

r

)2

� (N +X2)Z.

Theorem 3.4 is Theorem 1 in [1], which is obtained by the large sieve
method. The large sieve method has been playing an important role in
analytic number theory for forty years and more.
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Chaohua Jia [5] proved the following theorem which asserts that there
are infinitely many elements of C3 which have enough C3-parents. In the
following, p, p1, p2, p3, q, r, r1, r2 ∈ P and c1, c2, c3, c4 denote positive
constants and x is sufficiently large.

Theorem 3.5. There exists an element r1r2q of C3 which satisfies
x

1
2 log x < ri ≤ 2x

1
2 log x (i = 1, 2), q ≤ 4x and has at least c1 x

log4 x
dif-

ferent C3-parents p1p2p3 with x < pi ≤ 2x (i = 1, 2, 3).

By similar means, Chaohua Jia [5] proved the following theorem which
asserts that there are infinitely many elements of B3 which have enough
C3-parents.

Theorem 3.6. There exists an element qr2 of B3 which satisfies q ≤
4x, x

1
2 log x < r ≤ 2x

1
2 log x and has at least c2 x

log4 x
different C3-parents

p1p2p3 with x < pi ≤ 2x (i = 1, 2, 3).

Chaohua Jia [5] also proved the following theorem which asserts that
there are infinitely many elements of B3 which have enough B3-parents.
This is a quantitative improvement on Theorem 3.2.

Theorem 3.7. There exists an element qr2 of B3 which satisfies x < q ≤
2x, x

1
2 log x < r ≤ 2x

1
2 log x and has at least c3 x

1
2

log2 x
different B3-parents

pq2 with x < p ≤ 2x.

4. The sketch of the proof of Theorem 3.5

Firstly it is deduced from Theorem 3.4 that

∑
x

1
2 log x<r≤2x

1
2 log x

∑
x<p1≤2x

( ∑
x<p≤2x

p≡−p1 (mod r)

1 − 1
r

∑
x<p≤2x

1
)2

(4.1)

� x2

log x
.

We estimate

N(x) = |{p1p2p3 : x < pi ≤ 2x (i = 1, 2, 3), x
1
2 log x < P (p1 + p2)

≤ 2x
1
2 log x, x

1
2 log x < P (p1 + p3) ≤ 2x

1
2 log x}|.
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Note the fact that if p > n
1
2 , then p |n⇐⇒ P (n) = p. Then we write

N(x) =
∑

x<p1≤2x

∑
x<p2≤2x

x
1
2 log x<P (p1+p2)≤2x

1
2 log x

∑
x<p3≤2x

x
1
2 log x<P (p1+p3)≤2x

1
2 log x

1

=
∑

x<p1≤2x

( ∑
x<p≤2x

x
1
2 log x<P (p+p1)≤2x

1
2 log x

1
)2

. (4.2)

The inner sum can be transformed into∑
x

1
2 log x<r≤2x

1
2 log x

∑
x<p≤2x

P (p+p1)=r

1 =
∑

x
1
2 log x<r≤2x

1
2 log x

∑
x<p≤2x

p≡−p1 (mod r)

1.

By the estimate (4.1), N(x) is equal to the sum

∑
x<p1≤2x

( ∑
x

1
2 log x<r≤2x

1
2 log x

1
r

∑
x<p≤2x

1
)2

(4.3)

with a small error term. The lower bound of sum (4.3) is � x3

log5 x
by the

prime number theorem. Therefore we have

N(x) � x3

log5 x
.

By an elementary discussion, w(p1p2p3) can be confined to C3 so that we
have

|{p1p2p3 ∈ C3 : x < pi ≤ 2x (i = 1, 2, 3), x
1
2 log x < P (p1 + p2)

≤ 2x
1
2 log x, x

1
2 log x < P (p1 + p3) ≤ 2x

1
2 log x, w(p1p2p3) ∈ C3}| (4.4)

� x3

log5 x
.

On the other hand, the number of triples (r1, r2, q) is O( x2

log x ), where

x
1
2 log x < ri ≤ 2x

1
2 log x (i = 1, 2), q ≤ 4x. Therefore in the set in (4.4),

there are at least c4 x
log4 x

different triples (p1, p2, p3) satisfying P (p1+p2) =
r1, P (p1 + p3) = r2, P (p2 + p3) = q for some (r1, r2, q). In other words,
there are at least 1

3!c4
x

log4 x
different numbers n = p1p2p3 ∈ C3 such that

w(n) = r1r2q. Thus Theorem 3.5 holds true.
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1. Introduction

Let G be a finite group, k a field of an arbitrary characteristic and k(t) the
rational function field over k with n indeterminates t = (t1, . . . , tn). We call
a Galois extension L/K a G-Galois extension if Gal(L/K) is isomorphic to
G.

A k-generic polynomial for G supplies us all G-Galois extensions of K
for every those fields K which contain k (cf. [46], [22]).

Definition 1.1 (Generic polynomial). A monic separable polynomial
fG
t (X) ∈ k(t1, . . . , tn)[X ] is called k-generic for G if it has the following

two properties:

(Gi) the Galois group of fG
t (X) over k(t) is isomorphic to G;

(Gii) every G-Galois extension L/K, K ⊃ k, may be obtained as
L = SplKf

G
a (X), the splitting field of fG

a (X) over K, for some
a = (a1, . . . , an) ∈ Kn.

For example, Kummer theory shows us that if char k, the characteristic
of k, dose not divide n and if k contains a primitive n-th root of unity, then
Xn − t is k-generic for the cyclic group Cn of order n. Similarly if char
k = p then Xp −X − t is k-generic for Cp by Artin-Schreier theory.

A standard way to construct a k-generic polynomial for G is known as
Noether’s strategy (cf. [22]). Noether [41] asked whether the invariant field
k(t1, . . . , tn)G under the action of permutation group G ≤ Sn is rational
(= purely transcendental) over k or not. Indeed if this problem has an
affirmative answer then we may obtain a k-generic polynomial for G.

More generally Kemper-Mattig [24] showed that if the invariant field
k(V )G of a faithful linear representation V of G is rational over k then
we may get a k-generic polynomial for G in m = dim(V ) parameters as
a generating polynomial of the field extension k(V )/k(V )G. Examples of
k-generic polynomials for G are known for various pairs of k and G (for
example, see [23], [24], [22], [44]).

Let fG
t (X) ∈ k(t)[X ] be a k-generic polynomial for G. Since a k-generic

polynomial fG
t (X) for G covers all G-Galois extensions over K ⊃ k by

specializing parameters to elements of K, it is natural to ask the following
problem:

Problem 1.1 (Field isomorphism problem of a generic polynomial).
For a field K ⊃ k and a,b ∈ Kn, determine whether SplKfG

a (X) and
SplKfG

b (X) are isomorphic over K or not.
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In particular, it would be desirable to give an answer to the problem
within the base field K by using the data a,b ∈ Kn.

The minimal number of parameters in k-generic polynomials for G is
called the generic dimension for G over k, which is denoted by gdk(G)
(cf. [22]). In the case of k = Q, it is known that gdQ(G) = 1 if and only
if G = C2, C3, S3 via the essential dimension of finite groups given by
Buhler-Reichstein [1] (see also [22], [32], [3]). For a transitive subgroup G

of Sn (n = 4, 5) we also have gdQ(G) = 2 (cf. [22, Chapter 8]).
To investigate the field isomorphism problem of fG

t (X), i.e. to determine
all G-Galois extensions over K ⊃ k, we take fG

t (X) with exactly gdk(G)
parameters, because a large number of parameters in fG

t (X) give rise to
many overlaps of splitting fields of fG

a (X) overK by specializing parameters
t  → a ∈ Kn.

For example, we take Q-generic polynomials f1
t (X) = X3 + t1X + t1,

f2
t (X) = X3 + t1X + t2, f3

t (X) = X3 + t1X
2 + t2X + t3 for the symmetric

group S3 of degree 3 with 1, 2, 3 parameters respectively and consider the
overlap of the splitting fields Li

a := SplQf i
a(X) (i = 1, 2, 3) by specializing

parameters t  → a ∈ Zi. For i = 2, 3, we see that for a given a ∈ Zi there
exist infinitely many b ∈ Zi such that Li

a = Li
b. However, for f1

t (X) =
X3 + t1X + t1, we obtained a result which claims that for a given a ∈ Z

there exist only finitely many overlaps L1
a = L1

b with b ∈ Z (see Corollary
2.2).

Let Sn (resp. Dn, Cn) be the symmetric (resp. the dihedral, the cyclic)
group of degree n. In this article, for a field k with char k �= 2, we take
k-generic polynomials

fS3
t (X) := X3 + tX + t ∈ k(t)[X ],

fC3
t (X) := X3 − tX2 − (t+ 3)X − 1 ∈ k(t)[X ],

fD4
s,t (X) := X4 + sX2 + t ∈ k(s, t)[X ],

fC4
s,t (X) := X4 + sX2 + s2/(u2 + 4) ∈ k(s, u)[X ],

fD5
s,t (X) := X5 + (t− 3)X4 + (s− t+ 3)X3

+ (t2 − t− 2s− 1)X2 + sX + t ∈ k(s, t)[X ],

for G = S3, C3, D4, C4, D5, respectively. We note that fS3
t (X), fC3

t (X)
and fD5

s,t (X) are also k-generic even in the case of char k = 2.
Kemper showed in [25] that if k is infinite, the condition (Gii) of generic

polynomials is equivalent to the following much stronger condition:

(Giii) for each subgroup H ≤ G, every H-Galois extension L/K,
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K ⊃ k, may be obtained as L = SplKfG
a (X), the splitting field of

fG
a (X) over K, for some a = (a1, . . . , an) ∈ Kn.

DeMeyer [5] gave a definition of a generic polynomial in terms of the
conditions (Gi) and (Giii) instead of (Gi) and (Gii) (see also [31]). Note that,
when k is a finite field, the generic polynomial fG

t (X) might not satisfy the
condition (Giii) in general (see [6, Example 4]). For instance, F2-generic
polynomial fC3

t (X) does not satisfy (Giii) when K = F2 and H = {1}
because both of fC3

0 (X) and of fC3
1 (X) are irreducible over F2.

With regard to the condition (Giii), the following two problems naturally
arise:

Problem 1.2 (Subfield problem of a generic polynomial). For a
field K ⊃ k and a,b ∈ Kn, determine whether SplKfG

b (X) is a subfield
of SplKfG

a (X) or not.

Problem 1.3 (Field intersection problem of a generic polynomial).
For a field K ⊃ k and a,b ∈ Kn, determine the intersection of SplKf

G
a (X)

and SplKf
G
b (X).

In this article we only treat the field isomorphism problem of generic
polynomials; for the subfield problem and the field intersection problem see
the papers [17], [18], [19], [20].

2. Some results: the cubic case

In [16], we gave an answer to the field isomorphism problem of fS3
t (X) =

X3 + tX + t via formal Tschirnhausen transformation (see also [17], [18],
[19], [20]). The discriminant of fS3

t (X) being −t2(4t+ 27), we assume that
for a ∈ K, fS3

a (X) is separable over K, i.e., a �= 0,−27/4.

Theorem 2.1. Assume that char K �= 3. For a, b ∈ K \ {0,−27/4} with
a �= b, the splitting field over K of fS3

a (X) = X3 + aX + a and that of
fS3

b (X) = X3 + bX + b coincide if and only if there exists u ∈ K such that

b =
a(u2 + 9u− 3a)3

(u3 − 2au2 − 9au− 2a2 − 27a)2
.

We note that b = 0 (resp. b = −27/4) corresponds to u2 + 9u− 3a = 0
(resp. u3 + 9au+ 27a = 0). Hence for a given a ∈ K \ {0,−27/4} we have
SplKf

S3
b (X) = SplKfS3

a (X) where b is given as in Theorem 2.1 except for
finitely many u ∈ K with (u3 − 2au2 − 9au− 2a2 − 2a)(u2 + 9u− 3a)(u3 +
9au+ 27a) = 0. Hence we see the following:
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Corollary 2.1. Let K be an infinite field of char K �= 3. For a fixed a ∈
K \ {0,−27/4}, there exist infinitely many b ∈ K such that SplKfS3

a (X) =
SplKf

S3
b (X).

The discriminant of fC3
s (X) = X3 − sX2 − (s + 3)X − 1 is given by

(s2 + 3s+ 9)2; we assume that for m ∈ K, fC3
m (X) is separable over K, i.e.

m2 + 3m + 9 �= 0. For fC3
s (X), we obtained in [17] the following theorem

which is an analogue to the results of Morton [40] and Chapman [2].

Theorem 2.2. Assume that char K �= 2. For m,n ∈ K with (m2 + 3m+
9)(n2 + 3n+ 9) �= 0, the splitting field over K of fC3

m (X) = X3 −mX2 −
(m+ 3)X − 1 and that of fC3

n (X) = X3 − nX2 − (n+ 3)X − 1 coincide if
and only if there exists z ∈ K such that either

n =
m(z3 − 3z − 1) − 9z(z + 1)
mz(z + 1) + z3 + 3z2 − 1

or

n = −m(z3 + 3z2 − 1) + 3(z3 − 3z − 1)
mz(z + 1) + z3 + 3z2 − 1

.

By a similar argument to the one for fS3
t (X) given above, we obtain the

following corollary:

Corollary 2.2. Let K be an infinite field of char K �= 2. For a fixed
m ∈ K with m2 + 3m+ 9 �= 0, there exist infinitely many n ∈ K such that
SplKfC3

m (X) = SplKfC3
n (X).

The following theorem is well-known as Siegel’s theorem for curves of genus
0 (cf. [28, Theorem 6.1], [29, Chapter 8, Section 5], [14, Theorem D.8.4]).

Theorem 2.3 (Siegel). Let K be a number field and OK the ring of in-
tegers in K. If a rational function ϕ(t) ∈ K(t) has at least three distinct
poles, then there are only finitely many u ∈ K such that ϕ(u) ∈ OK .

In contrast with Corollaries 2.1 and 2.2, by applying Siegel’s theorem
to Theorems 2.1 and 2.2 we get the followings:

Corollary 2.3. Let K be a number field and OK the ring of integers in K.
For fS3

a (X) = X3+aX+a with a given non-zero integer a ∈ OK , there exist
only finitely many integers b ∈ OK such that SplKfS3

a (X) = SplKf
S3
b (X).

Corollary 2.4. Let K be a number field and OK the ring of integers in
K. For fC3

m (X) = X3 −mX2 − (m+3)X − 1 with a given integer m ∈ OK

(m2 + 3m + 9 �= 0), there exist only finitely many integers n ∈ OK such
that SplKfC3

m (X) = SplKfC3
n (X).
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In the next section, we investigate this phenomenon in detail for fC3
t (X)

and K = Q.

3. A parametric family of Thue equations

We consider the following parametric family of Thue equations

Fm(X,Y ) := X3 −mX2Y − (m+ 3)XY 2 − Y 3 = j (3.1)

for m ∈ Z and j ∈ Z \ {0}. We first note that

F−m−3(X,Y ) = Fm(−Y,−X), (3.2)

−Fm(X,Y ) = Fm(−X,−Y ). (3.3)

From (3.2) and (3.3), we may suppose that −1 ≤ m and 0 < j without
loss of generality. In the case of j = ±1, the Thue equations (3.1) is solved
completely. Thomas [47] showed that if m+1 ≥ 1.365× 107 then the equa-
tion Fm(X,Y ) = 1 has only the trivial solutions (0,−1), (−1, 1), (−1, 0).
Moreover he also showed that for 0 ≤ m + 1 ≤ 103 non-trivial solutions
exist only for m = −1, 0, 2. Mignotte [38] solved completely the equations
Fm(X,Y ) = 1. He proved that for −1 ≤ m non-trivial solutions occur only
for m = −1, 0, 2.

For −1 ≤ m ∈ Z and j = 1, all integer solutions of the equations (3.1)
are given by trivial solutions (x, y) = (1, 0), (0,−1), (−1, 1) for an arbitrary
m and additionally

(x, y) = (−1,−1), (−1, 2), (2,−1) for m = −1,

(x, y) = (5, 4), (4,−9), (−9, 5) for m = −1,

(x, y) = (2, 1), (1,−3), (−3, 2) for m = 0,

(x, y) = (−7,−2), (−2, 9), (9,−7) for m = 2

(cf. also the textbook [9, p. 54]). Note that if (x, y) is an integer solution
of (3.1) then (y,−x− y) and (−x− y, x) are also integer solutions of (3.1)
because Fm(X,Y ) is invariant under the action of C3 = 〈σ〉 where σ :
X  −→ Y  −→ −X − Y .

Mignotte-Pethö-Lemmermeyer [39] studied Thue equation Fm(X,Y ) =
j for general j ∈ Z and gave a complete solution to Thue inequality
|Fm(X,Y )| ≤ 2m+3 with a result of [35]. For −1 ≤ m and 1 < j ≤ 2m+3,
all solutions to Fm(X,Y ) = j are given by trivial solutions for j = c3 and

(x, y) ∈ {(−1,−1), (−1, 2), (2,−1),

(−m− 1,−1), (−1,m+ 2), (m+ 2,−m− 1)}
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for j = 2m+3, except for m = 1 in which case (3.1) has the extra solutions:

(x, y) ∈ {(3, 1), (1,−4), (−4, 3), (8, 3), (3,−11), (−11, 8)}
for j = 5 ‡. The Thue inequality |Fm(X,Y )| ≤ j(m) for j : Z → N is also
investigated by Lettl-Pethö-Voutier [36] and Xia-Chen-Zhang [49] under
some conditions.

Take the k-generic polynomial fC3
t (X) = X3 − tX2 − (t + 3)X − 1 ∈

k(t)[X ] for C3. We consider the case of k = K = Q and m ∈ Z. Then we
have fC3

m (X) = Fm(X, 1). For m ∈ Z, we call the splitting fields

Lm := SplQf
C3
m (X)

the simplest cubic fields (cf. [45]). Note that Fm(X, 1) = F−m−3(−1,−X).
Thus if z is a root of fC3

m (X) then 1/z becomes a root of fC3
−m−3(X), and

hence Lm = L−m−3 for m ∈ Z.
By using Theorem 2.2 we obtained in [15] the following theorem which

asserts a correspondence between some integral solutions of Thue equations
(3.1) and isomorphism classes of the simplest cubic fields.

Theorem 3.1. Let m be an integer. There exists an integer n ∈ Z \
{m,−m − 3} such that Lm = Ln if and only if there exists a solution
(x, y) ∈ Z2 with xy(x+ y) �= 0 to the cubic Thue equation

Fm(x, y) = j for some j > 0 with j | m2 + 3m+ 9.

Moreover integers m, n and solutions (x, y) ∈ Z2 above satisfy either

(I) n = m+
(m2 + 3m+ 9)xy(x+ y)

Fm(x, y)
or

(II) − n− 3 = m+
(m2 + 3m+ 9)xy(x+ y)

Fm(x, y)
.

Note that the discriminant of Fm(X,Y ) equals (m2 + 3m+ 9)2.
Ennola [8] verified that for integers −1 ≤ m < n ≤ 104 the overlap

Lm = Ln occurs only in the case of L−1 = L5 = L12 = L1259, L0 = L3 =
L54, L1 = L66 and L2 = L2389. In [17], we checked that this claim is also
valid for −1 ≤ m < n ≤ 105 by using Theorem 2.2.

Okazaki [42] studied Thue equation f(X,Y ) = 1 for an irreducible
cubic form f(X,Y ) with positive discriminant and established a very
strong result on gaps between solutions. For example, applying Theo-
rem 1.3 in [42] to Fm(X,Y ), we see that if m + 1 ≥ 4 × 104 then

‡In [39, Theorem 3], there is a misprint: it should be added (−11, 8).
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Fm(X,Y ) = 1 has only three trivial solutions (instead of Thomas’ esti-
mate m+ 1 ≥ 1.365× 107 as we mentioned above). Using the gap principle
given in [42], Okazaki showed the following theorem. Although the result
seems to be unpublished yet (up to now), a brief sketch of the proof is
available at http://www1.doshisha.ac.jp/~rokazaki/papers.html as a
presentation sheet (cf. also Wakabayashi’s paper [48]).

Theorem 3.2 (Okazaki). For integers m,n ≥ −1, if Lm = Ln (m �= n)
then m,n ∈ {−1, 0, 1, 2, 3, 5, 12, 54, 66, 1259, 2389}. In particular,

L−1 = L5 = L12 = L1259, L0 = L3 = L54, L1 = L66, L2 = L2389.

As a consequence of Theorem 3.1 and Theorem 3.2 we obtain the followings:

Theorem 3.3. For m ≥ −1, all integer solutions (x, y) ∈ Z2 with xy(x +
y) �= 0 of Thue equations Fm(x, y) = j with j ∈ N and j |m2 + 3m+ 9 are
given on Table 1.

Table 1

m n Type j m2 + 3m + 9 (x, y)

−1 12 (II) 1 7 (−1,−1), (−1, 2), (2,−1)

−1 1259 (I) 1 7 (5, 4), (4,−9), (−9, 5)

−1 5 (I) 7 7 (2, 1), (1,−3), (−3, 2)

0 54 (I) 1 32 (2, 1), (1,−3), (−3, 2)

0 3 (II) 3 32 (−1,−1), (−1, 2), (2,−1)

1 66 (II) 13 13 (−5,−2), (−2, 7), (7,−5)

2 2389 (II) 1 19 (−7,−2), (−2, 9), (9,−7)

3 0 (II) 32 33 (−1,−1), (−1, 2), (2,−1)

3 54 (II) 32 33 (−4,−1), (−1, 5), (5,−4)

5 −1 (I) 72 72 (3,−1), (−1,−2), (−2, 3)

5 12 (II) 72 72 (−4,−1), (−1, 5), (5,−4)

5 1259 (I) 72 72 (19, 3), (3,−22), (−22, 19)

12 −1 (II) 33 33 · 7 (−1,−1), (−1, 2), (2,−1)

12 1259 (II) 33 33 · 7 (−13,−1), (−1, 14), (14,−13)

12 5 (II) 33 · 7 33 · 7 (−4,−1), (−1, 5), (5,−4)

54 0 (I) 73 32 · 73 (3,−1), (−1,−2), (−2, 3)

54 3 (II) 3 · 73 32 · 73 (−4,−1), (−1, 5), (5,−4)

66 1 (II) 33 · 132 33 · 132 (−5,−2), (−2, 7), (7,−5)

1259 −1 (I) 613 7 · 613 (9,−4), (−4,−5), (−5, 9)

1259 12 (II) 613 7 · 613 (−13,−1), (−1, 14), (14,−13)

1259 5 (I) 7 · 613 7 · 613 (22,−3), (−3,−19), (−19, 22)

2389 2 (II) 673 19 · 673 (−7,−2), (−2, 9), (9,−7)

Corollary 3.1. For m ≥ −1, integer solutions (x, y) ∈ Z2 with xy(x +
y) �= 0 of Thue equations Fm(x, y) = m2 + 3m + 9 exist only for m =
−1, 1, 5, 12, 66, 1259 as on Table 1.
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We provide more detailed data of Table 1 in the last section (Appendix)
of this paper for the reader’s convenient.

4. The case of D4

For a field k with char k �= 2, we take a k-generic polynomial fD4
s,t (X) =

X4+sX2+t ∈ k(s, t)[X ] for D4 with discriminant 16t(s2−4t)2. We assume
that for a = (a, b) ∈ K2, fD4

a,b (X) is separable over K, i.e., b(a2 − 4b) �= 0.
In this case, for an infinite field K ⊃ k and a fixed a = (a, b) ∈ K2,

there exist infinitely many a′ = (a′, b′) ∈ K2 such that SplKf
D4
a (X) =

SplKf
D4
a′ (X) because fD4

a,b (X) and fD4
a′,b′(X) = fD4

ac2,bc4(X) = fD4
a,b (X/c) · c4

have the same splitting field over K for arbitrary c ∈ K. Hence we consider
the non-trivial case of a2b′ − a′2b �= 0 or b′/b �= c4 for any c ∈ K.

In [18], we gave the following theorem which is a generalization of the
result of van der Ploeg [43]:

Theorem 4.1. For a = (a, b), a′ = (a′, b′) ∈ K2 with bb′(a2 − 4b)(a′2 −
4b′) �= 0 we assume that C4 ≤ Gal(fD4

a /K) and C4 ≤ Gal(fD4
a′ /K). We

also assume that a2b′ − a′2b �= 0 or b′/b is not a fourth power in K. Then
the quotient fields K[X ]/(fD4

a (X)) and K[X ]/(fD4
a′ (X)) are K-isomorphic

if and only if there exist u,w ∈ K such that

a′ = (a3 − 3ab− 2a2u+ 4bu+ au2)w2, b′ = b(b− au+ u2)2w4.

Suppose that K is a Hilbertian field; that is to say, suppose that Hilbert’s
irreducibility theorem holds for K. Then, as a consequence of Theorem 4.1,
we get

Corollary 4.1. Let K ⊃ k be a Hilbertian field. For a = (a, b) ∈ K2

with b(a2 − 4b) �= 0 and C4 ≤ Gal(fD4
a /K), there exist infinitely many

a′ = (a′, b′) ∈ K2 which satisfy the condition that b′/b is not a fourth power
in K and that SplKf

D4
a (X) = SplKf

D4
a′ (X).

Proof. Applying Theorem 4.1 to w = 1, it follows that for arbitrary u ∈ K

SplKf
D4
a,b (X) = SplKf

D4
a′,b′(X) where a′ = (a3 − 3ab − 2a2u + 4bu + au2),

b′ = b(b−au+u2)2. By Hilbert’s irreducibility theorem, there exist infinitely
many u ∈ K such that X2 − (b− au+u2) = X2 − (u2− a/2)2 +(a2 − 4b)/4
is irreducible over K, since a2 − 4b �= 0. For such infinitely many u ∈ K,
we have b′/b = (b − au+ u2)2 which is not a fourth power in K.

It follows from the assumption C4 ≤ Gal(fD4
a /K) that b is not a square

in K, i.e., Gal(fD4
a /K) �≤ A4. Applying Theorem 4.1 to (u,w) = (0, 1),
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we have SplKf
D4
a,b (X) = SplKf

D4
a′,b′(X) for (a′, b′) = (a(a2 − 3b), b3) with

b′/b = b2 which is not a fourth power in K. By repeating this process, we
see that for a given (a, b) ∈ Z2 with b(a2 − 4b) �= 0 there exist infinitely
many (a′, b′) ∈ Z2 such that b′/b is not a fourth power in Z and that
SplQf

D4
a,b (X) = SplQf

D4
a′,b′(X); this shows a fact in contrast with Corollaries

2.3 and 2.4 although fD4
s,t (X) have the least possible number of parameters

over Q.

5. Numerical examples: the case of C4

We take the k-generic polynomial fC4
s,u(X) for C4:

fC4
s,u(X) = X4 + sX2 +

s2

u2 + 4
∈ k(s, u)[X ]

with discriminant 16s6u4/(u2 + 4)3. We assume that for a = (a, c) ∈ K4,
fC4

a,c(X) is well-defined and separable over K, i.e., ac(c2 + 4) �= 0.
In [18], we gave the following theorem:

Theorem 5.1. For a = (a, c), a′ = (a′, c′) ∈ K2 with aa′cc′(c2 + 4)(c′2 +
4) �= 0, we assume that c �= ±c′ and c �= ±4/c′. Then the splitting field of
fC4

a,c(X) over K and that of fC4
a′,c′(X) coincide if and only if either fC4

A,C+(X)
or fC4

A,C−(X) has a linear factor over K where A = −aa′ and C± = (cc′ ∓
4)/(c± c′).

Example 5.1. For fC4
a,c(X) = X4 + aX2 + a2/(c2 + 4), we first note that

SplKf
C4
a,c(X) = SplKf

C4
a,−c(X) and SplKf

C4
a,c(X) = SplKf

C4
ae2,c(X)

for a, c, e ∈ K. By Theorem 5.1, we have

SplKf
C4
a,c(X) = SplKf

C4
(c2+4)/a,c(X) (5.4)

since fC4
A,C+(X) = (X−2)(X+2)(X−c)(X+c) for (a′, c′) = ((c2 +4)/a, c).

Although Theorem 5.1 is not applicable to the case of c′ = 4/c, it follows
from SplK(X4 + aX2 + b) = SplK(X4 + 2aX2 + a2 − 4b) that

SplKf
C4
a,c(X) = SplKf

C4
2a,4/c(X) (5.5)

(cf. [18]). For example, by (5.4) and (5.5), the polynomials fC4
a,c(X) and

fC4
2(c2+4)/a,4/c(X) have the same splitting field over K.

Example 5.2. We take K = Q and the simplest quartic polynomial

hn(X) = X4 − nX3 − 6X2 + nX + 1 ∈ Q[X ], (n ∈ Z)
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with discriminant 4(n2+16)3 whose Galois group over Q is isomorphic to C4

except for n = 0,±3 (cf. for example, [11], [12], [30], [35], [27], [13], [7], [37],
and the references therein). We see that hn(X) and

Hn(X) := fC4
−(n2+16),n/2(X) = X4 − (n2 + 16)X2 + 4(n2 + 16)

have the same splitting field over Q (cf. [18]). For n ∈ Z, we may assume
1 ≤ n because SplQHn(X) = SplQH−n(X) and Hn(X) splits over Q only
for n = 0, ±3. For 1 ≤ m < n, we apply Theorem 5.1 to Hm(X) and
Hn(X) as (a, c, a′, c′) = (−(m2 + 16),m/2,−(n2 + 16), n/2), then we see
for (m,n) = (2, 22), (1, 103), (4, 956),

fC4
A,C+(X) = (X − 60)(X + 60)(X − 80)(X + 80),

fC4
A,C−(X) = (X − 255)(X + 255)(X − 340)(X + 340),

fC4
A,C+(X) = (X − 2080)(X + 2080)(X − 4992)(X + 4992)

respectively. Hence we get

SplKhm(X) = SplKhn(X) for (m,n) ∈ {(1, 103), (2, 22), (4, 956)}.

We may not apply Theorem 5.1 to two cases (m,n) = (1, 16), (2, 8). In
these cases, we may use the transformation (5.5) in the previous example.

We checked by Theorem 5.1 that for integers m,n in the range 1 ≤
m < n ≤ 105, fC4

A,C±(X) has a linear factor over Q, i.e. SplKhm(X) =
SplKhn(X), only for the values of (m,n) = (1, 103), (2, 22), (4, 956).

6. Numerical examples: the case of D5

We take the Brumer’s quintic generic polynomial for D5:

fD5
s (X) = X5 + (t− 3)X4 + (s− t+ 3)X3

+ (t2 − t− 2s− 1)X2 + sX + t ∈ k(s)[X ]

with discriminant t2 · δ2s where s = (s, t) and

δs := s2−4s3+4t−14st−30s2t−91t2−34st2+s2t2+40t3+24st3+4t4−4t5.

We assume that for a = (a, b) ∈ K2, fD5
a (X) is separable over K, i.e.,

b · δa �= 0. We first see the following lemma (cf. [19]).

Lemma 6.1. For a = (a, b) ∈ K2 with b · δa �= 0, we have SplKfD5
a (X) =

SplKf
D5
(a+5b)/b2,−1/b(X).
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In the case of char k �= 2, we take

F 1
s,s′(X) :=

(
X5 − (t− 3)(t′ − 3)X4 + c3X

3 +
c2
2
X2 +

c1
2
X +

c0
2

)2

− δs δs′

4

(
X2 + (t+ t′ − 1)X + (s− t+ s′ − t′ + tt′ + 2)

)2

,

F 2
s,s′(X) := F 1

(s+5t)/t2,−1/t,s′,t′(X)

where s = (s, t), s′ = (s′, t′) and

c3 =
[
2s − 21t + 3t2 − t(2 − t)s′ − t2t′

]
+ 31 − 3ss′ + 5tt′,

c2 =
[
2(−10s + 56t + 4st − 16t2 + t3) + t(5 − 13s − 12t + 4t2)s′ − t(15s

− 14t − 2t2)t′ + 8t2s′t′ − 2t3t′2
]− 102 + 27ss′ − 119tt′ − sts′t′ + 6t2t′2,

c1 =
[
2(16s + s2 − 64t − 13st + 30t2 + 2st2 − 4t3) + (−6s2 − 7t + 38st

+ 9t2 − 5st2 − 12t3 + 2t4)s′ + t(2s − 77t + 3st + 8t2)t′ + 2t(−10 − 4s

+ 3t + t2)s′2 + t2(−29 + s + 18t)s′t′ − 2(s − 5t)t2t′2] + 80 − 37ss′

+ 145tt′ − 45sts′t′ + 24t2t′2 − 8t3t′3,

c0 =
[
2(−8s − s2 + 28t + 12st + s2t − 19t2 − 4st2 + 4t3) + (5s2 − 2t

− 38st − 7s2t + 5t2 + 13st2 + 8t3 + 2st3 − 4t4)s′ − t(104s + 33s2

− 105t − 35st − 4t2 − 16st2 + 6t3 + 2t4)t′ + t(−21 − 11s − 2t + 2st

+ 4t2)s′2 − t(s2 − 36t + 14st + 6t2 − 6t3)s′t′ − t2(37s − 22t + 2st

− 8t2)t′2 + 8t3s′t′2 + 8t2s′2t′ − 2t4t′3
]− 24 + 14ss′ − 8s2s′2 − 224tt′

+ sts′t′ − 101t2t′2 − st2s′t′2 − 8t3t′3

with
[
u
]

:= u+ ι(u), (u ∈ k(s, t, s′, t′)), for ι : s↔ s′, t↔ t′.

In [19], we gave the following result (for the case of charK = 2, see [19]).

Theorem 6.1. Let K ⊃ k be a field of char K �= 2. For a = (a, b),
a′ = (a′, b′) ∈ K2 with aa′δaδa′ �= 0, we assume that F 1

a,a′(X)F 2
a,a′(X) has

no repeated factors. Then the splitting field of fD5
a (X) over K and that of

fD5
a′ (X) coincide if and only if either F 1

a,a′(X) or F 2
a,a′(X) has a root in K.

Remark 6.1. Note that we may assume that F 1
a,a′(X)F 2

a,a′(X) has no
repeated factors after suitable Tschirnhausen transformation of fD5

a′ (X)
(cf. [10], [4], [19], [21]). For example, we may apply Lemma 6.1 for a = (0, 1),
a′ = (4,−1) as follows: the polynomial F 1

0,1,4,−1(X) splits into irreducible
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factors over Q as

F 1
0,1,4,−1(X) = (X − 1)2(X − 3)(X2 − 3X + 14)

· (X5 − 8X4 + 36X3 − 47X2 + 60X + 193).

It follows from Lemma 6.1 that SplQf
D5
4,−1(X) = SplQf

D5
−1,1(X), and we have

the Q-irreducible decomposition of F 2
0,1,−1,1(X) as

F 2
0,1,−1,1(X) = X(X2 − 3X + 14)(X2 − 5X + 18)

· (X5 − 8X4 + 47X3 − 171X2 + 299X − 235).

Thus we see SplQf
D5
0,1 (X) = SplQf

D5
4,−1(X) (= SplQf

D5
−1,1(X)). This con-

clusion may directly be obtained also from the Q-decomposition type of
F 1

0,1,4,−1(X) (see [19]).

By Theorem 6.1, we give some numerical examples of the field isomor-
phism problem of fD5

s,t (X) over K = Q and for integral points a, a′ ∈ Z2.
We do not know, however, for a given a ∈ Z2 whether there exist only
finitely many a′ ∈ Z2 such that SplQf

D5
a (X) = SplQf

D5
a′ (X) or not.

As in Remark 6.1, if F i
a,a′(X) has a repeated factor then we retake an-

other (modified) F i
a,a′′(X) which is squarefree and arises from some Tschirn-

hausen transformation of fD5
a′ (X).

Example 6.1. Take K = Q and t := 1. Then we have fD5
s,1 (X) = X5 −

2X4 + (s+ 2)X3 − (2s+ 1)X2 + sX + 1. For a, a′ ∈ Z in the range −104 ≤
a < a′ ≤ 104, SplQf

D5
a,1 (X) = SplQf

D5
a′,1(X) if and only if (a, a′) ∈ X1 ∪X2

where

X1 = {(−6, 0), (−1, 41), (−94,−10)},
X2 = {(−1, 0), (−6,−1), (−18,−7), (1, 34), (0, 41), (−6, 41), (−167,−8)}.

It was directly checked by Theorem 6.1 that, for a, a′ ∈ Z in the range
−104 ≤ a < a′ ≤ 104, (a, a′) ∈ Xi if and only if (modified) F i

a,1,a′,1(X) has
a root in Q for each of i = 1, 2.

Example 6.2. Kida-Renault-Yokoyama [26] showed that there exist in-
finitely many b ∈ Q such that SplQf

D5
0,1 (X) = SplQf

D5
b,1 (X). Their method

enables us to construct such b’s explicitly via rational points of an associ-
ated elliptic curve (cf. [26]).

They also pointed out that in the range −400 ≤ a, b ≤ 400 there are
25 pairs (a, b) ∈ Z2 such that SplQf

D5
0,1 (X) = SplQf

D5
a,b (X). We may classify

the 25 pairs by the polynomials F 1
0,1,a,b(X) and F 2

0,1,a,b(X). In the range
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above, for i = 1, 2, (modified) F i
0,1,a,b(X) has a root in Q if and only if

(a, b) ∈ Xi where

X1 = {(0, 1), (4,−1), (4, 5), (−6, 1), (−24, 19), (34, 11), (36,−5),

(46,−1), (−188, 23), (264, 31), (372,−5), (378, 43)},
X2 = {(−1,−1), (−1, 1), (5,−1), (41, 1), (−43, 5), (47, 13), (59,−5),

(59, 19), (101, 19), (125,−23), (149, 11), (155, 25), (−169, 55)}.
By Theorem 6.1, we see that if F 1

0,1,a,b(X) (resp. F 2
0,1,a,b(X)), (a, b) ∈ Z2,

has a root in Q then (a, b) = (even, odd) (resp. (a, b) = (odd, odd)) because
F 1

0,1,a,b(X) ∈ Z[X ] splits into irreducible factors over the field F2 of two
elements as

F 1
0,1,0,0(X) = (X5 +X3 + 1)2,

F 1
0,1,0,1(X) = X(X + 1)4(X5 +X2 + 1),

F 1
0,1,1,0(X) = X10 +X7 +X4 +X3 + 1,

F 1
0,1,1,1(X) = (X5 +X3 + 1)(X5 +X3 +X2 +X + 1)

and F 2
0,1,a,b(X) ∈ Z[X ] also splits into irreducible factors over F2 as

F 2
0,1,0,0(X) = (X5 +X3 + 1)2,

F 2
0,1,0,1(X) = (X5 +X3 + 1)(X5 +X3 +X2 +X + 1),

F 2
0,1,1,0(X) = X10 +X7 +X6 +X4 +X2 +X + 1,

F 2
0,1,1,1(X) = X3(X + 1)2(X5 +X3 +X2 +X + 1).

By Theorem 6.1, we have checked pairs (a, b) ∈ Z2 in the range −2 ×
104 ≤ a, b ≤ 2 × 104 and added just {(526, 41), (952, 113), (2302, 95),
(6466, 311), (7180, 143), (7480,−169)} to X1, and {(785,−25), (3881, 29),
(−11215, 299), (19739,−281)} to X2.

Example 6.3. Let hn(X) be Lehmer’s simplest quintic polynomial
Tschirnhausen transformation

hn(X) = X5 + n2X4 − (2n3 + 6n2 + 10n+ 10)X3

+ (n4 + 5n3 + 11n2 + 15n+ 5)X2 + (n3 + 4n2 + 10n+ 10)X + 1
(cf. [33]), and take K = Q. We regard n as an independent parameter
over Q. For Brumer’s quintic fD5

s,t (X), we see by the result in [21] that
SplQ(n)hn(X) = SplQ(n)f

D5
s,t (X) where s = −20−5n+10n2+12n3+5n4+n5,

t = −7− 10n− 5n2 − n3. By Theorem 6.1, we checked pairs (m,n) ∈ Z2 in
the range −104 ≤ m < n ≤ 104 to confirm that SplQhm(X) = SplQhn(X)
if and only if (m,n) = (−2,−1).
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7. Appendix

For the reader’s convenience, we give more detailed data of Table 1 of
Theorem 3.3 as the following table (Table 2) which is meant to be compared
with the known results of Thomas [47], Mignotte [38] and Mignotte-Pethö-
Lemmermeyer [39].
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Table 2

m n −n − 3 2m + 3 j m2 + 3m + 9 xy(x + y) (x, y)

−1 −15 12 1 1 7 −2 (−1,−1), (−1, 2), (2,−1)

−1 1259 −1262 1 1 7 180 (5, 4), (4,−9), (−9, 5)

−1 5 −8 1 7 7 6 (2, 1), (1,−3), (−3, 2)

0 54 −57 3 1 9 6 (2, 1), (1,−3), (−3, 2)

0 −6 3 3 3 9 −2 (−1,−1), (−1, 2), (2,−1)

1 −69 66 5 13 13 −70 (−5,−2), (−2, 7), (7,−5)

2 −2392 2389 7 1 19 −126 (−7,−2), (−2, 9), (9,−7)

3 −3 0 9 9 27 −2 (−1,−1), (−1, 2), (2,−1)

3 −57 54 9 9 27 −20 (−4,−1), (−1, 5), (5,−4)

5 −1 −2 13 49 49 −2 (3,−1), (−1,−2), (−2, 3)

5 −15 12 13 49 49 −20 (−4,−1), (−1, 5), (5,−4)

5 1259 −1262 13 49 49 1254 (19, 3), (3,−22), (−22, 19)

12 −2 −1 27 27 189 −2 (−1,−1), (−1, 2), (2,−1),

12 −1262 1259 27 27 189 −182 (−13,−1), (−1, 14), (14,−13)

12 −8 5 27 189 = 33 · 7 189 = 33 · 7 −20 (−4,−1), (−1, 5), (5,−4)

54 0 −3 111 343 = 73 3087 = 32 · 73 −6 (3,−1), (−1,−2), (−2, 3)

54 −6 3 111 1029 = 3 · 73 3087 = 32 · 73 −20 (−4,−1), (−1, 5), (5,−4)

66 −4 1 135 4563 = 33 · 132 4563 = 33 · 132 −70 (−5,−2), (−2, 7), (7,−5)

1259 −1 −2 2521 226981 = 613 1588867 = 7 · 613 −180 (9,−4), (−4,−5), (−5, 9)

1259 −15 12 2521 226981 = 613 1588867 = 7 · 613 −182 (−13,−1), (−1, 14), (14,−13)

1259 5 −8 2521 1588867 = 7 · 613 1588867 = 7 · 613 −1254 (22,−3), (−3,−19), (−19, 22)

2389 −5 2 4781 300763 = 673 5714497 = 19 · 673 −126 (−7,−2), (−2, 9), (9,−7)
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methods, Birkhäuser Boston, Inc., Boston, MA, 2002.
10. K. Girstmair, On the computation of resolvents and Galois groups,

Manuscripta Math. 43 (1983), 289–307.
11. M. N. Gras, Table numérique du nombre de classes et des unités des exten-
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A STATISTICAL RELATION OF ROOTS OF A
POLYNOMIAL IN DIFFERENT LOCAL FIELDS II

YOSHIYUKI KITAOKA ∗

Department of Mathematics, Meijo University,
Nagoya, 468-8502, Japan

E-mail: kitaoka@ccmfs.meijo-u.ac.jp

Let f(x) be a monic polynomial in Z[x]. We make an observation on the sta-
tistical relation of roots of f(x) modulo p for different primes p, for which f(x)
decomposes completely. Based on it, we propose several conjectures.

1. Introduction and Conjectures

Let

f(x) = xn + an−1x
n−1 + ...+ a1x+ a0 ∈ Z[x]

be a monic polynomial with integer coefficients. We put

Spl(f) = {p | f(x) mod p is completely decomposable},

where p denotes prime numbers. Let r1, ..., rn (ri ∈ Z, 0 ≤ ri ≤ p − 1) be
roots of f(x) ≡ 0 mod p for p ∈ Spl(f); then clearly an−1+

∑
ri ≡ 0 mod p.

Whence there exists an integer Cp(f) such that

an−1 +
n∑

i=1

ri = Cp(f)p. (1.1)

We stress that the local roots are supposed to satisfy

0 ≤ ri ≤ p− 1 (ri ∈ Z).

Hence the integer Cp(f) satisfies 0 ≤ Cp(f) ≤ n for sufficiently large primes
p.

∗Partially supported by Grant-in-Aid for Scientific Research (C), The Ministry of Edu-
cation, Science, Sports and Culture.
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Example 1.1. Let f(x) = x+ a (a ∈ Z); then we have, for primes p with
finitely many exceptions

Cp(f) =
{

1 if a > 0,
0 if a ≤ 0.

Proof. We confine ourselves to primes p larger than |a|. If a > 0, then the
local root mod p is p− a ∈ [0, p− 1], and so Cp(f) = 1. If a ≤ 0, then the
local root is −a ∈ [0, p− 1], and Cp(f) = 0.

The following is the second exceptional case where we can evaluate
Cp(f) explicitly ( [5]).

Theorem 1.1. Let m be a natural number and let

f(x) =
2m∑
i=0

aix
i ∈ Z[x]

be a monic polynomial without integer roots which decomposes as f(x) =
f1(f2(x)) (cf. (1.2) below) with f1(x), f2(x) ∈ Q[x] and deg f2(x) = 2. Then
we have

Cp(f) = m (=
1
2

deg f(x))

for primes p ∈ Spl(f) with finitely many exceptions.

Although we do not know the real meaning of Cp(f), we know the following
characterization in a particular case.

Theorem 1.2. Let p (�= 2, 5) be a prime number, and let the purely periodic
decimal expansion of 1/p be

0.ċ1 · · · ċe = 0.c1 · · · cec1 · · · ce · · · , (0 ≤ ci ≤ 9)

where e is the minimal length of periods, i.e. e = the order of 10 mod p.
Suppose e = nk for natural numbers n (> 1), k. We divide the period into
n parts of equal length k, and add them. Then we have

c1 · · · ck + ck+1 · · · c2k + · · · + c(n−1)k+1 · · · cnk

= (10k − 1)Cp(f)

= 9 · · · 9 × Cp(f),

for f(x) = xn − 1, and Cp(f) = n/2 if n is even, and 1 ≤ Cp(f) ≤ n− 2 if
n is odd.
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The study of the distribution of Cp(f) in this theorem was the starting
point ( [4], [3]) for our research.
Except two cases above, the values Cp(f) seem random. Hereafter, we study
the distribution of Cp(f) for a given monic polynomial f(x) in Z[x].
First, the range of Cp(f) is more precisely described by the following ( [5]).

Proposition 1.1. Suppose that f(x) = xn+an−1x
n−1+...+a1x+a0 ∈ Z[x]

is a monic polynomial without integer roots. Then we have, for p ∈ Spl(f)

1 ≤ Cp(f) ≤ n− 1

except finitely many primes.

Proposition 1.2. Let f(x) be a monic polynomial of degree n without
integer roots. Then we have

Cp((−1)nf(−x)) = n− Cp(f(x)) and Cp(f(x+ a)) = Cp(f(x)) (a ∈ Z)

except finitely many primes.

Proof. Let r1, · · · , rn be roots of f(x) modulo p with 0 ≤ ri ≤ p− 1. We
note that there are only finitely many primes p such that ri �= 0, hence for
such primes 0 ≤ p − ri ≤ p − 1 and p − ri’s are the roots of (−1)nf(−x)
modulo p. Now (1.1) reads −an−1 +

∑n
i=1(p − ri) = (n − Cp(f))p, and so

the first equality follows.
Next, noting that f(x+ a) = xn + (an−1 + na)xn−1 + · · · and ri − a’s are
the roots of f(x+ a), we have Cp(f(x+ a)) = (an−1 +na+

∑
(ri − a))/p =

Cp(f(x)) under the assumption 0 ≤ ri − a < p. If there are infinitely many
primes such that ri − a ≥ p, i.e. 1 ≤ p− ri ≤ −a, then there is an integer b
such that 1 ≤ b ≤ −a for which p− ri = b holds for infinitely many primes.
Hence f(−b) ≡ f(ri) ≡ 0 mod p for infinitely many primes. This implies a
contradiction f(−b) = 0. Similarly, we have 0 ≤ ri − a except finitely many
primes.

To state the main conjecture based on our observation in the next sec-
tion, we prepare notations and terminologies.
(1) For a monic polynomial f(x) ∈ Z[x] and a positive number X , we define
the natural density by

Pr(k, f,X) =
#{p | p ∈ Spl(f), p ≤ X,Cp(f) = k}

#{p | p ∈ Spl(f), p ≤ X} .

(2) Let f(x) be a monic polynomial in Z[x]. If there are polynomials
g(x), h(x) ∈ Q[x] such that

f(x) = g(h(x)), (1.2)
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then we call this expression a decomposition of f . We may suppose that
h(x) is in Z[x] and primitive; then g(x), h(x) are in Z[x] and monic.

Proof. Suppose that there is a prime number p such that g(x) /∈ Zp[x]
where Zp signifies the ring of p-adic integers; then there is a natural number
a such that pag(x) is primitive in Zp[x]. Therefore we have

pag(x) ≡ anx
n + · · · mod p, an �≡ 0 mod p,

h(x) ≡ bmx
m + · · · mod p, bm �≡ 0 mod p,

which yields

paf(x) ≡ pag(h(x)) ≡ an(bmxm)n + · · · mod p.

Comparing both sides, we have a contradiction 0 ≡ anb
n
m mod p. Hence

g(x) ∈ Zp[x] for all p and so g(x) ∈ Z[x]. Now g(x) and h(x) are clearly
monic since f(x) is monic.

Therefore, for a decomposition f(x) = g(h(x)), we may assume that
g(x), h(x) are in Z[x] and monic. Moreover, putting h1(x) = h(x) − h(0),
we have f(x) = g(h1(x) + h(0)) = g1(h1(x)) for another monic polynomial
g1(x) ∈ Z[x]. Consequently, we may assume in (1.2) that

g(x), h(x) ∈ Z[x] are monic and h(0) = 0, (1.3)

which we call a reduced decomposition of f(x). Then h(x) divides f(x)−
f(0). A reduced decomposition is not unique. Indeed,{

g(x) = f(x),
h(x) = x,

{
g(x) = x+ f(0),
h(x) = f(x) − f(0)

are reduced decompositions. We call these trivial. If a polynomial f(x)
has a non-trivial reduced decomposition, we say that f(x) is reduced,
otherwise non-reduced. When f(x) is reduced, we call the degree of h(x)
a reduced degree of f(x). Thus every reduced degree is larger than 1 and
smaller than deg f. For example, the reduced degrees of f(x) = xn are all
proper divisors m of n because of f(x) = (xm)n/m. Note that deg f(x) =
deg g(x) · deg h(x), hence each reduced degree divides the degree of f(x).
Therefore, if deg f(x) is a prime number, f(x) is non-reduced.

Every reduced polynomial treated in Section 5 of [5] has only one non-
trivial reduced decomposition. Therefore, the definition of the reduced de-
gree adopted there to be the minimum of reduced degrees coincides with
the above definition, and causes no trouble to study examples there. But
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it turned out to be inappropriate when f(x) has many reduced decompo-
sitions, as examples in case of n = 12 below exhibit and we are to modify
the definition of the reduced degree as above.
(3) A mapping p from the set of integers Z to the set of non-negative real
numbers is called a table of frequency distribution if it satisfies (i)
p(n) �= 0 for only finitely many integers n, (ii) p(n) = 0 if n < 0 , and (iii)∑

n∈Z p(n) = 1.
The mean µ and the variance σ2 of p are defined as usual by

µ(p) =
∑
n∈Z

np(n), σ2(p) =
∑
n∈Z

n2p(n) − µ(p)2.

To a table of frequency distribution p, we associate the generating poly-
nomial dp by

dp(x) =
∞∑

n=0

p(n)xn.

Then we have

dp
′(x) =

∑
p(n)nxn−1,

dp
′(x) + xdp

′′(x) = (xdp
′(x))′ =

∑
p(n)n2xn−1.

These yield

dp(1) = 1, dp
′(1) = µ(p), dp

′′(1) = σ2(p) + µ(p)2 − µ(p). (1.4)

Let p, q be tables of frequency distribution. The convolution p ∗ q is defined
by

p ∗ q(n) =
∑

i+j=n

p(i)q(j),

which is indeed a finite sum. It is easy to see that p∗q is a table of frequency
distribution, and that

dp∗q(x) = dp(x)dq(x).

(1.4) yields

µ(p ∗ q) = µ(p) + µ(q), σ2(p ∗ q) = σ2(p) + σ2(q). (1.5)

We define the table of frequency distribution pm inductively by p1 =
p, pm = p ∗ pm−1 for a natural number m.
(4) Let us introduce Eulerian numbers A(n, k). Let A(1, 1) = 1 and we
define inductively A(n, k) (1 ≤ k ≤ n) by

A(n, k) = (n− k + 1)A(n− 1, k − 1) + kA(n− 1, k).
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We suppose that A(n, k) = 0 unless 1 ≤ k ≤ n. Their values are

n \ k 1 2 3 4 5 6 7 8 9
2 1 1
3 1 4 1
4 1 11 11 1
5 1 26 66 26 1
6 1 57 302 302 57 1
7 1 120 1191 2416 1191 120 1
8 1 247 4293 15619 15619 4293 247 1
9 1 502 14608 88234 156190 88234 14608 502 1

The values for n = 7, 9 in [5] are incorrect and 12, 15619 there should be
120, 156190, respectively.
For natural numbers n (≥ 2), we define the normalization En by

En(k) =
A(n− 1, k)

(n− 1)!
. (1.6)

Since A(n, k) ≥ 0 and
∑n

k=1 A(n, k) = n!, En is a table of frequency distri-
bution, which we call an Eulerian table, and{

µ(E2) = 1,
σ2(E2) = 0,

{
µ(En) = n/2,
σ2(En) = n/12

for n ≥ 3, (1.7)

which is easily proved by induction on n. Therefore, for a natural number
n = mr we have, by (1.5){

µ(Em
2 ) = m,

σ2(Em
2 ) = 0,

{
µ(Em

r ) = n/2,
σ2(Em

r ) = n/12
for r ≥ 3.

Obviously, dE2(x) = x and dE3(x) = 1
2x+ 1

2x
2. Hence we get, by dEm

2
(x) =

dE2(x)m = xm and dEm
3

(x) = dE3(x)m = (1
2x(1 + x))m, i.e.

Em
2 (k) =

{
1 if k = m,

0 otherwise,

Em
3 (k) =

{
2−m

(
m

k−m

)
if m ≤ k ≤ 2m,

0 otherwise.

Eulerian tables Em
r , for which Em

r (k) is by definition above equal to∑
k1+···+km=k

m∏
i=1

Er(ki) (1.8)

have the properties that
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(1) they are symmetric and unimodal, i.e. Em
r (k) = Em

r (rm−k) for ∀k ∈ Z

and Em
r (1) ≤ Em

r (2) ≤ · · · ≥ Em
r (mr − 2) ≥ Em

r (mr − 1).
(2) Er(1) = 1/(r − 1)! �= 0 and Em

r (1) = 0 if m > 1.

1.1. Irreducible case

Now we can state our main conjecture.

Conjecture 1.1. Let f(x) ∈ Z[x] be a monic irreducible polynomial of
deg f(x) = n ≥ 2 and suppose that f(x) is non-reduced. Then for any
integer k, the limit of natural density

lim
x→∞Pr(k, f, x) (= Pr(k, f) say)

exists and is equal to

En(k);

in other words the table of frequency distribution Pr(f) : k  → Pr(k, f) is
equal to En :

Pr(k, f) = lim
x→∞Pr(k, f, x) = En(k).

Remark 1.1. The conjecture 1.7 in [5] should be modified as follows, be-
cause the concept of the reduced degree therein has been modified as before.

Let f(x) be a monic irreducible polynomial of degree n (≥ 3) in Z[x].
We assume that 2 is not a reduced degree of f(x). Then the table
of frequency distribution defined by Pr(f) : c  → Pr(c, f) satisfies

µ(Pr(f)) = n/2, σ2(Pr(f)) = n/12,

P r(k, f) = Pr(n − k, f) for ∀k,

Pr(1, f) ≤ Pr(2, f) ≤ · · · ≥ Pr(n − 2, f) ≥ Pr(n− 1, f).

A classical example of a random variable with mean 1/2 and variance 1/12
is a uniform distribution on the interval [0, 1): If x1, · · · , xn are independent
uniform distributions on [0, 1), the mean and the variance of the sum x1 +
· · · + xn is n/2 and n/12, respectively. Hence recalling (1.7), we see that
the above conjecture suggests the existence of uniformity. The following
conjecture stated in Remark 2 in [3] may fall in this category.

Conjecture 1.2. Let F = Q(α) (�= Q) be an algebraic number field gener-
ated by an algebraic integer α, and let k be a non-negative integer. For a
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prime number p which decomposes fully in F and for a prime ideal p lying
above p, we write in Fp = Qp

α = cp(0) + cp(1)p+ · · · (cp(i) ∈ Z, 0 ≤ cp(i) < p).

Then the points (cp(0)/p, cp(1)/p, · · · , cp(k)/p) (∈ [0, 1)k+1) are uniformly
distributed when p, p run over prime numbers and prime ideals described
above.

Remark 1.2. Let f(x) be the minimal polynomial of α over Q; then cp(0) is
a root of f(x) ≡ 0 mod p. Conjecture 1.2 is true if α is quadratic irrational
and k = 0 ( [1], [6]).

Let us give remarks related to Conjecture 1.1 from the view point of the
uniform distribution. From now on, we assume that f(x) ∈ Z[x] is a monic
and irreducible polynomial of deg f ≥ 2.

(1) The definition (1.1), i.e.
∑
ri/p = Cp(f) − an−1/p shows that the set

of points (r1/p, · · · , rn/p) are in a proper subset of [0, 1)n defined by
k − ε ≤ x1 + x2 + · · · + xn ≤ k + ε (1 ≤ k ≤ n, ε > 0) by | an−1/p | < ε

for large primes p, hence they are not uniformly distributed in [0, 1)n.
(2) We denote by �x� the least integer which is larger than or equal to x,

i.e. �x� − 1 < x ≤ �x�, and put �x� = �x1 + · · · + xa� for a vector
x = (x1, · · · , xa) ∈ Ra.
Then En(k) in (1.6) is the volume of the set

Sk =
{
x ∈ [0, 1)n−1 | �x� = k

}
,

which was suggested by Dr. Satoshi Fukutani (cf. [2]).
Hence, if xm ∈ [0, 1)n−1 are uniformly distributed, then we have

lim
m→∞

#{m | xm ∈ Sk}
m

= En(k).

(3) For n local roots r1, · · · , rn of f(x) ≡ 0 mod p, the condition

(r1/p, · · · , rn−1/p) ∈ Sk (1.9)

is equivalent to Cp(f) = k except finitely many primes p. For, the
condition (1.9) implies that

k − 1 + (an−1 + rn)/p < Cp(f) ≤ k + (an−1 + rn)/p.

If Cp(f) ≥ k + 1, then we obtain 0 < p − rn ≤ an−1. This can occur
for finitely many primes, otherwise there exists some integer a with
0 < a ≤ an−1 such that p− rn = a, i.e. f(−a) ≡ 0 mod p for infinitely
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many primes p, hence f(−a) = 0, which is a contradiction. Similarly
Cp(f) ≤ k − 1 can occur for only a finite number of primes. Hence
Cp(f) = k holds except finitely many primes.
Our conjecture 1.1 for a non-reduced polynomial f suggests that the
points (rσ(1)/p, · · · , rσ(n−1)/p) ∈ [0, 1)n−1 for all permutations σ of
the set {1, 2, · · · , n}, to make local roots distribute impartially are uni-
formly distributed when p→ ∞. This may explain the background why
Eulerian numbers appear in this case.

(4) Suppose that f(x) = g(h(x)) is a reduced decomposition (1.3). Then
putting

g(x) = xm + am−1x
m−1 + · · · (m > 1),

h(x) = xr + br−1x
r−1 + · · · (r > 1),

we have

f(x) = xrm +mbr−1x
mr−1 + · · · .

For a prime p ∈ Spl(f), we group local roots as follows:

{ri | f(ri) ≡ 0 mod p} = ∪m
i=1{ri,1, · · · , ri,r},

where ri,j satisfies

h(ri,j) ≡ ∃si mod p (1 ≤ ∀j ≤ r), g(si) ≡ 0 mod p.

Hence ri,j (1 ≤ j ≤ r) are roots of a polynomial h(x) − si over Z/(p).
Then, notifying that

Cp(f)p = mbr−1 +
∑
i,j

ri,j =
m∑

i=1

(br−1 +
r∑

j=1

ri,j),

we see that the summand is Cp(h(x) − si)p, whence

Cp(f) =
m∑

i=1

Cp(h(x) − si).

Proposition 1.3. For any choice of r− 1 elements in {ri,1, · · · , ri,r},
say {ri,1, · · · , ri,r−1}, we have

Cp(h(x) − si) = �(ri,1 + · · · + ri,r−1)/p�

except finitely many primes p.
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Proof. Put k = �(ri,1 + · · · + ri,r−1)/p�. Then noting the identity

(ri,1 + · · · + ri,r−1)/p = Cp(h(x) − si) − br−1/p− ri,r/p,

we obtain

k − 1 < Cp(h(x) − si) − br−1/p− ri,r/p ≤ k.

If Cp(h(x)−si) ≥ k+1 holds for infinitely many primes p, then we have
k + 1 − br−1/p − ri,r/p ≤ k, whence 1 ≤ p − ri,r ≤ br−1 for infinitely
many p. Consequently, there is an integer a (1 ≤ a ≤ br−1) such that
a = p − ri,r for infinitely many p, which implies f(−a) ≡ f(ri,r) ≡
0 mod p for infinitely many p. Thus −a is a root of f(x), which is a
contradiction. Similarly Cp(h(x)−si) ≤ k−1 for infinitely many primes
p leads to a contradiction. Thus we have Cp(h(x) − si) = k.

Putting

Sm,r(k) = {(x1, · · · ,xm) | xi ∈ [0, 1)r−1,

m∑
i=1

�xi� = k},

we see that

vol(Sm,r(k))

=
∑

k1+···+km=k

vol
{
(x1, · · · ,xm) | xi ∈ [0, 1)r−1, �xi� = ki

}
.

Now the summand can be written as
m∏

i=1

vol{x ∈ [0, 1)r−1 | �x� = ki},

which is
m∏

i=1

Er(ki).

Hence

vol(Sm,r(k)) = Em
r (k)

by (1.8). Therefore, if the points (r1(µ, σ1), · · · , rm(µ, σm)) ∈
[0, 1)m(r−1) with rk(µ, σk) = (rµ(k),σk(1)/p, · · · , rµ(k),σk(r−1)/p) for all
permutations µ of {1, 2, · · · ,m} and all permutations σk of {1, 2, · · · , r}
are uniformly distributed, then by (2) we have Pr(f) = Em

r . If a re-
duced decomposition is unique and 2 is not a reduced degree, this seems
true. But, as the case of deg f = 12 below shows, the situation is not
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simple if there are plural reduced decompositions. By Theorem 1.1,
Pr(f) = E

1
2 deg(f)
2 is true in case that 2 is a reduced degree of f(x),

even if there exist other reduced decompositions. How does one neglect
reduced degrees other than 2?
Examples of deg f = 15, 21, 35, 105 suggest Pr(f) = Em

r for the least
reduced degree.
How are reduced degrees or reduced decompositions involved and what
is Pr(f) if f has plural reduced decompositions ? Is it likely that points
(r1/p, · · · , rn/p) are uniformly distributed up to relations induced by
ri,1/p + · · · + ri,r/p ∈ Z (1 ≤ i ≤ m) for all reduced decompositions
with h(x) �= x?

(5) Conjecture 1.2 immediately implies µ(Pr(f)) = 1
2 deg f(x) (cf. [3]).

1.2. Reducible case

For reducible polynomials, let us give some observations.

(1) Let g, h be monic polynomials in Z[x]; then Cp(gh) = Cp(g) + Cp(h)
for p ∈ Spl(gh) is easy to see. Considering Pr(f) as a random vari-
able defined by f , the probability theory suggests that Pr(gh) =
Pr(g) ∗ Pr(h) (the convolution) if Pr(g) and Pr(h) are independent.
Number-theoretically, it may mean that the intersection of the fields
defined by g, h is the rational number field. Hence, we expect that if
the intersection of minimal splitting fields of g, h is the rational number
field, then Pr(gh) = Pr(g) ∗ Pr(h) holds.

(2) In view of Cp(gm) = mCp(g), the identity Pr(k, gm) = Pr(k/m, g)
clearly holds, whence we have µ(Pr(gm)) = mµ(Pr(g)) and
σ2(Pr(gm)) = m2σ2(Pr(g)), so that the identity σ2 = deg /12 does
not hold in this case.

(3) If 2 is a reduced degree of g, then Pr(gh) = Pr(g) ∗ Pr(h).
(4) If g is a power of an irreducible polynomial of degree > 1 and h is

irreducible over the field Q(α), α being a root of g then Pr(gh) =
Pr(g) ∗ Pr(h).

(5) Let g, h be irreducible polynomials of degree 3. If either Q[x]/(g) is
not isomorphic to Q[x]/(h), or φ(x) is not linear in Q[x]/(h) for any
isomorphisms φ : Q[x]/(g) ∼= Q[x]/(h), then Pr(gh) = Pr(g) ∗Pr(h) =
E2

3 .
(6) If F is an irreducible polynomials of degree 3, we put g = a3F (x/a), h =

b3F (x/b) where a, b are any non-zero integers.
Put d = gcd(a, b), A = a/d and B = b/d; then we have [Pr(1, gh), · · · ,
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Pr(5, gh)] = [0, 1/4+ 1/(4AB), 1/2− 1/(2AB), 1/4+ 1/(4AB), 0]. The
mean is 3 (= deg(gh)/2), but the variance is 1 ( �= deg(gh)/12).

(7) Even if f(x) is reducible, the properties µ(Pr(f)) = 1
2 deg f and the

symmetry Pr(k, f) = Pr(deg f−k, f) are possible if f(x) has no linear
factors. But the unimodality fails in general.

1.3. Generalization

Although we considered prime numbers p for which f(x) mod p is com-
pletely decomposable, the following generalization is possible. Let n be
a natural number and let natural numbers d1 ≤ d2 ≤ · · · ≤ dg satisfy∑
di = n.Consider prime numbers p such that f(x) ≡ f1(x) · · · fg(x) mod p

where each fi(x) mod p is irreducible and deg fi(x) = di. Put f(x) =
xn + an−1x

n−1 + · · · and fi(x) = xdi + ai,di−1x
di−1 + · · · ; then clearly

an−1 −∑i ai,di−1 ≡ 0 mod p. Hence in this situation, we may define the
probability Pr in a similar way and it seems to exist.

2. Numerical data

2.1. n = 3

In the following table, Pr(c) is the abbreviation of Pr(k, f, 109) and #Spl =
#Spl(f, 109). The expected values E3 of Pr(k, f) are listed in the last line.
We use these abbreviations hereafter, and the values are rounded off to four
decimal places.

f Pr(1) Pr(2) #Spl
x3 − x− 1 0.4998 0.5002 8474030
x3 + x2 + x− 1 0.5002 0.4998 8472910
x3 − 3x+ 1 0.4999 0.5001 16949354
x3 + x2 − 4x+ 1 0.4999 0.5001 16948980

E3 1/2 1/2

2.2. n = 4

We put

f1 = x4 − x3 − x2 − x− 1,

f2 = x4 − x3 − x2 + x+ 1,

f3 = x4 + x3 + x2 + x+ 1.

These polynomials are non-reduced.
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f Pr(1) Pr(2) Pr(3) #Spl
f1 0.1664 0.6667 0.1669 2118177
f2 0.1667 0.6667 0.1666 6354490
f3 0.1666 0.6667 0.1667 12711386
E4 1/6 = 0.1667 4/6 = 0.6667 1/6 = 0.1667

2.3. n = 5

We put

f1 = x5 − x3 − x2 − x+ 1,

f2 = x5 − x4 − x2 − x+ 1,

f3 = x5 + x4 − x2 − x+ 1,

f4 = x5 + x4 − 4x3 − 3x2 + 3x+ 1.

f Pr(1) Pr(2) Pr(3) Pr(4) #Spl
f1 0.04160 0.4578 0.4587 0.04187 423981
f2 0.04228 0.4600 0.4561 0.04157 423719
f3 0.04110 0.4590 0.4579 0.04193 422711
f4 0.04180 0.4582 0.4584 0.04167 10169695
E5 1/24 = 0.04167 11/24 = 0.4583 11/24 1/24

2.4. n = 6

We put

f1 = x6 + x+ 1,

f2 = x6 + x5 + x4 + x3 + x2 + x+ 1,

f3 = y2 + y + 1 ( y = x3 + x2),

f4 = y2 + y + 2 ( y = x3 + x).

f1, f2 are non-reduced.

f Pr(1) Pr(2) Pr(3) Pr(4) Pr(5) #Spl
f1 0.0086 0.2135 0.5513 0.2177 0.0089 70292
f2 0.0084 0.2164 0.5501 0.2167 0.0083 8474221
E6 1/120 26/120 66/120 26/120 1/120

= 0.0083 = 0.2167 = 0.5500
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f3, f4 have a unique reduced degree 3.

f Pr(1) Pr(2) Pr(3) Pr(4) Pr(5) #Spl
f3 0 0.2497 0.4997 0.2506 0 705553
f4 0 0.2506 0.4996 0.2498 0 706369
E2

3 0 1/4 1/2 1/4 0

2.5. n = 7

We put

f1 = x7 − x5 − x4 − x3 − x2 − x+ 1,

f2 = x7 + x6 − x5 − x4 − x3 − x2 − x+ 1,

f3 = x7 + x6 − 12x5 − 7x4 + 28x3 + 14x2 − 9x+ 1.

f Pr(1) Pr(2) Pr(3) Pr(4) Pr(5) Pr(6) #Spl
f1 0.0016 0.0823 0.4206 0.4113 0.0832 0.0011 10076
f2 0.0017 0.0779 0.4189 0.4228 0.0775 0.0014 9994
f3 0.0014 0.0790 0.4192 0.4198 0.0792 0.0014 7264359
E7 1/6! 57/6! 302/6! 302/6! 57/6! 1/6!

= 0.0014 = 0.0792 = 0.4194

2.6. n = 8

We put

f1 = x8 + x+ 2,

f2 = x8 + x7 − 7x6 − 6x5 + 15x4 + 10x3 − 10x2 − 4x+ 1,

f3 = y2 + 1 ( y = x4 + x),

f4 = y2 + 2 ( y = x4 + x2 + x).

f1, f2 are non-reduced. f3, f4 have a unique reduced degree 4.

f Pr(1) Pr(2) Pr(3) Pr(4) Pr(5) Pr(6) Pr(7) #Spl
f1 0 0.0204 0.2514 0.4686 0.2376 0.0220 0 1225
f2 0.0002 0.0240 0.2364 0.4793 0.2361 0.0238 0.0002 6354766
E8 0.0002 0.0238 0.2363 0.4794 0.2363 0.0238 0.0002
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f Pr(1) Pr(2) Pr(3) Pr(4) Pr(5) Pr(6) Pr(7) #Spl
f3 0 0.0267 0.2203 0.5028 0.2227 0.0276 0 44089
f4 0 0.0288 0.2221 0.5020 0.2200 0.0270 0 44112
E2

4 0 1/36 8/36 18/36 8/36 1/36 0
= 0.0278 = 0.222 = 0.5

2.7. n = 9

We put

f1 = x9 + x+ 1,

f2 = x9 + x8 − 8x7 − 7x6 + 21x5 + 15x4 − 20x3 − 10x2 + 5x+ 1,

f3 = y3 + 2 ( y = x3 + x),

f4 = y3 + y2 + 1 ( y = x3 + x).

f1, f2 are non-reduced. f3, f4 have a unique reduced degree 3.

f1 f2 f3 f4
Pr(1) 0 0.0000 0 0
Pr(2) 0.0064 0.0061 0 0
Pr(3) 0.1026 0.1064 0.1267 0.1240
Pr(4) 0.3654 0.3871 0.3768 0.3763
Pr(5) 0.4295 0.3877 0.3758 0.3737
Pr(6) 0.0962 0.1065 0.1208 0.1259
Pr(7) 0 0.0061 0 0
Pr(8) 0 0.0000 0 0
#Spl 156 5649358 38912 38802

The following is the table of E9.

k 1 2 3 4 5 6 7 8
0.0000 0.0061 0.1065 0.3874 0.3874 0.1065 0.0061 0.0000

E3
3 is

k 1 2 3 4 5 6 7 8
0 0 0.125 0.375 0.375 0.125 0 0
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2.8. n = 10

We put

f1 = x10 + x+ 1,

f2 = (x11 − 1)/(x− 1),

f3 = y2 + y + 2 (y = x5),

f4 = y2 + 3y + 3 (y = x5).

f1, f2 are non-reduced, and 5 is the reduced degree of f3, f4.

f1 f2 f3 f4
Pr(1) 0 0.0000 0 0
Pr(2) 0 0.0014 0.0018 0.0018
Pr(3) 0 0.0403 0.0387 0.0383
Pr(4) 0.1818 0.2432 0.2483 0.2477
Pr(5) 0.3636 0.4302 0.4235 0.4239
Pr(6) 0.3636 0.2432 0.2475 0.2483
Pr(7) 0.0909 0.0404 0.0385 0.0382
Pr(8) 0 0.0014 0.0017 0.0017
Pr(9) 0 0.0000 0 0
#Spl 11 5084435 254385 1271165

The following is the table of E10.

k 1 2 3 4 5 6 7 8 9
0.0000 0.0014 0.0403 0.2431 0.4304 0.2431 0.0403 0.0014 0.0000

E2
5 is

k 1 2 3 4 5 6 7 8 9
0 0.0017 0.0382 0.2483 0.4236 0.2483 0.0382 0.0017 0

2.9. n = 12

We put

f1 = (x13 − 1)/(x− 1),

f2 = y2 + y + 1 ( y = x6 + x),

f3 = y3 − 3y + 1 ( y = x4 + x),

f4 = y4 + y3 + y2 + y + 1 ( y = x3 + x).

f1 is non-reduced. The reduced degree of f2, f3, f4 is 6, 4, 3, respectively.
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f1 f2 f3 f4
Pr(1) 0.0000 0 0 0
Pr(2) 0.0001 0 0 0
Pr(3) 0.0038 0 0.0031 0
Pr(4) 0.0550 0.1296 0.0541 0.0605
Pr(5) 0.2444 0.2593 0.2085 0.2556
Pr(6) 0.3938 0.3333 0.4093 0.3707
Pr(7) 0.2438 0.2407 0.2556 0.2537
Pr(8) 0.0553 0.0370 0.0649 0.0594
Pr(9) 0.0038 0 0.0046 0
Pr(10) 0.0001 0 0 0
Pr(11) 0 0 0 0
#Spl 4237228 54 1295 9862

The following is the table of E12 for 1 ≤ k ≤ 6.

k 1 2 3 4 5 6
0.0000 0.0001 0.0038 0.0552 0.2440 0.3939

E2
6 is

k 1 2 3 4 5 6
0 0.0001 0.0036 0.0561 0.2419 0.3965

E3
4 is

k 1 2 3 4 5 6
0 0 0.0046 0.0556 0.2361 0.4074

E4
3 is

k 1 2 3 4 5 6
0 0 0 0.0625 0.25 0.375

We give examples which have 3, 4 only as reduced degrees. Polynomials
with reduced degrees 3, 4 only are of the form

x12 + 3cx9 + 3c2x6 + c3x3 + d

= y3 + d (y = x4 + cx)

= y(y + c)3 + d (y = x3)

aside from the substitution of x+ a for x. For

f5 = x12 − 9x9 + 27x6 − 27x3 + 3 ( c = −3, d = 3),

f6 = x12 − 3x9 + 3x6 − x3 + 3 ( c = −1, d = 3),
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[Pr(3, f), · · · , P r(8, f)] are

f5 : [0, 0.0677, 0.2342, 0.3993, 0.2323, 0.0665] (#Spl = 353455),

f6 : [0.0000, 0.0667, 0.2350, 0.3987, 0.2333, 0.0663](#Spl = 352211),

where 0.0000 does not mean zero but a very small number. They are ap-
proximated by a table of frequency distribution P defined by

[P [4], · · · , P [8]]

=[1/15, 7/30, 2/5, 7/30, 1/15]

=[0.0667, 0.2333, 0.4000, 0.2333, 0.0667],

whose mean and variance are n/2 = 6 and n/12 = 1, respectively. If n < 4
or n > 8, then P [n] should be 0.

Suppose that a polynomial f(x) of degree 12 has reduced degrees 3, 6,
that is f(x) is a quadratic polynomial of a polynomial g(x) of degree 6 with
g(0) = 0, and it is also equal to a quartic polynomial of a polynomial h(x)
of degree 3 with h(0) = 0; then by comparing coefficients, we have g(x) =
h(x)2 + dh(x) for a constant d given by f(x) = h(x)4 + 2dh(x)3 · · · . Here
these polynomials above are monic. Therefore the reduced decomposition
of reduced degree 6 is meaningless. Let us give an example.

f = y4 + 2y3 − y2−2y + 5 (y = x3 + 2x2 + 2x)

= z2 − 2z + 5 (z = x6 + 4x5 + 8x4 + 9x3 + 6x2 + 2x = y2 + y).

P r(k, f) (4 ≤ k ≤ 8) is

[0.0629, 0.2500, 0.3576, 0.2599, 0.0695] #Spl = 604.

We may regard the above as being approximated by E4
3 on considering

#Spl = 604 being small.
If a polynomial f(x) of degree 12 has reduced degrees 4, 6, then 2 is also

a reduced degree of f(x).
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2.10. n = 15

We put

f1 = x15 + x14 − 14x13 − 13x12 + 78x11 + 66x10 − 220x9

−165x8 + 330x7 + 210x6 − 252x5 − 126x4 + 84x3

+28x2 − 8x− 1,

f2 = x15 − 3x5 + 1,

f3 = x15 + x10 − 2x5 − 1,

f4 = x15 + x12 − 4x9 − 3x6 + 3x3 + 1,

f5 = x15 + 2 = (x3)5 + 2 = (x5)3 + 2,

where f1 is non-reduced, and the reduced degree of f2, f3 (resp. f4) are 5
(resp. 3). The reduced degrees of f5 are 3 and 5, and #Spl is #Spl(f5, 1010).

f1 f2 f3 f4 f5
Pr(1) 0.0000 0 0 0 0
Pr(2) 0 0 0 0 0
Pr(3) 0.0001 0.0001 0.0001 0 0
Pr(4) 0.0023 0.0025 0.0024 0 0
Pr(5) 0.0295 0.0278 0.0280 0.0314 0.0313
Pr(6) 0.1472 0.1491 0.1495 0.1553 0.1562
Pr(7) 0.3206 0.3195 0.3200 0.3139 0.3125
Pr(8) 0.3212 0.3205 0.3190 0.3139 0.3127
Pr(9) 0.1474 0.1498 0.1500 0.1542 0.1562
Pr(10) 0.0294 0.0283 0.0284 0.0314 0.0311
Pr(11) 0.0023 0.0024 0.0026 0 0
Pr(12)) 0.0000 0.0000 0.0001 0 0
Pr(13) 0 0 0 0 0
Pr(14) 0 0 0 0 0
#Spl 3389785 169310 169660 62503 422912

The following is the table of E15 for 1 ≤ k ≤ 7.

k 1 2 3 4 5 6 7
0.0000 0.0000 0.0001 0.0023 0.0295 0.1473 0.3209

E3
5 is

k 1 2 3 4 5 6 7
0 0 0.0001 0.0024 0.0287 0.1490 0.3199
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E5
3 is

k 1 2 3 4 5 6 7
0 0 0 0 0.0313 0.1563 0.3125

We give other examples whose reduced degrees are 3, 5.

f6 = y5 − 2y4 + y3 + 3 (y = x3 − 3x2 + 3x)

= y3 + 3 (y = x5 − 5x4 + 10x3 − 9x2 + 3x),

f7 = y5 + y4 − 2y3 − 2y2 + y + 3 (y = x3 − 3x2 + 3x)

= y3 + 3y2 + 3y + 3 (y = x5 − 5x4 + 10x3 − 8x2 + x),

f8 = y5 − 3y4 + 3y3 − y2 + 3 (y = x3)

= y3 + 3 (y = x5 − x2),

f9 = y5 + 3 (y = x3)

= y3 + 3 (y = x5).

The following are [Pr(3, f), · · · , P r(10, f)].

f6 : [0, 0, 0.0309, 0.1560, 0.3109, 0.3142, 0.1561, 0.0320] (#Spl= 70506)

f7 : [0, 0, 0.0309, 0.1554, 0.3122, 0.3147, 0.1552, 0.0316] (#Spl= 70228)

f8 : [0.0000, 0, 0.0301, 0.1575, 0.3110, 0.3126, 0.1573, 0.0315] (#Spl= 70729)

f9 : [0, 0, 0.0316, 0.1557, 0.3113, 0.3128, 0.1571, 0.0314] (#Spl= 423207).

These are approximated by E5
3 .

2.11. Other examples

For f = x21 + 2, Pr(c, f, 109) is

[0, 0, 0, 0, 0, 0, 0.0075, 0.0555, 0.1657, 0.2727,

0.2719, 0.1642, 0.0546, 0.0080, 0, 0, 0, 0, 0, 0]

and #Spl = 201543.

E7
3 = [0, 0, 0, 0, 0, 0, 0.0078, 0.0547, 0.1641, 0.2734,

0.2734, 0.1641, 0.0547, 0.0078, 0, 0, 0, 0, 0, 0].

For x35 + 2, Pr(c, f, 109) (11 ≤ c ≤ 24) is

[0.0002, 0.0011, 0.0069, 0.0292, 0.0806, 0.1594, 0.2220,

0.2252, 0.1582, 0.0798, 0.0289, 0.0072, 0.0011, 0.0001],
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and #Spl = 60365. E7
5(c) (11 ≤ c ≤ 24) is

[0.0001, 0.0012, 0.0071, 0.0288, 0.0807, 0.1592, 0.2228,

0.2228, 0.1592, 0.0807, 0.0288, 0.0071, 0.0012, 0.0001],

For f = x105 + 2, Pr(c, f, 109) (42 ≤ c ≤ 65) is

[0.0004, 0.0003, 0.0012, 0.0060, 0.0115,

0.0242, 0.0435, 0.0683, 0.0963, 0.1183, 0.1348,

0.1303, 0.1145, 0.0944, 0.0663, 0.0455, 0.0254,

0.0107, 0.0060, 0.0012, 0.0004, 0.0002, 0, 0.0001],

and #Spl = 9954. E35
3 (c) (42 ≤ c ≤ 65) is

[0.0002, 0.0007, 0.0021, 0.0053, 0.0121,

0.0243, 0.0430, 0.0675, 0.0945, 0.1182, 0.1321,

0.1321, 0.1182, 0.0945, 0.0675, 0.0430, 0.0243,

0.0121, 0.0053, 0.0021, 0.0007, 0.0002, 0, 0].
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1. Introduction

The purpose of this short survey paper is to discuss certain arithmetical
properties proved in [5] of Fourier coefficients of the so-called generalized
modular functions. These are complex-valued functions on the complex
upper half-plane H that satisfy the usual defining conditions of a classical
modular function, except that the character need not be unitary. Many
strange things may happen in this context, for example in general there
exist non-constant generalized modular functions of weight zero with empty
divisors, contrary to the classical situation.

Generalized modular functions used to be studied in the general frame-
work of modular functions on “Grenzkreisgruppen” by Petersson (1937).
An intensive study from a more modern point of view was initiated in 2003
by Knopp and Mason [3], pointing out in particular their connection with
conformal field theory in physics. Indeed, generating functions of graded
traces of automorphisms of certain vertex operator algebras appear as gen-
eralized modular functions, and the results of [5] also have some potential
applications in this area.

2. Generalized modular functions, main features of the
theory and examples

We start with the following formal

Definition 2.1. Let Γ ⊂ Γ1 := SL2(Z) be a subgroup of finite index. A
generalized modular function (GMF) (of weight zero) on Γ is a holomorphic
function f : H → C such that
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i) f(γ ◦ z) = χ(γ)f(z) (∀γ ∈ Γ)
where χ : Γ → C∗ is a (not necessarily unitary) character of Γ,

ii) f is meromorphic at the cusps of Γ, i.e. for all γ ∈ Γ1 one has
including the Fourier expansion

f(γ ◦ z) =
∑

n≥n0

a(n)qn/M

for some n0 ∈ Z and M ∈ N (depending on γ) convergent in a punctured
neighborhood of q = 0. Here q = e2πiz for z ∈ H as usual.

We recall that χ is called unitary if |χ| = 1. In this case we will call f
classical.

More generally, one can define GMF’s of integral or even real weight
(admitting multiplier systems) as is done in [3]. Note that what we call
here a GMF was called a PGMF in [3] (where the letter “P” stands for
parabolic).

Remark 2.1. i) In the following we will always suppose that f �= 0.
ii) Since by our requirement ii) above f is invariant under parabolic

elements of Γ, the character χ must be parabolic, i.e. χ(γ) = 1 for ∀γ ∈ Γ
that are parabolic.

iii) It is a well-known fact that the abelianized group Γ/[Γ,Γ] has rank
2gΓ + tΓ − 1, where gΓ is the genus of Γ and tΓ is the number of cusps of Γ.
Hence if gΓ > 0, then there exist “many” non-unitary parabolic characters
of Γ.

Let us now discuss main features of the theory and also give some ex-
amples.

Example 2.1. For each parabolic χ of Γ, there exists a GMF on Γ with
character χ. Indeed, for a large positive even integer � the Eisenstein series

E�,χ(z) :=
∑

 · ·
c d

∈Γ∞\Γ

χ(γ)−1(cz + d)−� (z ∈ H)

is well defined (since χ is parabolic) and abolutely locally uniformly con-
vergent. The latter follows from a deeper result of Eichler (1965) on an
estimate of the minimal length of a word in Γ. Now one constructs f as

f =
E�,χ

E�
P (j)
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where E� is the classical Eisenstein series on Γ1 of weight � and P (j) is a
polynomial in the j-invariant. For details we refer the reader to [3, §7].

Example 2.2. If f is a GMF on Γ, then its logarithmic derivative

g :=
f ′

f
(2.1)

is a meromorphic modular form of weight 2 on Γ with trivial character,
such that

a) g has at most simple poles on H with residues equal to positive
integers (in fact, reszg = ordzf);

b) g is meromorphic at the cusps of Γ, and the constant term in the
expansion of g at the cusp s (essentially) is an integer (namely ordzf).

Conversely, if g is a meromorphic modular form of weight 2 on Γ with
trivial character satisfying the conditions given in a) and b), then there is
a GMF f on Γ (uniquely determined up to multiplication with non-zero
complex numbers) satisfying (2.1).

In the context of Example 2, holomorphic modular forms g correspond to
GMF’s f with divisors supported at the cusps, and cusp forms g correspond
to f with empty divisor.

Example 2 follows from more or less standard calculations. Note that
for a given g, one sets

f := expG,

where G is an anti-derivative of g on H with the poles of g removed. The
assumption that the poles of g are simple and the residues are positive
integers together with the fact that H is simply connected then guarantee
that expG indeed is single-valued and extends holomorphically to the whole
of H.

Since the genus gΓ is the dimension of the space of holomorphic cusp
forms of weight 2 on Γ, we obtain as an immediate corollary that for gΓ > 0
there exist non-constant GMF’s f on Γ with empty divisor. This, of course
is in contrast to the classical case |χ| = 1.

iii) Let V be a rational, holomorphic, C2-cofinite vertex operator algebra
over C with a decomposition

V = C1 ⊕ V1 ⊕ V2 ⊕ · · ·
into finite-dimensional L(0)-eigenspaces Vn and with central charge c a
positive integer divisible by 24, and letG be a finite group of automorphisms
of V leaving each Vn stable. (For basic terminology about vertex operator
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algebras we refer to [2,5].) A famous example is the Frenkel-Lepowsky-
Meurman Moonshine Module V = V �, with c = 24 and G = M the Monster
simple group.

Let an be the character of G afforded on Vn, i.e.

an(h) := tr(h|Vn
) (h ∈ G).

For h ∈ G let us define a formal q-series by

F (h; z) := q−c/24
∑
n≥0

an(h)qn. (2.2)

This is called a “graded trace function”. In particular

F (1; z) = q−c/24
∑
n≥0

(dim Vn)qn = q−c/24 + · · ·

is the ”graded dimension” of V .
General theory imples that the coefficients an(h) are always real alge-

braic integers in Z[ζN ], where ζN is a primitive N -th root of unity and N

is the order of h in G.

Theorem 2.1. i) (Zhu [6], 1996) The function F (1; z) is a (classical) mod-
ular function of weight zero on Γ1.

ii) (Dong-Li-Mason [2], 2000) The function F (h; z) is a GMF on Γ1(N)
where N is the order of h in G. If F (h; z) has integral Fourier coefficients,
it is in fact on Γ0(N).

Recall that the groups Γ0(N) and Γ1(N) are defined as the subgroups of

matrices
(
a b

c d

)
in Γ1 such that c ≡ 0 (mod N) and c ≡ 0 (mod N), a ≡

d ≡ 1 (mod N), respectively. Regarding statement i), recall that every
character of the full modular group Γ1 is unitary (in fact has order dividing
12).

Now one has the following general
Conjecture. The function F (h; z) is always a classical modular function
on a congruence subgroup of Γ1.

In the case V = V �, G = M the conjecture was proved in a cele-
brated paper by Borcherds (1992), in which case the F (h; z) indeed are
“Hauptmoduln” (i.e. generators of function fields) of genus zero subgroups
of SL2(R). In general the conjecture remains open. However, there is an
approach by physicists that provides an argument, but it is not rigorous
and relies on other seemingly even more difficult conjectures.
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3. Fourier coefficients of GMF’s

The general expectation is that the Fourier coefficients of a non-classical
GMF are “badly” behaving. More precisely, let f be a non-classical GMF
with rational Fourier coefficients a(n) and non-zero leading coefficient equal
to 1. Then the a(n) should have unbounded denominators. (In the case of
the group Γ0(N) this is stated as a formal conjecture in [5, §1].)

This expectation of course is theoretically supported by the conjecture
in combination with Theorem 2.1 ii) stated in §2.

However, there are also numerical examples independent of the above
that seem to support it, and the simplest is probably the following.

Example 3.1. Let

η(z) = eπiz/12
∏
n≥1

(1 − e2πinz) (z ∈ H)

be the Dedekind eta-function and put

g(z) := (η(z)η(11z))2.

Then g is a cusp form of weight 2 on Γ0(11) whose Fourier expansion starts
with q. Let us write (cf. (2.1))

2πig =
f ′

f
(3.3)

and normalize the Fourier expansion of f to start with 1. Then f is a
GMF of weight zero on Γ0(11) which is not classical (cf. §2) and (as can
be seen inductively from (3.3)) has rational Fourier coefficients. Numerical
calculations suggest that the a(n) have unbounded denominators and in
fact that infinitely many different primes p occur in the denominators.

Let us point out that to produce numerical examples as given above,
one has to assume that g is a cusp form. Indeed, if p is a prime and one
starts say with the Eisenstein series of weight 2 on Γ0(p) given by

g(z) := P (z) − pP (pz) (z ∈ H)

where

P (z) := 1 − 24
∑
n≥1

σ1(n)qn,

then one can obtain (3.3) with

f(z) =
∆(z)
∆(pz)

= q1−p + · · · ,
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and f is classical and has integral Fourier coefficients. Here

∆ = η24 (3.4)

as usual denotes the unique normalized cusp form of weight 12 on Γ1.
In the following, we shall give three results which under certain special

and rather restrictive hypotheses show that the above expectation indeed
is true. For complete proofs we refer the reader to [5].

Theorem 3.1 ([5]). Let f be a GMF of weight zero on Γ with empty di-
visor. Suppose that a(n) is integral for all n ≥ 0 and a(0) = 1. Then f = 1
is a constant.

Let us sketch the proof. For simplicity assume that M = 1 and write

2πig
f ′

f
=
∑
n≥1

b(n)qn

which is a cusp form of weight 2 on Γ (cf. §1). By general theory, the
function f has a q-product expansion

f =
∏
n≥1

(1 − qn)c(n) (|q| < 1)

where the exponents c(n) are uniquely determined complex numbers and
the general power of complex numbers as usual is defined in terms of the
principal branch of the logarithm. The numbers b(n) and c(n) are related
by the fomulas

b(n) = −
∑
d|n

dc(d) (3.5)

or

nc(n) = −
∑
d|n

µ(d)b
(n
d

)
(3.6)

with µ indicating the Möbius function (see for example [1]).
Since by hypothesis a(n) is integral for all n, the same is true for c(n)

for all n, as is well-known and can directly be seen.
However, by a classical and well-known result of Rankin-Selberg (valid

for any subgroup Γ of Γ1 of finite index) one has

b(n) �ε,g n
4/5+ε (ε > 0).

Therefore by (3.6), c(n) = 0 for all n large enough, whence by (3.5) the
sequence of the b(n) is bounded. We thus deduce that the Rankin-Selberg
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zeta function

Rg(s) :=
∑
n≥1

b(n)2n−s ($(s) > 2)

must converge for $(s) > 1. But the latter is known to have a pole at s = 2
with residue a non-zero absolute constant times the square of the Petersson
norm of g. Therefore g = 0 and hence f = 1 as claimed.

One can prove a somewhat stronger result if one assumes that Γ is a
congruence subgroup.

Theorem 3.2 ([5]). Let f be a GMF on the congruence subgroup Γ ⊂ Γ1

with empty divisor. Assume that a(n) is rational for all n ≥ 0 and in fact
is p-integral for all n ≥ 0, for all but a finite number of primes p. Then f

is a constant.

The proof uses similar ideas in the proof of Theorem 10, a bit harder,
though for example, one uses the fact that the space of cusp forms of weight
2 on Γ has a basis of functions with integral Fourier coefficients.

Note that Theorem 3.2 implies that the GMF in Example 3.1 discussed
above indeed has unbounded denominators.

Now finally let us look at the case Γ = Γ0(N). Recall that the cusps
of Γ0(N) are represented by the numbers a

c where c|N and a runs through
natural numbers 1 ≤ a ≤ N, (a,N) = 1 that are incongruent modulo (c, N

c ).
If f is a GMF on Γ0(N), then we say that f saitisfies condition (C) if

for each c|N the order orda
c
f is independent of a.

Theorem 3.3 ([5]). Let f be a GMF on Γ0(N) that satisfies condition
(C). Assume that the divisor of f is supported at the cusps. Furthermore
suppose that a(n) is rational and p-integral for all n, for all but a finite
number of primes p. Then f is an eta-quotient, i.e. there are integers m �= 0
and mt (t|N) and there is a non-zero complex number c such that

fm(z) = c
∏
t|N

∆(tz)mt

where ∆ is given by (3.4).

For the proof one applies a similar argument as given in [4] in the case
of N squarefree, granting condition (C), to reduce to the case where f has
empty divisor. One then applies Theorem 3.2.

One can show that the graded trace functions F (h; z) discussed in §2
satisfy condition (C) [5]. Hence applying Theorem 3.3 one deduces
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Theorem 3.4 ([5]). Let V be a rational, holomorphic, C2-cofinite vertex
operator algebra and let h ∈ G be an automorphism of V of order N . Sup-
pose that F (h; z) has integral Fourier coefficients and its poles and zeros are
at the cusps. Then F (h; z) is an eta-quotient. In particular it is a classical
GMF on Γ0(N).

One can show that if V = V � and h ∈ M or if V = VL is the vertex
operator algebra attached to an even positive definite self-dual lattice L
and h arises from a fixed point free automorphism of L, then F (h; z) has
integral coefficients.

Unfortunately, it seems to be quite hard to verify a priori the condition
imposed on the divisor of F (h; z) in Theorem 3.4. In general, of course, this
condition need not be true. In the case of V = V � it is known (a posteriori)
that for a number of elements h ∈ M there exist constants αh ∈ C such
that F (h; z) + αh satisfies the condition.
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We report on the theory of functional relations among zeta-functions of root

systems, including known formulas for their special values. In the first part of
this paper, we present known results on value-relations and functional relations
for zeta-functions of root systems of A2 type. Also, in view of the symmetry of
underlying Weyl groups, we discuss a general framework of functional relations.
In the second part of this paper, we prove several new results; we give a method
for constructing functional relations systematically, and prove new functional
relations among zeta-functions of root systems of types A3, C2(� B2), B3 and
C3, which include Witten’s volume formulas as value-relations with explicit
values of coefficients.

1. Introduction

Let N be the set of natural numbers, N0 the set of non-negative integers, Z

the ring of rational integers, Q the field of rational numbers, R the field of
real numbers and C the field of complex numbers.

The multiple zeta value (MZV) of depth r is defined by

ζ(k1, k2, . . . , kr) =
∑

m1>m2>···>mr≥1

1
mk1

1 m
k2
2 · · ·mkr

r

(1.1)
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for k1, k2, . . . , kr ∈ N with k1 > 1 (see Zagier [51] and Hoffman [12]). It
was Euler who first studied the double zeta values and gave some relation
formulas among them such as

k−1∑
j=2

ζ(j, k − j) = ζ(k) (1.2)

for k ∈ N with k ≥ 3, where ζ(s) is the Riemann zeta-function. Equation
(1.2) is called the sum formula for double zeta values (see [9]). Research
on MZVs has been conducted intensively in this decade (see the survey,
[4,13,15]). A recent feature of studies on MZVs is to investigate the structure
of the Q-algebra generated by MZVs.

On the other hand, in the late 1990’s, it was established that the mul-
tiple zeta-function ζ(s1, s2, ..., sr) of complex variables can be continued
meromorphically to the whole complex space Cr by, for example, Essouabri
( [7,8]), Akiyama-Egami-Tanigawa ( [1]), Arakawa-Kaneko ( [3]), Zhao
( [52]) and the second-named author ( [23,25]).

Based on these researches, the second-named author raised the following
problem several years ago (see, for example, [27]).
Problem. Are the known relation formulas for multiple zeta values valid
only at positive integers, or valid continuously also at other values?

In other words, is it possible to find certain functional relations for
multiple zeta-functions, which include some value-relations for MZVs? A
classical example is the following formula which is often called the harmonic
product relation:

ζ(s1)ζ(s2) = ζ(s1, s2) + ζ(s2, s1) + ζ(s1 + s2).

As a related result, Bradley showed a certain class of functional relations
called partition identities (see [5]). However, there are many kinds of rela-
tions among MZVs, so it is natural to expect that there will be many other
classes of functional relations. For example, it seems interesting to prove
certain functional relations which include sum formulas for MZVs. In order
to give an “answer” to some specific cases of this Problem (the specifica-
tion being clear from the context), we consider a wider class of multiple
zeta-functions as follows.

Let g be a complex semisimple Lie algebra with rank r. The Witten
zeta-function associated with g is defined by

ζW (s; g) =
∑
ϕ

(dimϕ)−s, (1.3)
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where the summation runs over all finite dimensional irreducible represen-
tations ϕ of g.

Witten’s motivation [50] for introducing the above zeta-function is to
express the volumes of certain moduli spaces in terms of special values of
(1.3). The expression is called Witten’s volume formula, which especially
implies that

ζW (2k; g) = CW (2k, g)π2kn (1.4)

for any k ∈ N, where n is the number of all positive roots of g and
CW (2k, g) ∈ Q (Witten [50], Zagier [51]). In their work, the value of
CW (2k, g) is not explicitly given.

Let ∆ be the set of all roots of g in the vector space V equipped with an
inner product 〈·, ·〉, ∆+ the set of all positive roots of g, Ψ = {α1, . . . , αr}
the fundamental system of ∆, and α∨

j the coroot associated with αj (1 ≤
j ≤ r). Let λ1, . . . , λr be the fundamental weights satisfying 〈α∨

i , λj〉 =
λj(α∨

i ) = δij (Kronecker’s delta). A more explicit form of ζW (s; g) can
be written down in terms of roots and weights by using Weyl’s dimension
formula (see (1.4) of [18]). Inspired by that form, we introduced in [18] the
multi-variable version of Witten zeta-function

ζr(s; g) =
∞∑

m1=1

· · ·
∞∑

mr=1

∏
α∈∆+

〈α∨,m1λ1 + · · · +mrλr〉−sα , (1.5)

where s = (sα)α∈∆+ ∈ Cn. In the case that g is of type Xr, we call (1.5)
the zeta-function of the root system of type Xr, and denote it by ζr(s;Xr),
where X = A,B,C,D,E, F,G. We also use the notation ζW (s;Xr) and
CW (2k,Xr), instead of ζW (s; g) andCW (2k, g), respectively. Note that from
(1.5) and [18, (1.7)], we have

ζW (s;Xr) = K(Xr)sζr(s, . . . , s;Xr), (1.6)

where

K(Xr) =
∏

α∈∆+

〈α∨, λ1 + · · · + λr〉. (1.7)

For example, K(A2) = 2 and K(C2) = 6 (see [18, (2.4) and (2.10)]).
More generally, in [18], we introduced multiple zeta-functions associated

with sets of roots. In fact, we studied recursive structures in the family of
those zeta-functions, which can be described in terms of Dynkin diagrams
of underlying root systems. The meromorphic continuation of those zeta-
functions is ensured as a special case of Essouabri’s general theorem ( [7,8]).
It can also be proved by using the Mellin-Barnes integral formula (see [26]).
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In [19], we established a general method for evaluating ζr(s, . . . , s;Xr)
at positive integers by considering generalizations of Bernoulli polynomials.
In terms of those generalized Bernoulli polynomials, we gave a certain gen-
eralization of Witten’s volume formula (1.4) with explicit determination of
the constant CW (2k,Xr).

Several cases of zeta-functions of root systems had already been studied.
A typical case is of A2 type:

ζ2(s1, s2, s3;A2) =
∞∑

m=1

∞∑
n=1

1
ms1ns2(m+ n)s3

. (1.8)

In the 1950’s, Tornheim [39] first studied the value ζ2(d1, d2, d3;A2) for
d1, d2, d3 ∈ N, which is called the Tornheim double sum. Independently,
Mordell [33] studied the value ζ2(2d, 2d, 2d;A2) (d ∈ N) and proved, for
example,

ζ2(2, 2, 2;A2) =
1

2835
π6. (1.9)

This determines the value of CW (2k,A2) in (1.4). Following their works,
several value-relations for ζ2(s1, s2, s3;A2) were obtained by several au-
thors (see [6,14,37,40,51]), and also those for its alternating analogues
( [41,43,48]). On the other hand, from the analytic viewpoint, the second-
named author [24] studied the multi-variable function ζ2(s1, s2, s3;A2) for
s1, s2, s3 ∈ C which is also called the Mordell-Tornheim double zeta-
function, denoted by ζMT,2(s1, s2, s3).

Using ζ2(s1, s2, s3;A2), we can give an “answer” to the Problem, that
is, functional relations, for example,

ζ(s+ 1, 1) − ζ2(s, 1, 1;A2) + ζ(s+ 2) = 0 (1.10)

which holds for all s ∈ C except for singularities of the three functions on the
left-hand side. In fact, letting s = k− 2 for k ≥ 3 in (1.10) and considering
partial fraction decompositions, we can obtain the sum formula (1.2). This
implies that (1.10) is an answer to the Problem. More generally the third-
named author ( [47]) proved functional relations for ζ2(s1, s2, s3;A2) which
include (1.10) (see Theorem 3.1), and for its alternating analogues ( [45]),
and its χ-analogues ( [46]). A little later, Nakamura gave simple proofs of
these results ( [34,35]) whose method was inspired by Zagier’s lecture.

As for the case of C2 type, the second-named author defined
ζ2(s1, s2, s3, s4;C2) and studied its analytic properties (see [26]). A lit-
tle later, the third-named author gave some evaluation formulas for
ζ2(k1, k2, k3, k4;C2) (k1, k2, k3, k4 ∈ N) when k1 +k2 +k3 +k4 is odd ( [44]).
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As for the case of A3 type, Gunnells and Sczech [10] gave explicit forms
of Witten’s volume formulas of this type. Recently the second and the third-
named authors [30] studied ζ3(s;A3), and gave certain functional relations
for them.

Based on Zagier’s work [51] and, in particular, on Nakamura’s obser-
vation mentioned above, we found that the structural background of those
functional relations is given by the symmetry with respect to Weyl groups.
From this viewpoint, we considered this structure in [16–19]. In particular,
in [19], we gave general forms of functional relations for zeta-functions of
root systems. We will recall this result in Section 5.

In the first half of this paper, we summarize known results on func-
tional relations for zeta-functions of root systems, which can be regarded
as answers to the Problem. In Section 2, we recall a method of studying
relations among Dirichlet series, which is called the ‘u-method’, introduced
in [42]. In Section 3, we summarize known results on functional relations
for ζ2(s;A2). In Section 4, we introduce another method to construct func-
tional relations for multiple Dirichlet series ( [31]) which was inspired by
Hardy’s method of proving the functional equation for ζ(s) ( [11]). In Sec-
tion 5, we recall general forms of functional relations for ζr(s;Xr) which
we gave in [19]. This is the most general result stated in the present paper,
but in general, from this theorem, it is not easy to deduce explicit forms of
functional relations in each case. Therefore in the latter half of the paper
we give a different method of constructing explicit functional relations. In
Section 6, we prove a key lemma (Lemma 6.2) to give a certain procedure to
construct functional relations systematically, which has the same flavour as
the u-method. In Section 7, by using this lemma combined with a new idea
of making use of polylogarithms, we give a functional relation for ζ3(s;A3)
which includes the explicit form of Witten’s volume formula of A3 type.
(By “explicit form” we mean that the exact value of CW (2k, g) is also de-
termined.) In Sections 8 and 9, by a combination of the methods in Section
4 and in Section 7, we give functional relations for ζ2(s;C2), for ζ3(s;B3),
and for ζ3(s;C3) which include explicit forms of Witten’s volume formulas.

2. A method to evaluate the Riemann zeta-function

In this section, we introduce a method for evaluating the (multiple) Dirich-
let series at positive integers from the information of its trivial zeros, which
is called the ‘u-method’. In [42], the third-named author first established a
method to prove Euler’s formula for ζ(2k) (k ∈ N). By applying this method
to multiple series, several value-relations and functional relations for them
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have been given (see [40,44–47]). Here we briefly explain this method and
recover Euler’s formula for ζ(s):

ζ(2m) =
(−1)m−122m−1π2m

(2m)!
B2m (m ∈ N), (2.11)

where Bn is the nth Bernoulli number defined by t/(et − 1) =∑
n≥0Bnt

n/n!. For a small δ > 0 and u ∈ [1, 1 + δ], we let

F (t;u) :=
2et

et + u
=

∞∑
n=0

En(u)
tn

n!
(|t| < π), (2.12)

where each En(u) is a rational function in u and is continuous for u ∈ [1, 1+
δ] because (∂k/∂tk)F (t;u) is continuous for (t, u) ∈ {|t| < π}×[1, 1+δ]. Let
γ ∈ R with 0 < γ < π, and Cγ : z = γeit for 0 ≤ t ≤ 2π, where i =

√−1.
From (2.12), we have∫

Cγ

F (z;u)z−n−1dz =
(2πi)En(u)

n!
(n ∈ N0). (2.13)

Let M = M(γ) := max |F (z, u)| for (z, u) ∈ Cγ × [1, 1 + δ], which is inde-
pendent of u ∈ [1, 1 + δ]. Then we obtain

|En(u)|
n!

≤ 1
2π

∫
Cγ

|F (z;u)| |z|−n−1|dz| ≤ M(γ)
γn

(n ∈ N0).

We let φ(s;u) =
∑

n≥1(−u)−nn−s for s ∈ C. As is well known, φ(s;u) is
convergent for $s > 0 when u = 1 and is convergent for any s ∈ C when
u > 1. Furthermore, we see that φ(s; 1) = (21−s − 1)ζ(s). When u > 1, the
second member of (2.12) can be expanded as −2

∑
n≥1(−u)−nent. Hence

we have Em(u) = −2φ(−m;u) for m ∈ N0.
For any k ∈ N and θ ∈ (−π, π), we set

Ik(θ;u) := i
∞∑

n=1

(−u)−n sin(nθ)
n2k+1

. (2.14)

Suppose u ∈ (1, 1 + δ] and θ ∈ (−π, π), then

Ik(θ;u)

=
∞∑

j=0

φ(2k − 2j;u)
(iθ)2j+1

(2j + 1)!

=
k−1∑
j=0

φ(2k − 2j;u)
(iθ)2j+1

(2j + 1)!
− 1

2

∞∑
m=0

E2m(u)
(iθ)2m+2k+1

(2m+ 2k + 1)!
.

(2.15)
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If |θ| < γ < π, we see that the right-hand side of (2.15) is uniformly
convergent with respect to u on [1, 1 + δ], so is continuous on u ∈ [1, 1 + δ]
(see Remark 2.1 (ii)). On the other hand, the left-hand side of (2.15) is also
continuous on u ∈ [1, 1 + δ] from the definition of Ik(θ;u). Hence we can
let u→ 1 on both sides of (2.15).

Now we arrive at the crucial point of the argument. We use the fact that
ζ(−2m) = 0, that is, E2m(1) = 0 for m ∈ N and E0(1) = 1 (see Remark 2.1
(i)). Then, for θ ∈ (−π, π), we have

Ik(θ; 1) =
k−1∑
j=0

φ(2k − 2j; 1)
(iθ)2j+1

(2j + 1)!
− (iθ)2k+1

2(2k + 1)!
. (2.16)

Since k ≥ 1, each side of (2.16) is continuous in θ ∈ [−π, π]. Hence we can
let θ → π on both sides of (2.16) to obtain

0 = Ik(π; 1) =
k−1∑
j=0

φ(2k − 2j; 1)
(iπ)2j+1

(2j + 1)!
− (iπ)2k+1

2(2k + 1)!
.

For simplicity, we define

A2m = φ(2m; 1)
(2m)!
(iπ)2m

= (21−2m − 1)ζ(2m)
(2m)!
(iπ)2m

(m ∈ N0), (2.17)

and A0 = −1/2. Then (2.16) implies that

k∑
j=0

(
2k + 1
2j + 1

)
A2k−2j = 0

for k ∈ N. Since A0 = −1/2, we obtain

− t

2
=

∞∑
k=0

 k∑
j=0

(
2k + 1
2j + 1

)
A2k−2j

 t2k+1

(2k + 1)!
=

( ∞∑
m=0

A2m
t2m

(2m)!

)
et − e−t

2
.

We can easily check that

2t
et − e−t

=
2tet

e2t − 1
=

∞∑
m=0

(
2 − 22m

)
B2m

t2m

(2m)!
,

so we have A2m = (22m−1 − 1)B2m for any nonnegative integer m. In view
of (2.17), we obtain Euler’s formula (2.11).

Remark 2.1. (i) It should be noted that the fact

− 2φ(−2m; 1)
(
= −2

(
22m+1 − 1

)
ζ(−2m)

)
= E2m(1) (= 0) (m ∈ N)

(2.18)
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(the trivial zeros of zeta-function!) plays a vital role in the above argument.
In fact, equation (2.18) can be obtained by proving

∞∑
n=0

{−2φ(−n; 1)} t
n

n!
=

∞∑
n=0

{−2
(
2n+1 − 1

)
ζ(−n)

} tn
n!

= 1 + 2
∞∑

n=1

(
2n+1 − 1

)
Bn+1

tn

(n+ 1)!

= 2 +
4

e2t − 1
− 2
et − 1

=
2et

et + 1
,

(2.19)

because ζ(1 − k) = −Bk/k (k ∈ N; k ≥ 2) and ζ(0) = −1/2. (ii) Also we
note that φ(s;u) is continuous in u as u → 1 + 0 for any s ∈ C. In fact,
similarly to the case of ζ(s), we can easily see that

φ(s;u) =
1

(e2πis − 1)Γ(s)

∫
C

et

et + u
ts−1dt, (2.20)

where C is the contour, that is, the path which starts at +∞, passes through
the real axis, goes around the origin counterclockwise and goes back to +∞.
From (2.20), we immediately obtain the desired continuity.

3. Functional relations for ζ2(s1, s2, s3; A2)

By applying the method introduced in Section 2 to ζ2(s1, s2, s3;A2), the
third-named author gave value-relation formulas for ζ2(s1, s2, s3;A2) (see
[40]). Moreover, applying the above method to the double series in complex
variables, he gave functional relations for ζ2(s1, s2, s3;A2) (see [47]). The
original form in [47, Theorem 4.5] is a little complicated. By using a certain
transformation formula (see Lemma 6.1, which is [28, Lemma 2.1]), we
obtain the following simpler form.

Theorem 3.1. For k, l ∈ N0,

ζ2(k, l, s;A2) + (−1)kζ2(k, s, l;A2) + (−1)lζ2(l, s, k;A2)

= 2
[k/2]∑
ρ=0

(
k + l − 2ρ− 1

l − 1

)
ζ(2ρ)ζ(s + k + l − 2ρ)

+ 2
[l/2]∑
ρ=0

(
k + l − 2ρ− 1

k − 1

)
ζ(2ρ)ζ(s+ k + l − 2ρ)

(3.21)
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holds for all s ∈ C except for singularities of functions on both sides.

Proof. For θ, r, u ∈ R with r > 1 and u ∈ [1, 1 + δ], and k, p ∈ N0, we let

F(iθ; r;u) =
∞∑

n=1

(−u)−neint

nr
,

Jp(iθ; k;u) =
ip−1

2
{
F(iθ; k;u) + (−1)p−1F(−iθ; k;u)

}
−

k∑
j=0

φ(k − j;u) εp+1+j
(iθ)j

j!
,

where εm = {1 + (−1)m}/2 for m ∈ Z. Then, similarly to the proof of
(2.16), we see that if k �≡ p (mod 2) and θ ∈ (−π, π) then Jp(iθ; k;u) → 0
as u→ 1. Let

R(s1, s2; s3;u) =
∞∑

m,n=1

(−u)−2m−n

ms1ns2(m+ n)s3
,

S(s1, s2; s3;u) =
∞∑

m,n=1

(−u)−m−n

ms1ns2(m+ n)s3
,

which are double analogues of φ(s;u). Then, for u ∈ (1, 1 + δ],

Jp(iθ; k;u)F(iθ; r;u)

= ip−1
∞∑

N=0

1
2

{
S(k, r;−N ;u) + (−1)p−1R(k,−N ; r;u)

+ (−1)p−1+NR(r,−N ; k;u)
}

(iθ)N

N !

−
∞∑

N=0

k∑
j=0

(
N

j

)
φ(k − j;u)φ(r + j −N ;u)εp+1+j

(iθ)N

N !

+
(−i)p−1

2

∞∑
m=1

u−2m

mk+r
.

As noted above, the left-hand side tends to 0 as u→ 1 when k �≡ p (mod 2)
and θ ∈ (−π, π). Therefore, similarly to the case of ζ(s), we can obtain the
original form of the functional relation ( [47, Lemma 4.5]):

ζ2(k, l, s;A2) + (−1)kζ2(k, s, l;A2) + (−1)lζ2(l, s, k;A2)
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= 2
k∑

j=0
j≡k (2)

(
21−k+j − 1

)
ζ(k − j)

×
[j/2]∑
µ=0

(iπ)2µ

(2µ)!

(
l− 1 + j − 2µ

j − 2µ

)
ζ(l + j + s− 2µ)

− 4
k∑

j=0
j≡k (2)

(
21−k+j − 1

)
ζ(k − j)

[(j−1)/2]∑
µ=0

(iπ)2µ

(2µ+ 1)!

l∑
ν=0

ν≡l (2)

ζ(l − ν)

×
(
ν − 1 + j − 2µ
j − 2µ− 1

)
ζ(ν + j + s− 2µ)

holds for all s ∈ C except for singularities of functions on both sides, where
k, l ∈ N. Additionally, using a transformation formula in Lemma 6.1 below
( [28, Lemma 2.1]), we obtain (3.21).

Example 3.1. Setting (k, l) = (2, 2), (3, 2) in (3.21), we have

ζ2(2, 2, s;A2) + 2ζ2(2, s, 2;A2) = 4ζ(2)ζ(s+ 2) − 6ζ(s+ 4), (3.22)

ζ2(3, s, 2;A2) − ζ2(3, 2, s;A2) − ζ2(2, s, 3;A2)

= 10ζ(s+ 5) − 6ζ(2)ζ(s+ 3). (3.23)

Setting s = 2 in (3.22) and (3.23), we have (1.9) and

ζ2(2, 2, 3;A2) = 6ζ(2)ζ(5) − 10ζ(7), (3.24)

respectively, where (3.24) was given by Tornheim [39]. Note that
ζ2(k, 0, l;A2) = ζ(l, k). Then, setting s = 0 in (3.23), we have ζ(2, 3) −
ζ(3, 2) = 10ζ(5) − 5ζ(2)ζ(3). On the other hand, it is well-known that
ζ(3, 2) + ζ(2, 3) = ζ(2)ζ(3) − ζ(5). Combining these results, we obtain the
known results

ζ(2, 3) =
9
2
ζ(5) − 2ζ(2)ζ(3); ζ(3, 2) = −11

2
ζ(5) + 3ζ(2)ζ(3),

which were originally obtained by double shuffle relations.
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Remark 3.1. In [32], the second and the third-named authors generalized
the result in Theorem 3.1 to the case of polylogarithmic analogues, that is,

∞∑
m,n=1

xn

mknl(m+n)s
+ (−1)k

∞∑
m,n=1

xn

mkns(m+n)l
+ (−1)l

∞∑
m,n=1

xm+n

mlns(m+n)k

= 2
[k/2]∑
ρ=0

(
k + l − 2ρ− 1

k − 2ρ

)
ζ(2ρ)

∞∑
m=1

xm

ms+k+l−2ρ

+ 2
[l/2]∑
ρ=0

(
k + l − 2ρ− 1

l − 2ρ

)
ζ(2ρ)

∞∑
m=1

xm

ms+k+l−2ρ
, (3.25)

for x ∈ C with |x| ≤ 1. The idea of this generalization gives an important
key to construct functional relations for zeta-functions of the type of A3,
C2, B3 and C3 (see Remark 7.1).

In [34], Nakamura gave an alternative simple proof of (3.21) whose
method was inspired by Zagier’s lecture. We explain this method. We
denote by {Bn(x)} the Bernoulli polynomials defined by text/(et − 1) =∑

n≥0Bn(x)tn/n! (|t| < 2π). It is known (see [2, p.266 - p.267]) that
B2j(0) = B2j for j ∈ N0 and

Bj(x− [x]) = − j!
(2πi)j

lim
K→∞

K∑
k=−K

k �=0

e2πikx

kj
(j ∈ N), (3.26)

where [ · ] is the integer part. For k ∈ Z, j ∈ N we have∫ 1

0

e−2πikxBj(x) dx =

{
0 (k = 0),

−(2πik)−jj! (k �= 0),
(3.27)

by (3.26). We further quote [2, p.276 19.(b)], for p, q ≥ 1, which is

Bp(x)Bq(x) =
max(p,q)/2∑

k=0

{
p

(
q

2k

)
+ q

(
p

2k

)}
B2kBp+q−2k(x)
p+ q − 2k

− (−1)p p!q!
(p+ q)!

Bp+q.

(3.28)

On the other hand, for a, b ≥ 2, and $(s) > 1, we have∫ 1

0

∞∑
l=1

e2πilx

la

∞∑
m=1

e2πimx

mb

∞∑
n=1

e−2πinx

ns
dx = ζ2(a, b, s;A2),
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0

∞∑
l,m=1

e2πimx

(m+ l)alb

∞∑
n=1

e−2πinx

ns
dx = ζ2(b, s, a;A2),

∫ 1

0

∞∑
l=1

e2πilx

la+b−j

∞∑
m=1

e−2πinx

ns
dx = ζ(a+ b+ s− j).

Combining these relations and (3.26)-(3.28), we see that

ζ2(a, b, s;A2) + (−1)bζ2(b, s, a;A2) + (−1)aζ2(s, a, b;A2)

=
2
a!b!

max(a,b)/2∑
k=0

{
a

(
b

2k

)
+ b

(
a

2k

)}
× (a+ b− 2k − 1)!(2k)!ζ(2k)ζ(a+ b − s− 2k), (3.29)

which coincides with (3.21). Nakamura also gave some more generalized for-
mulas for double zeta and L-functions and triple zeta-functions of Mordell
and Tornheim type ( [35,36]). Furthermore triple zeta and L-functions were
studied by Nakamura, Ochiai, and the second and the third-named authors
( [28,29]). The aforementioned Lemma 6.1 first appeared in those studies.

4. Another method to construct functional relations for
Dirichlet series

In this section, we introduce another method to study functional relations
for Dirichlet series, whose basic idea was originally introduced by Hardy.
Hardy gave an alternative proof of the functional equation for ζ(s) ( [11], see
also [38] Section 2.2). By generalizing this method, we can give functional
relations for multiple zeta-functions, for example, (3.21) in Theorem 3.1.

First we consider a general Dirichlet series Z(s) =
∑∞

m=1 amm
−s where

{an} ⊂ C. Let $s = ρ (ρ ∈ R) be the abscissa of convergence of Z(s). This
means that if $s > ρ then Z(s) is convergent and if $s < ρ then Z(s) is
not convergent. We further assume that 0 ≤ ρ < 1.

Theorem 4.1 ( [31], Theorem 3.1). Assume that
∑∞

m=1 am sin(mt) =
0 is boundedly convergent for t > 0 and that, for ρ < s < 1,

lim
λ→∞

∞∑
m=1

am

∫ ∞

λ

ts−1 sin(mt)dt = 0. (4.30)

Then Z(s) can be continued meromorphically to C, and actually Z(s) = 0
for all s ∈ C. The same conclusion holds if we assume the formulas similar
to the above but “ sin” (two places) is replaced by “ cos”.
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We give a simple example showing how to apply this theorem. From
(2.16) and the formula obtained by differentiating both sides of (2.16), we
have

∞∑
l=1

(−1)l cos(lθ)
l2p

=
p∑

ν=0

φ(2p− 2ν)
(−1)νθ2ν

(2ν)!
, (4.31)

∞∑
l=1

(−1)l sin(lθ)
l2q+1

=
q∑

ν=0

φ(2q − 2ν)
(−1)νθ2ν+1

(2ν + 1)!
(4.32)

for p ∈ N, q ∈ N0 and θ ∈ (−π, π). Note that the case q = 0 in (4.32)
is a little delicate. To prove this case, we define I0(θ;u) for θ ∈ (−π, π)
and u ∈ [1, 1 + δ] by (2.14). Then equation (2.15) in the case q = 0 holds
for u ∈ (1, 1 + δ]. From [49, § 3.35] (see also [31, Lemma 4.1]) and Abel’s
theorem (see [49, § 3.71]), we can let u→ 1 in (2.15) for I0(θ;u). Then, as
well as (2.16), we obtain the case q = 0 in (4.32). Additionally we note that
if p, q ∈ N then (4.31) and (4.32) hold for θ ∈ [−π, π] because both sides
are continous for θ ∈ [−π, π].

Combining these results and putting t = θ+π, we obtain, for t ∈ R\2πZ,

∞∑
m,n=1

cos((m+ n)t)
m2n2

+ 2
∞∑

m,n=1

cos(mt)
n2(m+ n)2

+ 6
∞∑

m=1

cos(mt)
m4

− 4ζ(2)
∞∑

m=1

cos(mt)
m2

= 0

(4.33)

(see [31, Lemma 2.2]). We denote by f(t) the left-hand side of (4.33). Note
that each sum on the left-hand side of (4.33) is absolutely and uniformly
convergent for t ∈ R. Hence, for s ∈ R with 0 < s < 1, we have

0 =
∫ ∞

0

ts−1f(t)dx

=
∫ ∞

0

ts−1

{ ∞∑
m,n=1

cos((m+ n)t)
m2n2

+ 2
∞∑

m,n=1

cos(mt)
n2(m+ n)2

+ 6
∞∑

m=1

cos(mt)
m4

− 4ζ(2)
∞∑

m=1

cos(mt)
m2

}
dt. (4.34)

By the same argument as in [38, Section 2.1], we have∫ ∞

λ

cos(Nx)
x1−s

dx =
[
sin(Nx)
Nx1−s

]∞
λ

− s− 1
N

∫ ∞

λ

sin(Nx)
x2−s

dx = O

(
1

Nλ1−s

)
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for N ∈ N. Using this result, we see that

lim
λ→∞

∞∑
m,n=1

1
m2n2

∫ ∞

λ

cos((m+ n)x)
x1−s

dx = 0,

lim
λ→∞

∞∑
m,n=1

1
n2(m+ n)2

∫ ∞

λ

cos(mx)
x1−s

dx = 0,

lim
λ→∞

∞∑
m=1

1
ml

∫ ∞

λ

cos(mx)
x1−s

dx = 0 (l = 2, 4)

hold for 0 < s < 1. Hence we can justify term-by-term integration on the
right-hand side of (4.34). Therefore it follows from Theorem 4.1 and the
facts ∫ ∞

0

cos bx
x1−s

dx =
π

2
b−s sec(π(1 − s)/2)

Γ(1 − s)
,∫ ∞

0

sin bx
x1−s

dx =
π

2
b−s cosec(π(1 − s)/2)

Γ(1 − s)

for b > 0 and 0 < s < 1 (see [49, Chapter 12]) that the functional relation

ζ2(2, 2, s;A2) + 2ζ2(s, 2, 2;A2) + 6ζ(s+ 4) − 4ζ(2)ζ(s+ 2) = 0 (4.35)

holds for 0 < s < 1 (and then for any s ∈ C by analytic continuation). This
coincides with (3.22).

By using this method, we can give functional relations for more general
types of multiple zeta-functions (see [31]).

5. A general form of functional relations

In the previous sections, we present various methods to obtain functional
relations. However in those methods, it is not clear why these functional
relations exist. From the viewpoint of Weyl group symmetry in the un-
derlying Lie algebra structure, we can give a certain explanation of this
phenomenon. In fact, in view of the Weyl group symmetry, we can show a
general form of functional relations for zeta-functions of root systems. For
the details, see [19,22].

First we prepare some notation. Let V be an r-dimensional real vector
space equipped with an inner product 〈·, ·〉. Let ∆ be a finite reduced root
system in V of Xr type and Ψ = {α1, . . . , αr} its fundamental system. Let
∆+ and ∆− be the set of all positive roots and negative roots respectively.
Then we have a decomposition of the root system ∆ = ∆+

∐
∆−. Let Q∨
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be the coroot lattice, P the weight lattice, P+ the set of integral dominant
weights and P++ the set of integral strongly dominant weights respectively
defined by

Q∨ =
r⊕

i=1

Zα∨
i , P =

r⊕
i=1

Zλi, P+ =
r⊕

i=1

N0 λi, P++ =
r⊕

i=1

Nλi, (5.36)

where the fundamental weights {λj}r
j=1 form a basis dual to Ψ∨ satisfying

〈α∨
i , λj〉 = δij . The reflection σα : V → V with respect to a root α ∈ ∆

is defined by σα(v) = v − 〈α∨, v〉α. For a subset A ⊂ ∆, let W (A) be the
group generated by reflections σα for α ∈ A. Let W = W (∆) be the Weyl
group. Then σj = σαj (1 ≤ j ≤ r) generatesW . We denote the fundamental
domain called the fundamental Weyl chamber by C = {v ∈ V | 〈Ψ∨, v〉 ≥
0}, where 〈Ψ∨, v〉 means any of 〈α∨, v〉 for α∨ ∈ Ψ∨. Then W acts on the
set of Weyl chambers WC = {wC | w ∈ W} simply transitively. Moreover
if wx = y for x, y ∈ C, then x = y holds. The stabilizer Wx of a point x ∈ V

is generated by the reflections which stabilize x. We see that P+ = P ∩ C.
For w ∈W , we set ∆w = ∆+ ∩ w−1∆−.

Let I ⊂ {1, . . . , r} and ΨI = {αi | i ∈ I} ⊂ Ψ. Let VI be the lin-
ear subspace spanned by ΨI . Then ∆I = ∆ ∩ VI is a root system in VI

whose fundamental system is ΨI . For the root system ∆I , we denote the
corresponding coroot lattice (resp. weight lattice etc.) by Q∨

I =
⊕

i∈I Zα∨
i

(resp. PI =
⊕

i∈I Zλi etc.). Let ∆∨
+ be the set of all positive coroots, and

W I = {w ∈W | ∆∨
I+ ⊂ w∆∨

+}.
Let y ∈ V and s = (sα)α∈∆ ∈ C|∆+|, where ∆ is the quotient of ∆

obtained by identifying α and −α. Define an action of W to s by (ws)α =
sw−1α. Now we introduce the “twisted” multiple zeta-function of the form

ζr(s,y; ∆) =
∑

λ∈P++

e2π
√−1〈y,λ〉 ∏

α∈∆+

1
〈α∨, λ〉sα

. (5.37)

A motivation of introducing such a generalized form with exponential fac-
tors is to study multiple L-functions of root systems (see [17,21]). When
y = 0 in (5.37), the function ζr(s; ∆) = ζr(s, 0; ∆) coincides with the zeta-
function of the root system ∆, defined by (1.5).

For s ∈ C, $s > 1 and x, c ∈ R, let

Ls(x, c) = − Γ(s+ 1)
(2π

√−1)s

∑
n∈Z

n+c �=0

e2π
√−1(n+c)x

(n+ c)s
. (5.38)

Then we obtain the following general form of functional relations for zeta-
functions of root systems.
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Theorem 5.1 ( [19], Theorem 4.3). When I �= ∅, for s ∈ S and y ∈ V ,
we have

S(s,y; I; ∆) (5.39)

:=
∑

w∈W I

( ∏
α∈∆w−1

(−1)−sα

)
ζr(w−1s, w−1y; ∆)

= (−1)|∆+\∆I+|
( ∏

α∈∆+\∆I+

(2π
√−1)sα

Γ(sα + 1)

) ∑
λ∈PI++

e2π
√−1〈y,λ〉 ∏

α∈∆I+

1
〈α∨, λ〉sα

×
∫ 1

0

. . .

∫ 1

0

exp
(
−2π

√
−1

∑
α∈∆+\(∆I+∪Ψ)

xα〈α∨, λ〉
)

×
( ∏

α∈∆+\(∆I+∪Ψ)

Lsα(xα, 0)
)

×
(∏

i∈Ic

Lsαi

(
〈y, λi〉 −

∑
α∈∆+\(∆I+∪Ψ)

xα〈α∨, λi〉, 0
)) ∏

α∈∆+\(∆I+∪Ψ)

dxα.

Remark 5.1. We also studied the case I = ∅ and gave an integral expres-
sion of S(s,y; ∅; ∆) similar to (5.39) (see [19, Theorem 4.4]).

Example 5.1. Here we give an alternative proof of (3.23). Set ∆+ =
∆+(A2) = {α1, α2, α1 +α2}, and y = 0, s = (2, s, 3) for s ∈ C with $s > 1,
I = {2}, that is, ∆I+ = {α2}. Then we see that the left-hand side of (5.39)
is

S(s,y; I; ∆) =
∞∑

m,n=1

1
m2ns(m+ n)3

−
∞∑

m,n=1
m �=n

1
m2ns(−m+ n)3

= ζ2(2, s, 3;A2) − ζ2(3, 2, s;A2) + ζ2(3, s, 2;A2).

On the other hand, the right-hand side of (5.39) is(
(2π

√−1)2

2!

)(
(2π

√−1)3

3!

) ∞∑
m=1

1
ms

∫ 1

0

e−2π
√−1mxL2(x, 0)L3(−x, 0)dx

=
(

(2π
√−1)2

2!

)(
(2π

√−1)3

3!

) ∞∑
m=1

1
ms

∫ 1

0

e−2π
√−1mxB2(x)B3(1 − x)dx,

by Lk(x, 0) = Bk(x− [x]) for x ∈ R (see (3.26)). Hence, by using (3.27) and
(3.28), we obtain (3.23).
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6. Some lemmas for explicit construction of functional
relations

From the general form of functional relations in Theorem 5.1, it is possible
to deduce explicit formulas of functional relations for zeta-functions of root
systems, e.g., as in Example 5.1. However, if a rank of the root system is
high, then it seems quite hard to give explicit forms directly from Theorem
5.1. Therefore now we introduce a different procedure to construct explicit
functional relations. For this aim, we give some general preparatory lemmas.
We first quote the following lemma from our previous paper. Let φ(s) :=∑

n≥1(−1)nn−s =
(
21−s − 1

)
ζ(s), and εν := (1 + (−1)ν)/2 (ν ∈ Z).

Lemma 6.1 ( [28] Lemma 2.1). Let f, g : N0 → C be arbitrary func-
tions. Then, for a ∈ N, we have

a∑
k=0

φ(a− k)εa−k

[k/2]∑
µ=0

f(k − 2µ)
(−1)µπ2µ

(2µ)!
=

[a/2]∑
ξ=0

ζ(2ξ)f(a− 2ξ), (6.40)

and

a∑
k=1

φ(a− k)εa−k

[(k−1)/2]∑
µ=0

g(k − 2µ)
(−1)µπ2µ

(2µ+ 1)!
= −1

2
g(a). (6.41)

Corollary 6.1. With the same notation as in Lemma 6.1, put

h(d) :=
[d/2]∑
µ=0

g(d− 2µ)
(−1)µπ2µ

(2µ+ 1)!
(d ∈ N0).

Then we have

g(d) = −2
d∑

µ=0

φ(d− µ)εd−µh(µ) (d ∈ N0).

Proof. In (6.41), we replace g(x) by g(x− 1). Then (6.41) implies that

a∑
k=1

φ(a− k)εa−kh(k − 1) = −1
2
g(a− 1)

for a ∈ N. Replacing a by d+ 1 and k− 1 by µ, respectively, we obtain the
desired assertion.
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Using Lemma 6.1, we prove the following lemma which is a key to con-
struct functional relations. Let h ∈ N, and

C := {C(l) ∈ C | l ∈ Z, l �= 0} ,
D := {D(N ;m; η) ∈ R |N,m, η ∈ Z, N �= 0, m ≥ 0, 1 ≤ η ≤ h} ,
A := {aη ∈ N | 1 ≤ η ≤ h}

be sets of numbers indexed by integers. We let(
x

k

)
:=

{
x(x−1)···(x−k+1)

k! (k ∈ N),

1 (k = 0).

Lemma 6.2. With the above notation, we assume that the infinite series
appearing in

∑
N∈Z

N �=0

(−1)NC(N)eiNθ − 2
h∑

η=1

aη∑
k=0

φ(aη − k)εaη−k

×
k∑

ξ=0


∑
N∈Z

N �=0

(−1)ND(N ; k − ξ; η)eiNθ

 (iθ)ξ

ξ!
(6.42)

are absolutely convergent for θ ∈ [−π, π], and that (6.42) is a constant
function for θ ∈ [−π, π]. Then, for d ∈ N0,

∑
N∈Z

N �=0

(−1)NC(N)eiNθ

Nd
= 2

h∑
η=1

aη∑
k=0

φ(aη − k)εaη−k

×
k∑

ξ=0

{ k−ξ∑
ω=0

(
ω + d− 1

ω

)
(−1)ω

∑
m∈Z

m �=0

(−1)mD(m; k − ξ − ω; η)eimθ

md+ω

}
(iθ)ξ

ξ!

− 2
d∑

k=0

φ(d − k)εd−k

k∑
ξ=0

{ h∑
η=1

aη−1∑
ω=0

(
ω + k − ξ

ω

)
(−1)ω

×
∑
m∈Z

m �=0

D(m; aη − 1 − ω; η)
mk−ξ+ω+1

}
(iθ)ξ

ξ!
(6.43)

holds for θ ∈ [−π, π], where the infinite series appearing on both sides of
(6.43) are absolutely convergent for θ ∈ [−π, π].
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Proof. For d ∈ N0, put

Gd(θ; C; D; A) (6.44)

:=
1
id

[∑
l∈Z

l �=0

(−1)lC(l)eilθ

ld
− 2

h∑
η=1

aη∑
k=0

φ(aη − k)εaη−k

×
k∑

ξ=0

{ ξ∑
ν=0

(
d− 1 + ξ − ν

ξ − ν

)
(−1)ξ

∑
m∈Z

m �=0

(−1)mD(m; k − ξ; η)eimθ

md+ξ−ν

(−iθ)ν

ν!

}]

=
1
id

[∑
l∈Z

l �=0

(−1)lC(l)eilθ

ld
− 2

h∑
η=1

aη∑
k=0

φ(aη − k)εaη−k

×
k∑

ν=0

{k−ν∑
ω=0

(
d− 1 + ω

ω

)
(−1)ω

∑
m∈Z

m �=0

(−1)mD(m; k − ν − ω; η)eimθ

md+ω

}
(iθ)ν

ν!

]
.

Note that the second equality of (6.44) follows by putting ω = ξ − ν. Then
the assumption of (6.42) implies that

G0(θ; C; D; A) = R0 (θ ∈ [−π, π]), (6.45)

where there exists a constant R0 = R0(C; D; A) ∈ C, because
(−1+ξ−ν

ξ−ν

)
=

0 if ξ > ν. Furthermore we can check that Gd(θ; C; D; A) is absolutely
convergent with respect to θ ∈ [−π, π] and that

d

dθ
Gd(θ; C; D; A) = Gd−1(θ; C; D; A) (d ∈ N). (6.46)

In fact, if we differentiate the second member of (6.44) with respect to θ,
then we have

d

dθ
Gd(θ; C; D; A)

=
1

id−1

[∑
l∈Z

l �=0

(−1)lC(l)eilθ

ld−1
− 2

h∑
η=1

aη∑
k=0

φ(aη − k)εaη−k

×
k∑

ξ=0

{ ξ∑
ν=0

(
d− 1 + ξ − ν

ξ − ν

)
(−1)ξ

∑
m∈Z

m �=0

(−1)mD(m; k − ξ; η)eimθ

md+ξ−ν−1

(−iθ)ν

ν!

−
ξ∑

ν=1

(
d− 1 + ξ − ν

ξ − ν

)
(−1)ξ

∑
m∈Z

m �=0

(−1)mD(m; k − ξ; η)eimθ

md+ξ−ν

(−iθ)ν−1

(ν − 1)!

}]
.
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Replacing ν−1 by µ in the last member of the above summation, and using
the well-known relation

−
(
m− 1
l − 1

)
+
(
m

l

)
=
(
m− 1
l

)
(l,m ∈ N),

we obtain (6.46).
By integrating both sides of (6.45) and multiplying by i on both sides, we

have iG1(θ; C; D; A) = R0(iθ) + R1 with some constant R1 = R1(C; D; A).
Repeating this operation, and by (6.46), we obtain

idGd(θ; C; D; A) =
d∑

k=0

Rd−k
(iθ)k

k!
, (6.47)

where there exist constants Rk = Rk(C; D; A) (0 ≤ k ≤ d). We can ex-
plicitly determine {Rk} as follows. Putting θ = ±π in (6.47) with d + 1
(d ∈ N0), we have

id+1

2(iπ)
{Gd+1(π; C; D; A) −Gd+1(−π; C; D; A)}

=
[d/2]∑
µ=0

Rd−2µ
(iπ)2µ

(2µ+ 1)!
. (6.48)

It follows from (6.44) that the left-hand side of (6.48) is equal to

− 2
h∑

η=1

aη∑
k=0

φ(aη − k)εaη−k (6.49)

×
[(k−1)/2]∑

τ=0

{k−2τ−1∑
ω=0

(
d+ ω

ω

)
(−1)ω

∑
m∈Z

m �=0

D(m; k − 2τ − 1 − ω; η)
md+ω+1

}
(iπ)2τ

(2τ + 1)!
.

Applying (6.41) with

g(x) =
x−1∑
ω=0

(
d+ ω

ω

)
(−1)ω

∑
m∈Z

m �=0

D(m;x− 1 − ω; η)
md+ω+1

,

we can rewrite (6.48) as

h∑
η=1

aη−1∑
ω=0

(
d+ ω

ω

)
(−1)ω

∑
m∈Z

m �=0

D(m; aη − 1 − ω; η)
md+ω+1

=
[d/2]∑
ν=0

Rd−2ν
(iπ)2ν

(2ν + 1)!
. (6.50)
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Hence, by Corollary 6.1, we have

Rd = Rd(C; D; A) (6.51)

= −2
d∑

ν=0

φ(d − ν)εd−ν

h∑
η=1

aη−1∑
ω=0

(
ν + ω

ω

)
(−1)ω

∑
m∈Z

m �=0

D(m; aη − 1 − ω; η)
mν+ω+1

for d ∈ N0. Therefore, combining (6.44),(6.47) and (6.51), we have

∑
l∈Z

l �=0

(−1)lC(l)eilθ

ld
− 2

h∑
η=1

aη∑
k=0

φ(aη − k)εaη−k (6.52)

×
k∑

ν=0

{ k−ν∑
ω=0

(
d− 1 + ω

ω

)
(−1)ω

∑
m∈Z

m �=0

(−1)mD(m; k − ν − ω; η)eimθ

md+ω

}
(iθ)ν

ν!

= −2
d∑

µ=0

d−µ∑
ν=0

φ(d − µ− ν)εd−µ−ν

×
h∑

η=1

aη−1∑
ω=0

(
ν + ω

ω

)
(−1)ω

∑
m∈Z

m �=0

D(m; aη − 1 − ω; η)
mν+ω+1

(iθ)µ

µ!
.

Changing the running indices (µ, ν) into (k, ξ) with k = µ+ν and ξ = µ ≤ k,
we find that the right-hand side of (6.52) is equal to the second term on
the right-hand side of (6.43).

7. Functional relations for ζ3(s; A3)

In the rest of this paper, we will give explicit forms of functional relations
for zeta-functions of root systems by using lemmas proved in Section 6. In
this section, we consider the case of Ar type.

Fix p ∈ N and s ∈ R with s > 1 and x ∈ C with |x| = 1. From (4.31),
we have

∑
l∈Z

l �=0

(−1)leilθ

l2p
− 2

p∑
j=0

φ(2p− 2j)
(iθ)2j

(2j)!

 ∞∑
m=1

(−1)mxmeimθ

ms
= 0 (7.53)
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for θ ∈ [−π, π]. Hence we have∑
l∈Z, l �=0

m≥1
l+m �=0

(−1)l+mxmei(l+m)θ

l2pms

− 2
p∑

j=0

φ(2p− 2j)

{ ∞∑
m=1

(−1)mxmeimθ

ms

}
(−1)jθ2j

(2j)!

= −
∞∑

m=1

xm

ms+2p
(7.54)

for θ ∈ [−π, π]. Now we use Lemma 6.2 with h = 1, a1 = 2p,

C(N) =
∑

l �=0, m≥1
l+m=N

xm

l2pms
(N ∈ Z, N �= 0),

and D(N ;µ; 1) = xNN−s (if µ = 0 and N ≥ 1), or = 0 (otherwise).
Under these choices, we see that the left-hand side of (7.54) is of the form
(6.42) because ε2p−k = 1 (0 ≤ k ≤ 2p) implies k = 2j (0 ≤ j ≤ p).
Furthermore the right-hand side of (7.54) is a constant, because we fix s, x
and p. Therefore we can apply Lemma 6.2 with d = 2q for q ∈ N. Then
(6.43) gives that

0 =
∑

l �=0, m≥1
l+m �=0

(−1)l+mxmei(l+m)θ

l2pms(l +m)2q

− 2
p∑

j=0

φ(2p− 2j)
2j∑

ξ=0

(
2q − 1 + 2j − ξ

2q − 1

)
(−1)2j−ξ

×
∞∑

m=1

(−1)mxmeimθ

ms+2q+2j−ξ

(iθ)ξ

ξ!

+ 2
q∑

j=0

φ(2q − 2j)
2j∑

ξ=0

(
2p− 1 + 2j − ξ

2p− 1

)
(−1)2p−1

×
∞∑

m=1

xm

ms+2p+2j−ξ

(iθ)ξ

ξ!
= 0 (7.55)

for θ ∈ [−π, π], where we replace k by 2j in (6.43) because (a1, d) = (2p, 2q)
as mentioned above. This relation will play an important role in the next
section. Here we apply Lemma 6.1 to the real part of (7.55) in the case
θ = π and x = 1. Then we have the following.
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Proposition 7.1. For p, q ∈ N,∑
l∈Z, l �=0

m≥1
l+m �=0

1
l2pms(l +m)2q

= 2
p∑

ν=0

(
2p+ 2q − 2ν − 1

2q − 1

)
ζ(2ν)ζ(s + 2p+ 2q − 2ν)

+ 2
q∑

ν=0

(
2p+ 2q − 2ν − 1

2p− 1

)
ζ(2ν)ζ(s + 2p+ 2q − 2ν) (7.56)

holds for s ∈ C except for singularities of functions on both sides.

Note that (7.56) essentially coincides with (3.21) in the case (k, l) =
(2p, 2q), because the left-hand side of (7.56) can be easily transformed to
that of (3.21) in the case (k, l) = (2p, 2q). This implies that, from relation
(7.53) which is given by multiplying two quantities ofA1 type, we can obtain
relation (7.56) for zeta-functions of A2 and A1 type. From the view point of
Dynkin diagrams, we may say that (7.53) corresponds to two vertices, and
the above procedure of applying Lemma 6.2 to obtain (7.56) corresponds to
the fact that the Dynkin diagram of A2 can be produced by joining those
two vertices. Based on this observation, instead of (7.53), we next combine
a quantity of A2 type and a quantity of A1 type to get a relation for zeta-
functions of A3 and of A2 type. From (1.5), we see that the zeta-function
of root system of A3 type is defined by

ζ3(s1, s2, s3, s4, s5, s6;A3)

=
∞∑

l=1

∞∑
m=1

∞∑
n=1

1
ls1ms2ns3(l +m)s4(m+ n)s5(l +m+ n)s6

.
(7.57)

Fix p, q, b ∈ N and s ∈ R with s > 1 and x ∈ C with |x| = 1. From
(4.31), we have∑

l∈Z

l �=0

(−1)leilθ

l2p
− 2

p∑
j=0

φ(2p− 2j)
(iθ)2j

(2j)!


×

∑
m∈Z, m �=0

n≥1
m+n �=0

(−1)m+nxnei(m+n)θ

m2qns(m+ n)2b
= 0 (7.58)

for θ ∈ [−π, π]. This formula corresponds to a diagram of A2 and another
vertex. Next we use Lemma 6.2, which gives the procedure of joining these
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two figures to obtain the diagram of A3. First, by separating the terms
corresponding to l +m+ n = 0, we have∑

l,m �=0, n≥1
m+n �=0, l+m+n �=0

(−1)l+m+nxnei(l+m+n)θ

l2pm2qns(m+ n)2b

− 2
p∑

j=0

φ(2p− 2j)


∑
m �=0
n≥1

m+n �=0

(−1)m+nxnei(m+n)θ

m2qns(m+ n)2b


(−1)jθ2j

(2j)!

= −
∑
m �=0
n≥1

m+n �=0

xn

m2qns(m+ n)2p+2b
(7.59)

for θ ∈ [−π, π]. We can apply Lemma 6.2 with h = 1, a1 = 2p,

C(N) =
∑

l,m �=0
n≥1

m+n �=0
l+m+n=N

xn

l2pm2qns(m+ n)2b
,

D(N ;µ; 1) =


∑
m �=0
n≥1

m+n=N

xn

m2qns(m+ n)2b
(ν = 0, N �= 0),

0 (ν ≥ 1, N �= 0),

and d = 2c (c ∈ N). Formula (7.59) implies that the assumptions of Lemma
6.2 are satisfied, so consequently we have∑

l,m �=0, n≥1
m+n �=0, l+m+n �=0

(−1)l+m+nxnei(l+m+n)θ

l2pm2qns(m+ n)2b(l +m+ n)2c

= 2
p∑

j=0

φ(2p− 2j)
2j∑

ξ=0

(
2j − ξ + 2c− 1

2c− 1

)
(−1)2j−ξ

×
∑
m �=0
n≥1

m+n �=0

(−1)m+nxnei(m+n)θ

m2qns(m+ n)2b+2c+2j−ξ

(iθ)ξ

ξ!

− 2
c∑

j=0

φ(2c− 2j)
2j∑

ξ=0

(
2j − ξ + 2p− 1

2p− 1

)
(−1)2p−1

×
∑
m �=0
n≥1

m+n �=0

xn

m2qns(m+ n)2p+2b+2j−ξ

(iθ)ξ

ξ!
.
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Putting x = −e−iθ (θ ∈ R) on both sides and separating the terms corre-
sponding to l+m = 0, we have∑

l,m �=0, n≥1
l+m �=0, m+n �=0

l+m+n �=0

(−1)l+mei(l+m)θ

l2pm2qns(m+ n)2b(l +m+ n)2c

− 2
p∑

j=0

φ(2p− 2j)
2j∑

ξ=0

(
2j − ξ + 2c− 1

2c− 1

)
(−1)2j−ξ

×
∑
m �=0
n≥1

m+n �=0

(−1)meimθ

m2qns(m+ n)2b+2c+2j−ξ

(iθ)ξ

ξ!

+ 2
c∑

j=0

φ(2c− 2j)
2j∑

ξ=0

(
2j − ξ + 2p− 1

2p− 1

)
(−1)2p−1

×
∑
m �=0
n≥1

m+n �=0

(−1)ne−inθ

m2qns(m+ n)2p+2b+2j−ξ

(iθ)ξ

ξ!

= −
∑
m �=0
n≥1

m+n �=0

1
m2p+2qns+2c(m+ n)2b

.

Again we apply Lemma 6.2 with h = 2, a1 = 2p, a2 = 2c and d = 2a for
a ∈ N. Then∑

l,m �=0, n≥1
l+m �=0, m+n �=0

l+m+n �=0

(−1)l+mei(l+m)θ

l2pm2qns(l +m)2a(m+ n)2b(l +m+ n)2c

= 2
p∑

j=0

φ(2p− 2j)
2j∑

ξ=0

2j−ξ∑
ω=0

(
ω + 2a− 1

ω

)
(−1)ω

(
2j − ξ − ω + 2c− 1

2c− 1

)

× (−1)2j−ξ−ω
∑
m �=0
n≥1

m+n �=0

(−1)meimθ

m2q+2a+ωns(m+ n)2b+2c+2j−ξ−ω

(iθ)ξ

ξ!

− 2
c∑

j=0

φ(2c− 2j)
2j∑

ξ=0

2j−ξ∑
ω=0

(
ω + 2a− 1

ω

)
(−1)ω

(
2j − ξ − ω + 2p− 1

2p− 1

)

× (−1)2p−1(−1)2a+ω
∑
m �=0
n≥1

m+n �=0

(−1)ne−inθ

m2qns+2a+ω(m+ n)2p+2b+2j−ξ−ω

(iθ)ξ

ξ!
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− 2
a∑

j=0

φ(2a− 2j)
2j∑

ξ=0

2p−1∑
ω=0

(
ω + 2j − ξ

ω

)
(−1)ω

(
2p+ 2c− 2 − ω

2c− 1

)

× (−1)2p−1−ω
∑
m �=0
n≥1

m+n �=0

1
m2q+2j−ξ+ω+1ns(m+ n)2p+2b+2c−1−ω

(iθ)ξ

ξ!

+ 2
a∑

j=0

φ(2a− 2j)
2j∑

ξ=0

2c−1∑
ω=0

(
ω + 2j − ξ

ω

)
(−1)ω

(
2p+ 2c− 2 − ω

2p− 1

)

× (−1)2p−1(−1)2j−ξ+ω+1
∑
m �=0
n≥1

m+n �=0

1
m2qns+2j−ξ+ω+1(m+n)2p+2b+2c−1−ω

(iθ)ξ

ξ!

holds for θ ∈ [−π, π]. Now we put θ = π in this equation and take its real
part. For simplicity, we denote the obtained equation by J1 = J2 + J3 +
J4 + J5. First we consider J1. This can be divided into the following:∑

l≥1
m≥1
n≥1

+
∑
l≤−1
m≥1
n≥1

l+m �=0
l+m+n �=0

+
∑
l≥1

m≤−1
n≥1

l+m �=0
m+n �=0

l+m+n �=0

+
∑
l≤−1

m≤−1
n≥1

m+n �=0
l+m+n �=0

,

which we denote by J11 + J12 + J13 + J14. We can immediately see that
J11 = ζ3(2p, 2q, s, 2a, 2b, 2c;A3). For J12, replacing l by −l, we have

J12 =
∑

l≥1, m≥1
n≥1, l �=m

l �=m+n

1
(−l)2pm2qns(−l +m)2a(m+ n)2b(−l +m+ n)2c

.

Here, putting j = −l+m if l < m and k = l−m if l > m, respectively, we
have

J12 =
∑

l≥1, j≥1
n≥1

1
l2p(l + j)2qnsj2a(l + j + n)2b(j + n)2c

+
∑

k≥1, m≥1
n≥1, k �=n

1
(k +m)2pm2qnsk2a(m+ n)2b(−k + n)2c

,

where the first term on the right-hand side is ζ3(2p, 2a, s, 2q, 2c, 2b;A3).
Furthermore, putting j′ = −k + n if k < n and k′ = k − n if k > n,
respectively, in the second term on the right-hand side, we can obtain

J12 = ζ3(2p, 2a, s, 2q, 2c, 2b;A3) + ζ3(2q, 2a, 2c, 2p, s, 2b;A3)

+ ζ3(2q, s, 2c, 2b, 2a, 2p;A3).
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Similarly we can express J13 and J14 as sums of values of the zeta-function
of A3 type. Therefore J1 can be transformed to the left-hand side of the
following theorem. On the other hand, if we apply (6.40) to J2+J3+J4+J5,
then it can be transformed to the right-hand side of the following theorem
with

T (2d, s, 2e) =
∑

m �=0, n≥1
m+n �=0

1
m2dns(m+ n)2e

for d, e ∈ N. From Proposition 7.1, we see that T (2d, s, 2e) can be written
as (7.60) below.

Theorem 7.1. For p, q, a, b, c ∈ N,

ζ3(2p, 2q, s, 2a, 2b, 2c;A3) + ζ3(2p, 2a, s, 2q, 2c, 2b;A3)

+ ζ3(2q, 2a, 2c, 2p, s, 2b;A3) + ζ3(2q, s, 2c, 2b, 2a, 2p;A3)

+ ζ3(2a, 2p, 2b, 2q, 2c, s;A3) + ζ3(2a, 2c, 2b, s, 2p, 2q;A3)

+ ζ3(s, 2c, 2p, 2a, 2b, 2q;A3) + ζ3(2b, 2q, 2a, s, 2p, 2c;A3)

+ ζ3(2b, s, 2a, 2q, 2c, 2p;A3) + ζ3(2p, 2b, s, 2c, 2q, 2a;A3)

+ ζ3(2c, 2p, 2q, 2b, 2a, s;A3) + ζ3(2c, 2b, 2q, 2p, s, 2a;A3)

= 2
p∑

ξ=0

ζ(2ξ)
2p−2ξ∑
ω=0

(
ω + 2a− 1

ω

)(
2p+ 2c− 2ξ − ω − 1

2c− 1

)
× T (2q + 2a+ ω, s, 2p+ 2b+ 2c− 2ξ − ω)

+ 2
c∑

ξ=0

ζ(2ξ)
2c−2ξ∑
ω=0

(
ω + 2a− 1

ω

)(
2p+ 2c− 2ξ − ω − 1

2p− 1

)
× T (2q, s+ 2a+ ω, 2p+ 2b+ 2c− 2ξ − ω)

+ 2
a∑

ξ=0

ζ(2ξ)
2p−1∑
ω=0

(
ω + 2a− 2ξ

ω

)(
2p+ 2c− 2 − ω

2c− 1

)
× T (2q + 2a− 2ξ + ω + 1, s, 2p+ 2b+ 2c− 1 − ω)

+ 2
a∑

ξ=0

ζ(2ξ)
2c−1∑
ω=0

(
ω + 2a− 2ξ

ω

)(
2p+ 2c− ω − 2

2p− 1

)
× T (2q, s+ 2a− 2ξ + ω + 1, 2p+ 2b+ 2c− ω − 1)
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holds for s ∈ C except for singularities of functions on both sides, where

T (2d, s, 2e) = 2
d∑

ν=0

(
2d+ 2e− 2ν − 1

2e− 1

)
ζ(2ν)ζ(s + 2d+ 2e− 2ν)

+ 2
e∑

ν=0

(
2d+ 2e− 2ν − 1

2d− 1

)
ζ(2ν)ζ(s + 2d+ 2e− 2ν).

(7.60)

Example 7.1. In the case when (p, q, a, b, c) = (k, k, k, k, k) and s = 2k
for k ∈ N in Theorem 7.1, we recover the explicit expression for Wit-
ten’s volume formula of A3 type, which has been proved by Gunnells and
Sczech ( [10, Proposition 8.5]). For example, in the case when (p, q, a, b, c) =
(1, 1, 1, 1, 1), we obtain

4ζ3(2, 2, s, 2, 2, 2;A3) + 2ζ3(2, s, 2, 2, 2, 2;A3)

+ 4ζ3(2, 2, 2, s, 2, 2;A3) + 2ζ3(2, 2, 2, 2, 2, s;A3)

= 678ζ(s+ 10) − 512ζ(2)ζ(s+ 8)

+ 148ζ(4)ζ(s+ 6) + 4ζ(6)ζ(s+ 4),

(7.61)

because ζ3(s1, s2, s3, s4, s5, s6;A3) = ζ3(s3, s2, s1, s5, s4, s6;A3). In particu-
lar when s = 2, we obtain the explicit value of CW (2, A3), that is,

ζ3(2, 2, 2, 2, 2, 2;A3) =
23

2554051500
π12. (7.62)

In our previous work [16, Theorem 3.4], we already obtained the functional
relation between ζ3(s;A3) and ζ2(s;A2), and checked that the functional
relation implicitly implies (7.62), by using the properties of ζ2(s;A2). On
the other hand, we can see that the above formula in Theorem 7.1 itself
includes the explicit form of Witten’s volume formula of A3 type.

Example 7.2. By the same method as above, we can obtain the following
formulas ( [30]):

ζ3(1, 1, 1, 2, 1, 2;A3) = − 29
175

ζ(2)4 + ζ(3)ζ(5) − 1
2
ζ(6, 2),

ζ3(1, 1, 2, 1, 2, 1;A3) =
2683
1050

ζ(2)4 +
1
2
ζ(2)ζ(3)2 − 16ζ(3)ζ(5) +

29
4
ζ(6, 2),

ζ3(1, 1, 1, 2, 1, 3;A3) =
2
5
ζ(2)2ζ(5) + 10ζ(2)ζ(7) − 53

3
ζ(9).

Remark 7.1. Here we summarize the method developed in this section.
The starting point is the simple identity (4.31) (and (4.32)), which is based
on the fact ζ(−2n) = 0 (n ∈ N). One basic idea is to multiply (4.31) by
an infinite series (see (7.53))) to obtain a new identity (see (7.54)). Then
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we apply the argument of repeated integration, embodied in Lemma 6.2,
to deduce the functional relations. This procedure is the essence of the “u-
method” mentioned in Sections 2 and 3, though the parameter u > 1 does
not appear in this section.

However, the original u-method (developed, for instance, in [30]) is un-
satisfactory because it only produces functional relations in which some of
the variables should be equal to 0. In order to remove this restriction, we
introduce the idea of considering the infinite series of polylogarithm type
(that is, with an additional parameter x in the numerators). This idea, in-
spired by the method in [32] (see Remark 3.3), was first successfully used
in [16] under the name of the “polylogarithm technique”. This additional
flexibility enables us to deduce more general type of functional relations
such as Theorem 7.1. We will also use this technique in the following sec-
tions.

We may proceed further. Next we combine a quantity of A3 type and a
quantity of A1 type to obtain∑

k∈Z

k �=0

(−1)keikθ

k2p
− 2

p∑
j=0

φ(2p− 2j)
(iθ)2j

(2j)!


×

∑
l,m∈Z, n≥1,

l,m �=0, l+m �=0
m+n �=0, l+m+n �=0

(−1)l+m+nxmynei(l+m+n)θ

l2qm2rns(l +m)2a(m+ n)2b(l +m+ n)2c
= 0

for p, q, r, a, b, c ∈ N and x, y ∈ C with |x| = 1 and |y| = 1. Again, by using
Lemma 6.2 repeatedly, we will be able to obtain the functional relation for
zeta-functions of A4 and A3 type. Then, by using the result in Theorem
7.1, we will be able to obtain functional relations for zeta-functions of A4

and A1 type, which include explicit forms of Witten’s volume formulas of
A4 type, for example,

ζ4(2, 2, 2, 2, 2, 2, 2, 2, 2, 2;A4) =
1

650970015609375
π20. (7.63)

By continuing this procedure inductively, it seems to be possible to ob-
tain functional relations which include explicit forms of Witten’s volume
formulas of Ar type for any r ∈ N.
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8. Functional relations for ζ2(s; C2)

In this section, we study

ζ2(s1, s2, s3, s4;C2) =
∞∑

m=1

∞∑
n=1

1
ms1ns2(m+ n)s3(m+ 2n)s4

(8.64)

(see [18, (6.1)], also [19, Example 7.3]). As noted in [18, Section 2], we know
that

ζ2(s1, s2, s3, s4;B2) =
∞∑

m=1

∞∑
n=1

1
ms1ns2(m+ n)s3 (2m+ n)s4

(8.65)

(see [18, (2.11)]), which coincides with ζ2(s2, s1, s3, s4;C2). This fact is the
natural consequence of the isomorphism B2 � C2.

Here we consider ζ2(s;C2) and construct explicit functional relations
which include explicit forms of Witten’s volume formulas of C2 type.

As we mentioned in the previous section, the procedure of producing
a functional relation for ζ2(s;A2) corresponds to the fact that the Dynkin
diagram of A2 can be produced by adding one edge which joins two vertices.
From this viewpoint, we should step on the procedure corresponding to
adding another edge to the Dynkin diagram of A2 to obtain the diagram
of C2, by using Lemma 6.2.

Replacing x by −xeiθ on the left-hand side of (7.55), we have

∑
l∈Z, l �=0

m≥1, l+m �=0

(−1)lxmei(l+2m)θ

l2pms(l +m)2q

− 2
p∑

j=0

φ(2p− 2j)
2j∑

ξ=0

(
2q − 1 + 2j − ξ

2q − 1

)
(−1)2j−ξ

∞∑
m=1

xme2imθ

ms+2q+2j−ξ

(iθ)ξ

ξ!

− 2
q∑

j=0

φ(2q − 2j)
2j∑

ξ=0

(
2p− 1 + 2j − ξ

2p− 1

) ∞∑
m=1

(−1)mxmeimθ

ms+2p+2j−ξ

(iθ)ξ

ξ!
= 0

for θ ∈ [−π, π]. From the first sum, we separate the terms corresponding
to the condition l + 2m = 0 and move them to the right-hand side. Then,
as well as in the case of (7.54), applying Lemma 6.2 with (h, a1, a2, d) =
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(2, 2p, 2q, 2r) for r ∈ N, we obtain∑
l∈Z, l �=0

m≥1, l+m �=0
l+2m �=0

(−1)lxmei(l+2m)θ

l2pms(l +m)2q(l + 2m)2r

− 2
p∑

j=0

φ(2p− 2j)
2j∑

ξ=0

2j−ξ∑
ω=0

(
ω + 2r − 1

ω

)
(−1)ω

×
(

2q − 1 + 2j − ξ − ω

2q − 1

)
(−1)2j−ξ−ω 1

22r+ω

∞∑
m=1

xme2imθ

ms+2q+2j−ξ+2r

(iθ)ξ

ξ!

− 2
q∑

j=0

φ(2q − 2j)
2j∑

ξ=0

2j−ξ∑
ω=0

(
ω + 2r − 1

ω

)
(−1)ω

×
(

2p− 1 + 2j − ξ − ω

2p− 1

) ∞∑
m=1

(−1)mxmeimθ

ms+2p+2j−ξ+2r

(iθ)ξ

ξ!

+ 2
r∑

j=0

φ(2r − 2j)
2j∑

ξ=0

2p−1∑
ω=0

(
ω + 2j − ξ

ω

)
(−1)ω

×
(

2p+ 2q − 2 − ω

2q − 1

)
(−1)2p−1−ω 1

22j−ξ+ω+1

∞∑
m=1

xm

ms+2q+2j−ξ+2p

(iθ)ξ

ξ!

+ 2
r∑

j=0

φ(2r − 2j)
2j∑

ξ=0

2q−1∑
ω=0

(
ω + 2j − ξ

ω

)
(−1)ω

×
(

2p+ 2q − 2 − ω

2p− 1

) ∞∑
m=1

xm

ms+2p+2j−ξ+2q

(iθ)ξ

ξ!
= 0 (8.66)

for θ ∈ [−π, π]. Then, putting (x, θ) = (1, π) in (8.66) and applying Lemma
6.1 to the real part of this equation, we obtain the following relation which
holds for s > 1, and furthermore for s ∈ C except for singularities by the
meromorphic continuation of ζ2(s;C2).

Theorem 8.1. For p, q, r ∈ N,

ζ2(2p, s, 2q, 2r;C2) + ζ2(2p, 2q, s, 2r;C2)

+ ζ2(2r, 2q, s, 2p;C2) + ζ2(2r, s, 2q, 2p;C2)
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= 2
p∑

ν=0

ζ(2ν)ζ(2p+ 2q + 2r − 2ν + s)

×
2p−2ν∑
µ=0

1
22r+µ

(
2p+ 2q − 2ν − µ− 1

2q − 1

)(
2r − 1 + µ

2r − 1

)

+ 2
q∑

ν=0

ζ(2ν)ζ(2p+ 2q + 2r − 2ν + s)

×
2q−2ν∑
µ=0

(−1)µ

(
2p+ 2q − 2ν − µ− 1

2p− 1

)(
2r − 1 + µ

2r − 1

)

+ 2
r∑

ν=0

ζ(2ν)ζ(2p+ 2q + 2r − 2ν + s)

×
2p−1∑
µ=0

1
22r−2ν+µ+1

(
2p+ 2q − µ− 2

2q − 1

)(
2r − 2ν + µ

2r − 2ν

)

+ 2
r∑

ν=0

ζ(2ν)ζ(2p+ 2q + 2r − 2ν + s)

×
2q−1∑
µ=0

(−1)µ+1

(
2p+ 2q − µ− 2

2p− 1

)(
2r − 2ν + µ

2r − 2ν

)
holds for all s ∈ C except for singularities of functions on both sides. Note
that singularities of ζ2(s, C2) have been determined in [18, Theorem 6.2].

Example 8.1. Putting (p, q, r) = (1, 1, 1) in Theorem 8.1, we can obtain

ζ2(2, s, 2, 2;C2) + ζ2(2, 2, s, 2;C2) = −39
16
ζ(s+ 6) +

3
2
ζ(2)ζ(s + 4). (8.67)

In particular when s = 2, we obtain

ζ2(2, 2, 2, 2;C2) =
π8

302400
, (8.68)

which have already been obtained in [19, (7.24)]. It should be noted that
Equations (8.67) and (8.70) mentioned below coincide with Equations (2.6)
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and (2.7) in [16], respectively. Note that, in [16], we used the notation
ζ2(s1, s2, s3, s4;B2) defined by

∞∑
m=1

∞∑
n=1

1
(2m+ n)s1ns2ms3(m+ n)s4

,

different from (8.65) (see [18, Section 2]).

Remark 8.1. Using the same method as in the proof of Theorem 8.1, we
can prove that

ζ2(p, s, q, r;C2) + (−1)pζ2(p, q, s, r;C2) + (−1)p+qζ2(r, q, s, p;C2)

+ (−1)p+q+rζ2(r, s, q, p;C2)

= 2(−1)p

{ [p/2]∑
ν=0

ζ(2ν)ζ(p + q + r − 2ν + s)

×
p−2ν∑
µ=0

1
2r+µ

(
p+ q − 2ν − µ− 1

q − 1

)(
r − 1 + µ

r − 1

)

+
[q/2]∑
ν=0

ζ(2ν)ζ(p+ q + r − 2ν + s)

×
q−2ν∑
µ=0

(−1)µ

(
p+ q − 2ν − µ− 1

p− 1

)(
r − 1 + µ

r − 1

)

+
[r/2]∑
ν=0

ζ(2ν)ζ(p+ q + r − 2ν + s)

×
p−1∑
µ=0

1
2r−2ν+µ+1

(
p+ q − µ− 2

q − 1

)(
r − 2ν + µ

r − 2ν

)

+
[r/2]∑
ν=0

ζ(2ν)ζ(p+ q + r − 2ν + s)

×
q−1∑
µ=0

(−1)µ+1

(
p+ q − µ− 2

p− 1

)(
r − 2ν + µ

r − 2ν

)}
(8.69)

holds for all s ∈ C except for singularities of functions on both sides, where
p, q, r ∈ N. For example, we have

ζ2(2, s, 2, 1;C2) + ζ2(2, 2, s, 1;C2) + ζ2(1, 2, s, 2;C2) − ζ2(1, s, 2, 2;C2)

= 3ζ(2)ζ(s+ 3) − 39
8
ζ(s+ 5). (8.70)
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In particular, putting s = 2 in (8.70), we have

ζ2(2, 2, 2, 1;C2) =
3
2
ζ(2)ζ(5) − 39

16
ζ(7),

which coincides with our previous result in [44, Example in §3 ]. Note
that the left-hand side of (8.69) is equal to S(s,y; I; ∆) for ∆ = ∆(C2),
s = (p, s, q, r), y = 0 and I = {2}. Therefore we can see that Theorem 8.1
corresponds to the case C2 of Theorem 5.1.

9. Functional relations for ζ3(s; B3) and for ζ3(s; C3)

In this section, we consider ζ3(s;B3) and ζ3(s;C3) defined by

ζ3(s1, s2, s3, s4, s5, s6, s7, s8, s9;B3)

=
∞∑

m1=1

∞∑
m2=1

∞∑
m3=1

m−s1
1 m−s2

2 m−s3
3 (m1 +m2)−s4(m2 +m3)−s5

× (2m2 +m3)−s6(m1 +m2 +m3)−s7(m1 + 2m2 +m3)−s8

× (2m1 + 2m2 +m3)−s9 , (9.71)

and

ζ3(s1, s2, s3, s4, s5, s6, s7, s8, s9;C3)

=
∞∑

m1=1

∞∑
m2=1

∞∑
m3=1

m−s1
1 m−s2

2 m−s3
3 (m1 +m2)−s4(m2 +m3)−s5

× (m2 + 2m3)−s6(m1 +m2 +m3)−s7(m1 +m2 + 2m3)−s8

× (m1 + 2m2 + 2m3)−s9 , (9.72)

which have been continued meromorphically to the whole space whose pos-
sible singularities have been determined in [18, Theorems 6.1 and 6.3]. Note
that ζ3(s;D3) essentially coincides with ζ3(s;A3) which has been considered
in [16,30].

We aim to prove functional relations for these functions, namely gener-
alize the result in Theorems 7.1 and 8.1 to the cases B3 and C3. However,
it seems too complicated to treat these cases in full generality. Hence we
study some special cases as follows.

First we prove the following functional relation for ζ3(s;C3). The basic
structure of the proof, based on Lemma 6.2, is similar to that in the proof
of Theorem 7.1 for ζ3(s;A3). A novel point here is that we will also use the
result described in Section 4.
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Theorem 9.1. The functional relation

8ζ3(2, 2, s, 2, 2, 2, 2, 2, 2;C3) + 8ζ3(2, 2, 2, 2, s, 2, 2, 2, 2;C3)

+ 8ζ3(2, 2, 2, 2, 2, 2, s, 2, 2;C3)

=
184775

512
ζ(s+ 16) − 16875

64
ζ(2)ζ(s + 14) +

513
8
ζ(4)ζ(s + 12)

+
25
8
ζ(6)ζ(s+ 10) +

1
4
ζ(8)ζ(s + 8)

(9.73)

holds for s ∈ C except for singularities of functions on both sides. In par-
ticular when s = 2,

ζ3(2, 2, 2, 2, 2, 2, 2, 2, 2;C3) =
19

8403115488768000
π18, (9.74)

hence CW (2, C3) = 19/16209713520 in Witten’s volume formula (1.4).

Proof. Instead of (7.53) or (7.58), we start the same argument as in the
proof of Proposition 7.1 or Theorem 7.1 from the relation

{G(θ; 2, 2, 2;x) +G(−θ; 2, 2, 2;x−1)}
∞∑

n=1

(−1)nyneinθ

ns
= 0 (9.75)

for s > 1, where we denote by G(θ; 2, 2, 2;x) the left-hand side of (7.55)
in the case (2p, 2q, s) = (2, 2, 2). Then, by replacing −m (m ≥ 1) by m

(m ≤ −1) on the left-hand side of (9.75), we can rewrite (9.75) to

∑
l �=0, m �=0

n≥1, l+m �=0

(−1)l+m+nxmynei(l+m+n)θ

l2m2ns(l +m)2

− 2
1∑

j=0

φ(2 − 2j)
2j∑

ξ=0

(
1 + 2j − ξ

1

)
(−1)2j−ξ

×
∑
m �=0
n≥1

(−1)m+nxmynei(m+n)θ

m4+2j−ξns

(iθ)ξ

ξ!

+ 2
1∑

j=0

φ(2 − 2j)
2j∑

ξ=0

(
1 + 2j − ξ

1

)
(−1)

∑
m �=0
n≥1

(−1)nxmyneinθ

m4+2j−ξns

(iθ)ξ

ξ!
= 0.

As well as in the proof of Theorem 7.1, separate the constant terms corre-
sponding to l+m+ n = 0 in the first term and to m+n = 0 in the second
term on the left-hand side, move them to the right-hand side, and apply
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Lemma 6.2 with d = 2. Then we obtain∑
l �=0, m �=0

n≥1, l+m �=0
l+m+n �=0

(−1)l+m+nxmynei(l+m+n)θ

l2m2ns(l +m)2(l +m+ n)2

− 2
1∑

j=0

φ(2 − 2j)
2j∑

ξ=0

2j−ξ∑
ω=0

(
ω + 1
ω

)
(−1)ω

(
1 + 2j − ξ − ω

1

)
(−1)2j−ξ−ω

×
∑
m �=0
n≥1

(−1)m+nxmynei(m+n)θ

m4+2j−ξ−ωns(m+ n)2+ω

(iθ)ξ

ξ!

+ · · · = 0,

where we omit three terms on the left-hand side, which are of the form
similar to the second term on the left-hand side. Note that each of their
denominators is of the form of A2 type. Next we replace y by −yeiθ, move
the constant terms to the right-hand side and apply Lemma 6.2 with d = 2.
Then we have∑

l �=0, m �=0
n≥1, l+m �=0

l+m+n �=0
l+m+2n �=0

(−1)l+mxmynei(l+m+2n)θ

l2m2ns(l +m)2(l +m+ n)2(l +m+ 2n)2

− 2
1∑

j=0

φ(2 − 2j)
2j∑

ξ=0

2j−σ∑
σ=0

(
σ + 1
σ

)
(−1)σ

2j−ξ−σ∑
ω=0

(
ω + 1
ω

)
(−1)2j−ξ−σ

×
(

1 + 2j − ξ − σ − ω

1

)∑
m �=0
n≥1

(−1)mxmynei(m+2n)θ

m4+2j−ξ−ωns(m+ n)2+ω(m+ 2n)2+σ

(iθ)ξ

ξ!

+ · · · = 0,

where we omit seven terms of the forms similar to the second term. Each
denominator of these terms is of the form of C2 type. Replacing x by −xeiθ,
applying Lemma 6.2 with d = 2, and putting θ = π, we obtain∑

l �=0, m �=0
n≥1, l+m �=0

l+m+n �=0
l+m+2n �=0

l+2m+2n �=0

xmyn

l2m2ns(l +m)2(l +m+ n)2(l +m+ 2n)2(l + 2m+ 2n)2

+ · · · = 0, (9.76)

where the omitted terms are of the form of C2 type. Next, we replace (x, y)
by
(
xeiθ, yeiθ

)
and

(
xe−iθ, ye−iθ

)
respectively, and subtract these terms.
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Then we have∑
l �=0, m �=0

n≥1, l+m �=0
m+n �=0

l+m+n �=0
l+m+2n �=0

l+2m+2n �=0

xmyn sin((m+ n)θ)
l2m2ns(l +m)2(l +m+ n)2(l +m+ 2n)2(l + 2m+ 2n)2

+ · · · = 0, (9.77)

where the omitted terms are double series of similar forms.
Finally, in order to complete the proof of this theorem, we need to apply

Theorem 4.1 to each term on the left-hand side of (9.77) with s = 2. Then
we consequently obtain∑

l �=0, m �=0
n≥1, l+m �=0

m+n �=0
l+m+n �=0

l+m+2n �=0
l+2m+2n �=0

xmyn

l2m2ns(l+m)2(m+n)2(l+m+n)2(l+m+2n)2(l+2m+2n)2

+ · · · = 0. (9.78)

We further replace (x, y) by
(
eiθ, e2iθ

)
and

(
e−iθ, e−2iθ

)
respectively, sub-

tract these terms, and apply Theorem 4.1 with s = 2. Then we obtain∑
l �=0, m �=0

n≥1, l+m �=0
m+n �=0, m+2n �=0

l+m+n �=0
l+m+2n �=0

l+2m+2n �=0

1
l2m2ns(l +m)2(m+ n)2(m+ 2n)2(l +m+ n)2

× 1
(l +m+ 2n)2(l + 2m+ 2n)2

+ · · · = 0,

(9.79)

where the omitted terms are finite sums of zeta values of C2 type. Though
we omit their explicit forms, we can also apply Theorem 8.1 to these terms,
and can express them as the right-hand side of (9.73). On the other hand,
similarly to the case of Theorem 7.1, we can transform the first term on
the left-hand side of (9.79) to the left-hand side of (9.73).

Moreover, from (2.16) in [18], we can easily check that K(C3) = 720 (see
definition (1.7)). Hence, combining (1.6) and (9.74), we obtain the value of
CW (2, C3).

Similarly we can obtain the following formula in the case B3.
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Theorem 9.2. The functional relation

4ζ3(2, s, 2, 2, 2, 2, 2, 2, 2;B3) + 4ζ3(s, 2, 2, 2, 2, 2, 2, 2, 2;B3) (9.80)

+ 4ζ3(2, 2, 2, s, 2, 2, 2, 2, 2;B3) + 4ζ3(2, 2, 2, 2, s, 2, 2, 2, 2;B3)

+ 4ζ3(2, 2, 2, 2, 2, 2, s, 2, 2;B3) + 4ζ3(2, 2, 2, 2, 2, 2, 2, s, 2;B3)

=
(

9 · 2−s−6 +
5626955

256

)
ζ(s + 16) +

(
5 · 2−s−5 − 59131

4

)
ζ(2)ζ(s+ 14)

+
(

5 · 2−s−5 +
17155

8

)
ζ(4)ζ(s + 12) +

241
16

ζ(6)ζ(s+ 10) +
1
8
ζ(8)ζ(s+ 8)

holds for s ∈ C except for singularities of functions on both sides. In par-
ticular when s = 2, we have

ζ3(2, 2, 2, 2, 2, 2, 2, 2, 2;B3) =
19

8403115488768000
π18, (9.81)

hence CW (2, B3) = 19/16209713520 in Witten’s volume formula (1.4).

Proof. The argument is similar to that in the proof of Theorem 9.1. In
fact, instead of (9.75), we start the same argument from the relation

{H(θ; 2, 2, 2, 2;x) +H(−θ; 2, 2, 2, 2;x)}
∞∑

n=1

(−1)nyneinθ

ns
= 0 (9.82)

for s > 1, where we denote by H(θ; 2, 2, 2, 2;x) the left-hand side of (8.66)
in the case (2p, 2q, 2r, s) = (2, 2, 2, 2). Repeating the same procedure as in
the proof of Theorem 9.1, we can describe the left-hand side of (9.80) as
a finite sum of the forms of the left-hand side of (8.69). Hence, by using
(8.69), we can obtain (9.80). The value of CW (2, B3) can be calculated from
(1.6), (9.81), and the fact K(B3) = 720.

Remark 9.1. Comparing the above two theorems, we see that
CW (2, B3) = CW (2, C3). However it does not always hold that
CW (2k,B3) = CW (2k, C3), that is, ζW (2k;B3) = ζW (2k;C3) for k ≥ 2.
In fact, we can compute that

ζW (4;B3) = 1.00066856607695295 · · · ,
ζW (4;C3) = 1.00082905650461486 · · · ,

hence CW (4, B3) �= CW (4, C3).

Note that the left-hand side of (9.73) corresponds to S(s,y; I; ∆) for
∆ = ∆(C3), s = (2, s, 2, 2, 2, 2, 2, 2, 2), y = 0 and I = {3} in the terminology
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of Section 5. Next we prove the following result which is corresponding to
the case ∆ = ∆(C3), s = (2, s, t, 2, u, v, 2, 2, 2), y = 0 and I = {2, 3}.

Theorem 9.3. The functional relation

ζ3(2, s, t, 2, u, v, 2, 2, 2;C3) + 2ζ3(2, 2, t, s, 2, 2, u, v, 2;C3)

+ 2ζ3(s, 2, 2, 2, t, 2, u, 2, v;C3)

=
∑

ξ=0,1

ζ(2ξ)
2−2ξ∑
τ=0

(τ + 1)
2−2ξ−τ∑

ν=0

(ν + 1)

×
{ 2−2ξ−τ−ν∑

ω=0

(ω + 1)(3 − 2ξ − τ − ν − ω)

× 1
2τ+2

ζ2(s+ 2 + ω, t, u+ 6 − 2ξ − ν − ω, v + 2 + ν;C2)

+ (−1)τ+ν

2−2ξ−τ−ν∑
ω=0

(ω + 1)(3 − 2ξ − τ − ν − ω)

× ζ2(s, t+ 4 + ω + ν, u+ 6 − 2ξ − ω − ν, v;C2)

+ (−1)τ+ν
∑

ω=0,1

(
ω + 2 − 2ξ − τ − ν

ω

)
(2 − ω)

× 1
2ν+2

ζ2(s+ 3 − 2ξ − τ − ν + ω, t+ 2 + ν, u+ 3 − ω, v + 2 + τ ;C2)

+
∑

ω=0,1

(
ω + 2 − 2ξ − τ − ν

ω

)
(2 − ω)

× 1
2ν+2

ζ2(s, t+ 5 − 2ξ − τ + ω, u+ 3 − ω, v + 2 + τ ;C2)
}

−
∑

ξ=0,1

ζ(2ξ)
2−2ξ∑
τ=0

(τ + 1)
∑

ν=0,1

(
ν + 2 − 2ξ − τ

ν

)

×
{

(−1)τ+1
1−ν∑
ω=0

(ω + 1)(2 − ν − ω)

× ζ2(q, r + 3 − ν − ω, v + 3 − 2ξ − τ + ν, p+ 4 + τ + ω;C2)

+ (−1)τ+ν
1−ν∑
ω=0

(ω + 1)(2 − ν − ω)

× ζ2(s+ 2 + τ, t+ 5 − 2ξ − τ + ν + ω, u+ 3 − ν − ω, v;C2)
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+ (−1)τ+ν
∑

ω=0,1

(
ω + 1 − ν

ω

)
(2 − ω)

× 1
23−2ξ−τ+ν

ζ2(s+ 4 + τ − ν + ω, t+ 3 − 2ξ − τ + ν, u+ 3 − ω, v;C2)

+ (−1)τ+1
∑

ω=0,1

(
ω + 1 − ν

ω

)
(2 − ω)

× 1
23−2ξ−τ+ν

ζ2(s+ 2 + τ, t+ 5 − 2ξ − τ + ω, u+ 3 − ω, v;C2)
}

−
∑

ξ=0,1

ζ(2ξ)
∑

τ=0,1

(
τ + 2 − 2ξ

τ

) 1−τ∑
ν=0

(ν + 1)

×
{
−

1−τ−ν∑
ω=0

(ω + 1)(2 − τ − ν − ω)

× 1
23−2ξ+τ

ζ2(s+ 2 + ω, t, u+ 6 − 2ξ − ν − ω, v + 2 + ν, ;C2)

+ (−1)τ+ν
1−τ−ν∑

ω=0

(ω + 1)(2 − τ − ν − ω)

× ζ2(s, t+ 4 + ν + ω, u+ 6 − 2ξ − ν − ω, v;C2)

+ (−1)τ+ν
∑

ω=0,1

(
ω + 1 − τ − ν

ω

)
(2 − ω)

× 1
2ν+2

ζ2(s+ 2 − τ − ν + ω, t+ 2 + ν, u+ 3 − ω, v + 3 − 2ξ + τ ;C2)

−
∑

ω=0,1

(
ω + 1 − τ − ν

ω

)
(2 − ω)

× 1
2ν+2

ζ2(s, t+ 4 − τ + ω, u+ 3 − ω, v + 3 − 2ξ + τ ;C2)
}

+
∑

ξ=0,1

ζ(2ξ)
∑

τ=0,1

(
τ + 2 − 2ξ

τ

) ∑
ν=0,1

(
ν + 1 − τ

ν

)

×
{

(−1)τ+1
1−ν∑
ω=0

(ω + 1)(2 − ν − ω)

× ζ2(s+ 5 − 2ξ + τ + ω, t, u+ 3 − ν − ω, v + 2 − τ + ν;C2)

+ (−1)τ+ν
1−ν∑
ω=0

(ω + 1)(2 − ν − ω)

× ζ2(s+ 3 − 2ξ + τ, t+ 4 + ω − τ + ν, u+ 3 − ν − ω, v;C2)
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+ (−1)τ+ν
∑

ω=0,1

(
ω + 1 − ν

ω

)
(2 − ω)

× 1
2ν+2−τ

ζ2(s+ 5 − 2ξ + τ − ν + ω, t+ 2 − τ + ν, u+ 3 − ω, v;C2)

+ (−1)τ+1
∑

ω=0,1

(
ω + 1 − ν

ω

)
(2 − ω)

× 1
2ν+2−τ

ζ2(s+ 3 − 2ξ + τ, t+ 4 − τ + ω, u+ 3 − ω, v;C2)
}

holds for s, t, u, v ∈ C except for singularities of functions on both sides.

Proof. As well as (7.53) and (7.58), we begin by combining quantities of
type A1 and of type C2, that is, ∞∑

l=1

(−1)l(eilθ + e−ilθ)
l2

− 2
∑

j=0,1

φ(2 − 2j)
(iθ)2j

(2j)!


×

∞∑
m,n=1

(−1)m+nxmynei(m+n)θ

msnt(m+ n)u(m+ 2n)v
= 0

(9.83)

for θ ∈ [−π, π], where we fix s, t, u, v ∈ {z ∈ R | z > 1} and x, y ∈ {z ∈
R | |z| = 1}. Then

∞∑
l,m,n=1

(−1)l+m+nxmynei(l+m+n)θ

l2msnt(m+ n)u(m+ 2n)v
+

∞∑
l,m,n=1
l �=m+n

(−1)l+m+nxmynei(−l+m+n)θ

l2msnt(m+ n)u(m+ 2n)v

− 2
∑

j=0,1

φ(2 − 2j)
(−1)jθ2j

(2j)!

∞∑
m,n=1

(−1)m+nxmynei(m+n)θ

msnt(m+ n)u(m+ 2n)v

= −
∞∑

m,n=1

xmyn

msnt(m+ n)u+2(m+ 2n)v
(9.84)

for θ ∈ [−π, π]. Applying Lemma 6.2 with d = 2, we have

∞∑
l,m,n=1

(−1)l+m+nxmynei(l+m+n)θ

l2msnt(m+ n)u(m+ 2n)v(l +m+ n)2

+
∞∑

l,m,n=1
l �=m+n

(−1)l+m+nxmynei(−l+m+n)θ

l2msnt(m+ n)u(m+ 2n)v(−l+m+ n)2
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− 2
∑

j=0,1

φ(2 − 2j)
2j∑

ξ=0

(
2j − ξ + 1

2j − ξ

)
(−1)2j−ξ (iθ)ξ

ξ!

×
∞∑

m,n=1

(−1)m+nxmynei(m+n)θ

msnt(m+ n)u+2+2j−ξ(m+ 2n)v

− 2
∑

j=0,1

φ(2 − 2j)
2j∑

ξ=0

(
1 + 2j − ξ

1

)
(iθ)ξ

ξ!

×
∞∑

m,n=1

xmyn

msnt(m+ n)u+2+2j−ξ(m+ 2n)v
= 0 (θ ∈ [−π, π]). (9.85)

For simplicity, we denote the sum of the third and the fourth terms on the
left-hand side of (9.85) by

− 2
∑

j=0,1

φ(2 − 2j)
2j∑

ξ=0

(iθ)ξ

ξ!

×
[ ∞∑

m,n=1

{
(−1)m+nD1(m,n; 2j − ξ)ei(m+n)θ + D2(m,n; 2j − ξ)

}
xmyn

]
,

where Dj(m,n; ν) ∈ R (j = 1, 2). Since (9.85) holds for y ∈ C with |y| = 1,
we replace y by −ye−iθ with y ∈ C (|y| = 1). Then we have

∞∑
l,m,n=1

(−1)l+mxmynei(l+m)θ

l2msnt(m+ n)u(m+ 2n)v(l +m+ n)2

+
∞∑

l,m,n=1
l �=m+n, l �=m

(−1)l+mxmynei(−l+m)θ

l2msnt(m+ n)u(m+ 2n)v(−l+m+ n)2

− 2
∑

j=0,1

φ(2 − 2j)
2j∑

ξ=0

∞∑
m,n=1

{
(−1)mD1(m,n; 2j − ξ)eimθ

+ (−1)nD2(m,n; 2j − ξ)e−inθ

}
xmyn (iθ)ξ

ξ!

= −
∞∑

m,n=1

xmyn

ms+2nt+2(m+ n)u(m+ 2n)v
(θ ∈ [−π, π]). (9.86)
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Therefore, applying Lemma 6.2 with d = 2, we have

∞∑
l,m,n=1

(−1)l+mxmynei(l+m)θ

l2msnt(l +m)2(m+ n)u(m+ 2n)v(l +m+ n)2
(9.87)

= −
∞∑

l,m,n=1
l �=m+n, l �=m

(−1)l+mxmynei(−l+m)θ

l2msnt(−l +m)2(m+ n)u(m+ 2n)v(−l +m+ n)2

+ 2
∑

j=0,1

φ(2 − 2j)
2j∑

ξ=0

∞∑
m,n=1

{
(−1)mD′

1(m,n; 2j − ξ)eimθ

+ (−1)nD′
2(m,n; 2j − ξ)e−inθ + D′

3(m,n; 2j − ξ)
}
xmyn (iθ)ξ

ξ!

for θ ∈ [−π, π] with some D′
j(m,n; ν) ∈ R (j = 1, 2, 3).

Now we repeat this procedure. Namely, replace y by ye2iθ and apply
Lemma 6.2 with d = 2. Furthermore, replace x by −xeiθ and apply Lemma
6.2 with d = 2. Then we can obtain the equation

∞∑
l,m,n=1

(−1)lxmynei(l+2m+2n)θ

l2msnt(l +m)2(m+ n)u(m+ 2n)v(l +m+ n)2

× 1
(l +m+ 2n)2(l + 2m+ 2n)2

= −
∞∑

l,m,n=1
l �=m, l �=m+n

l �=m+2n, l �=2m+2n

1
l2msnt(−l +m)2(m+ n)u(m+ 2n)v(−l +m+ n)2

× (−1)lxmynei(−l+2m+2n)θ

(−l +m+ 2n)2(−l + 2m+ 2n)2

+ 2
∑

j=0,1

φ(2 − 2j)
2j∑

ξ=0

∞∑
m,n=1

{
D̃1(m,n; 2j − ξ)ei(2m+2n)θ

+ (−1)m+nD̃2(m,n; 2j − ξ)ei(m+n)θ + (−1)mD̃3(m,n; 2j − ξ)ei(m+2n)θ

+ (−1)mD̃4(m,n; 2j − ξ)eimθ + D̃5(m,n; 2j − ξ)
}
xmyn (iθ)ξ

ξ!
(9.88)

for θ ∈ [−π, π] with some D̃j(m,n; ν) ∈ R (j = 1, 2, . . . , 5). Put θ = π and
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(x, y) = (1, 1), and consider the real part. Then we have
∞∑

l,m,n=1

1
l2msnt(l +m)2(m+ n)u(m+ 2n)v(l +m+ n)2

× 1
(l +m+ 2n)2(l + 2m+ 2n)2

+
∞∑

l,m,n=1
l �=m, l �=m+n

l �=m+2n, l �=2m+2n

1
l2msnt(−l +m)2(m+ n)u(m+ 2n)v(−l +m+ n)2

× 1
(−l +m+ 2n)2(−l + 2m+ 2n)2

− 2
∑

j=0,1

φ(2 − 2j)
j∑

τ=0

∞∑
m,n=1

{
D̃1(m,n; 2j − 2τ) + D̃2(m,n; 2j − 2τ)

+ D̃3(m,n; 2j − 2τ) + D̃4(m,n; 2j − 2τ) + D̃5(m,n; 2j − 2τ)
}

× (−1)τπ2τ

(2τ)!
= 0. (9.89)

By (9.72), we see that the first term on the left-hand side of (9.89)
coincides with

ζ3(2, s, t, 2, u, v, 2, 2, 2;C3).

For the second term on the left-hand side of (9.89), change the running
indices of summation corresponding to the conditions l �= m, l �= m + n,
l �= m + 2n, l �= 2m + 2n. Then we can see that the second term on the
left-hand side of (9.89) coincides with

ζ3(2, s, t, 2, u, v, 2, 2, 2;C3) + 2ζ3(2, 2, t, s, 2, 2, u, v, 2;C3)

+ 2ζ3(s, 2, 2, 2, t, 2, u, 2, v;C3).

Furthermore, using Lemma 6.1, we can rewrite the third term on the left-
hand side of (9.89) as

− 2
∑

ξ=0,1

ζ(2ξ)
∞∑

m,n=1

{
D̃1(m,n; 2 − 2ξ) + D̃2(m,n; 2 − 2ξ)

+ D̃3(m,n; 2 − 2ξ) + D̃4(m,n; 2 − 2ξ) + D̃5(m,n; 2 − 2ξ)
}
.

We can concretely calculate the value D̃j(m,n; ν) in terms of ζ2(s;C2) and
ζ(s). Combining these results, we obtain the assertion.
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Example 9.1. Putting (s, t, u, v) = (2, 2, 2, 2), we obtain

3 ζ3(2, 2, 2, 2, 2, 2, 2, 2, 2;C3)

= ζ2(5, 5, 4, 2;C2)ζ(2) − 3
2
ζ2(5, 5, 6, 2;C2) +

1
2
ζ2(6, 4, 4, 2;C2)ζ(2)

− 3
4
ζ2(6, 4, 6, 2;C2) + ζ2(6, 5, 3, 2;C2)ζ(2) − 3

2
ζ2(6, 5, 5, 2;C2)

− 3
2
ζ2(6, 8, 2, 2;C2) +

3
4
ζ2(7, 4, 3, 2;C2)ζ(2) − 9

8
ζ2(7, 4, 5, 2;C2)

− 11
16
ζ2(7, 5, 4, 2;C2) − 23

32
ζ2(8, 4, 4, 2;C2) − ζ2(8, 6, 2, 2;C2)

+ ζ2(4, 5, 4, 3;C2)ζ(2) − 3
2
ζ2(4, 5, 6, 3;C2) +

1
2
ζ2(5, 5, 3, 3;C2)ζ(2)

− 3
4
ζ2(5, 5, 5, 3;C2) + ζ2(6, 5, 2, 3;C2)ζ(2) − 3

16
ζ2(6, 5, 4, 3;C2)

− 3
4
ζ2(7, 4, 2, 3;C2)ζ(2) + ζ2(2, 5, 5, 4;C2)ζ(2) +

3
2
ζ2(2, 6, 4, 4;C2)ζ(2)

− 3
8
ζ2(2, 6, 6, 4;C2) − 7

8
ζ2(2, 7, 5, 4;C2) − 15

16
ζ2(2, 8, 4, 4;C2)

+
1
2
ζ2(4, 4, 4, 4;C2)ζ(2) − 3

4
ζ2(4, 4, 6, 4;C2) − 1

2
ζ2(4, 5, 3, 4;C2)ζ(2)

+
3
4
ζ2(4, 5, 5, 4;C2) +

1
4
ζ2(5, 4, 3, 4;C2)ζ(2) − 3

8
ζ2(5, 4, 5, 4;C2)

− 3
2
ζ2(5, 5, 2, 4;C2)ζ(2) +

1
4
ζ2(5, 5, 4, 4;C2) +

1
2
ζ2(6, 4, 2, 4;C2)ζ(2)

− 3
32
ζ2(6, 4, 4, 4;C2) +

11
16
ζ2(7, 5, 2, 4;C2) − 23

32
ζ2(8, 4, 2, 4;C2)

− 2ζ2(2, 4, 5, 5;C2)ζ(2) − ζ2(2, 5, 4, 5;C2)ζ(2) − 1
2
ζ2(2, 6, 5, 5;C2)

− 7
8
ζ2(2, 7, 4, 5;C2) − 1

2
ζ2(4, 4, 3, 5;C2)ζ(2) +

3
4
ζ2(4, 4, 5, 5;C2)

+
3
2
ζ2(4, 5, 2, 5;C2)ζ(2) − 1

4
ζ2(4, 5, 4, 5;C2) − 1

4
ζ2(5, 4, 2, 5;C2)ζ(2)

+
1
4
ζ2(5, 4, 4, 5;C2) − 27

16
ζ2(6, 5, 2, 5;C2) +

9
8
ζ2(7, 4, 2, 5;C2)

− 3
2
ζ2(2, 4, 6, 6;C2) + 4ζ2(2, 5, 3, 6;C2)ζ(2) − ζ2(2, 5, 5, 6;C2)

− 3
8
ζ2(2, 6, 4, 6;C2) − 2ζ2(3, 5, 2, 6;C2)ζ(2) + ζ2(4, 4, 2, 6;C2)ζ(2)

− 3
8
ζ2(4, 4, 4, 6;C2) +

19
8
ζ2(5, 5, 2, 6;C2) − 27

32
ζ2(6, 4, 2, 6;C2)

+ 4ζ2(2, 4, 3, 7;C2)ζ(2) + 2ζ2(2, 4, 5, 7;C2) + 3ζ2(2, 5, 4, 7;C2)
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− 2ζ2(3, 4, 2, 7;C2)ζ(2) − 9
4
ζ2(4, 5, 2, 7;C2) +

1
2
ζ2(5, 4, 2, 7;C2)

− 6ζ2(2, 5, 3, 8;C2) + 3ζ2(3, 5, 2, 8;C2) −
3
2
ζ2(4, 4, 2, 8;C2)

− 6ζ2(2, 4, 3, 9;C2) + 3ζ2(3, 4, 2, 9;C2).

The authors also checked this equation numerically by using definitions
(8.64) and (9.72).

Remark 9.2. From these considerations, we can see that our method may
be applied to much wider class of multiple zeta-functions. As another ex-
ample, we will consider the zeta-function ζ2(s;G2) associated with the ex-
ceptional Lie algebra of type G2 and will give certain functional relations
including explicit forms of Witten’s volume formulas of type G2 in a forth-
coming paper [20].

Acknowledgements. The authors greatly thank Dr. Takuya Okamoto for
his pointing out a mistake in this paper.
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We first introduce the spectral theory of Maass forms for the full modular
group. Then we state, without proof, some basic properties of Maass forms for
the congruence subgroup Γ0(N). Finally, as an application of these materials,
we treat a Linnik-type problem for Maass cusp forms, that is the occurrence
of the first negative coefficient in the Fourier expansion of Maass new forms.

1. Introduction

1.1. The aim of the paper

For simplicity, we shall mainly treat the theory for the full modular group

Γ = SL2(Z) =
{(

a b

c d

)
: a, b, c, d ∈ Z, ad− bc = 1

}
. (1.1)

Even for the simplest case (1.1), there are already a large amount of materi-
als in the literature. To explain these materials in limited number of pages,
I have to omit most of the proofs, and content myself just with illustrations
and explanations. The general theory for congruence subgroups Γ0(N) is
similar in philosophy but more involved in details, and therefore we just
state their basic properties. Finally, as an application of these materials,
we treat a Linnik-type problem for Maass cusp forms, i.e. the first negative
coefficient in the Fourier expansion of Maass new forms.

For detailed treatment of Maass forms in book form, the reader is re-
ferred to e.g. Borel [1], Bump [2], Iwaniec [5], and Ye [25].

The contents are as follows:
§2. Maass forms for SL2(Z)
§3. Fourier expansion for Maass forms
§4. Spectral decomposition of non-Euclidean Laplacian ∆
§5. Hecke theory for Maass forms



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

A QUICK INTRODUCTION TO MAASS FORMS 185

§6. The Kuznetsov trace formula
§7. Automorphic L-functions
§8. Maass forms for Γ0(N) and their L-functions
§9. Linnik-type problems
§10. The first negative Fourier coefficient of Maass forms

1.2. Notation

Throughout the notes, Γ is always SL2(Z), as in (1.1). We use s = σ+it and
z = x+ iy to denote complex variables and $ and % for their real and the
imaginary parts. The Vinogradov symbol A � B means that A = O(B),
and as usual e(x) = e2πix. Let H denote the upper half plane {z ∈ C | %z >
0}. The group Γ acts on H through

gz =
az + b

cz + d
, g =

(
a b

c d

)
∈ Γ.

Then, since

%gz =
y

|cz + d|2 , g =
(∗ ∗
c d

)
∈ Γ, (1.2)

H is stable under the action of Γ. Note that −1 ∈ Γ acts trivially on H, and
so we sometimes refer to the group PSL2(Z) = SL2(Z)/{±1}.

In this notes, we shall make a conventional use of the associative law
for composition of functions or operators whenever possible: (f ◦ g) ◦ h =
f ◦ (g ◦ h) to the effect that these are operated successively.

We recall that Γ = SL2(Z) is generated by S =
(

0 −1
1 0

)
and T =

(
1 1
0 1

)
,

where S is for Spiegelung and T for translation, and that

Γ\H =
{
z ∈ H : |z| > 1,−1

2
≤ $z < 1

2

}
∪
{
z ∈ H : |z| = 1,

π

2
≤ arg z <

2π
3

}
is a fundamental domain for the action of Γ on the upper half-plane H.

2. Maass forms for SL2(Z)

The standard Euclidean Laplace operator on the complex plane C is defined
by

∆e =
∂2

∂x2
+

∂2

∂y2
,
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while on the upper half-plane H, the non-Euclidean Laplace operator is
given by

∆ = −y2

(
∂2

∂x2
+

∂2

∂y2

)
= −y2∆e.

By the above convention, we may understand

(∆f) ◦ g = ∆(f ◦ g), (2.1)

where the latter means that

∆(f ◦ g)(z) = ∆((f ◦ (gz)),

for any smooth function f on H, any element g =
(

a b
c d

)
∈ SL2(R), and

any z ∈ H. We say that the operator ∆ is invariant under the action of Γ.
In order to show (2.1), it is sufficient to check it for the generators.

Definition 2.1. A smooth function f �= 0 on H is called a Maass form for
the group Γ if it satisfies the following conditions:

(i) Strict automorphy: for all g ∈ Γ and all z ∈ H,

f(gz) = f(z);

(ii) Eigentlichkeit: f is an eigenfunction of the non-Euclidean Laplacian,

∆f = λf,

where λ is an eigenvalue of ∆;
(iii) Growth condition: there exists a positive integer N such that

f(z) � yN , y → +∞.

Definition 2.2. A Maass form f is said to be a cusp form if∫ 1

0

f

((
1 b

0 1

)
z

)
db =

∫ 1

0

f(z + b)db = 0

holds for all z ∈ H.

Note that Definition 2.2 entails the identical vanishing of the constant term
in the Fourier expansion, i.e. it is of the form of (3.7) below.

As an example of Maass forms, we consider the non-analytic Eisenstein
series

E∗(z, s) =
Γ(s)
2πs

∑
m,n∈Z

(m,n)�=(0,0)

ys

|mz + n|2s
. (2.2)

This is the completed Epstein zeta-function, cf. Siegel [24].

Theorem 2.1. Let s = σ + it. Then
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(i) The Eisenstein series E∗(z, s) is absolutely convergent for σ > 1.
(ii) Although E∗(z, s) is not analytic as a function of z ∈ H, it is strictly

automorphic, i.e. for σ > 1,

E∗(gz, s) = E∗(z, s), g ∈ Γ. (2.3)

(iii) For σ > 1, the Eisenstein series E∗(s, z) is an eigenfunction of ∆,

∆E∗(z, s) = s(1 − s)E∗(z, s). (2.4)

Proof. (i) We have

ys

|mz + n|2s
� |y|σ

min(|my|, |n|)2σ
.

Therefore, for σ > 1,∑
m,n∈Z

(m,n)�=(0,0)

ys

|mz + n|2s
� |y|σ + |y|σ

∑
m≥1

∑
n≤m|y|

1
n2σ

+
1

|y|σ
∑
n≥1

∑
m≤n/|y|

1
m2σ

� |y|σ +
|y|1−σ

2σ − 2
+

|y|σ−1

2σ − 2
.

Hence the series in (2.2) is absolutely convergent in σ > 1.
(ii) Since the imaginary part is separated in (2.1), E∗(z, s) is not analytic

as a function of z ∈ H.
To see that E∗(s, z) is strictly automorphic, we introduce a non-analytic

Eisenstein series E(z, s) by the formula

E∗(z, s) = E(z, s)ξ(2s), (2.5)

where

ξ(s) = π−s/2Γ(s/2)ζ(s),

and ζ(s) is the Riemann zeta-function. By (2.2) and (1.2) we have

E(z, s) = ys +
1
2

∑
(c,d)=1

c �=0

ys

|cz + d|2s
=

1
2

∑
g∈Γ∞\Γ

(%gz)s, (2.6)

where Γ∞ is the subgroup of Γ generated by S =
(

1 1
0 1

)
. From (2.6), it

is easy to see that E(z, s), and a fortiori E∗(z, s), is invariant under Γ,
whence (2.3).

(iii) That E(z, s) is an eigenfunction of ∆ in σ > 1 can be checked by
applying ∆ term by term in the expansion (2.7). In fact, we have

∆ys = −y2

(
∂2

∂x2
+

∂2

∂y2

)
(ys) = s(1 − s)ys,
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so that the first term ys in (2.6) is an eigenfunction of ∆ with eigenvalue
λ = s(1− s). The general term ys

|cz+d|2s , which is (%gz)s by (1.2), is also an
eigenfunction of ∆ with eigenvalue λ = s(1− s), since ∆ is invariant under
Γ. Therefore,

∆E(z, s) = s(1 − s)E(z, s), (2.7)

and hence (2.4) follows.

We remark that Theorem 2.1, holding only for σ > 1, does not prove
that E∗(z, s) is a Maass form, since the growth condition in Definition 2.1
is to be checked. This will be done via the analytic continuation of E∗(z, s)
in §3.2.

3. Analytic continuation of Eisenstein series

3.1. Fourier expansion of Maass forms

We will first give the Fourier expansion of a Maass form f in the following
theorem.

Theorem 3.1. Suppose f(z) satisfies the conditions (i) and (ii) in Defi-
nition 2.1. Then it has the Fourier expansion

f(z) = a0y
1/2+iν + b0y

1/2−iν

+
∑
n�=0

{
an

√
yKiν(2π|n|y) + bn

√
yIiν(2π|n|y)}e(nx), (3.1)

where λ = 1/4 + ν2, and Kiν and Iiν are the modified Bessel functions
of the third kind and the first kind, respectively. Here and throughout, a
summation over n �= 0 means that n runs over all non-zero integers.

Proof. Since

f(Tz) = f(z), for T =
(

1 1
0 1

)
∈ Γ,

we have

f(x+ 1 + iy) = f(z + 1) = f(z) = f(x+ iy),

so that f(z), being a smooth function, must have the Fourier expansion in
x:

f(z) =
∑
n∈Z

cn(y)e(nx).
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It remains to determine the coefficients cn(y).
By Definition 2.1, we have ∆f = λf , and hence cn(y) satisfies

−y2c′′n(y) + 4π2n2y2cn(y) = λcn(y). (3.2)

If n �= 0, this is a modified Bessel equation, which is known to have the
general solution

cn(y) = an
√
yKiν(2π|n|y) + bn

√
yIiν(2π|n|y). (3.3)

For n = 0, (3.2) takes the form

c′′0(y) + λy−2c0(y) = 0, (3.4)

which has the solution

c0(y) = a0y
1/2+iν + b0y

1/2−iν . (3.5)

This proves the theorem.

Corollary 3.1. If f(z) is a Maass form for Γ, then its Fourier expansion
is

f(z) = a0y
1/2+iν + b0y

1/2−iν

+
∑
n�=0

an
√
yKiν(2π|n|y)e(nx). (3.6)

For λ ≥ 1/4, a square-integrable Maass form f(z) must be a cusp form,
and its Fourier expansion takes the form

f(z) =
∑
n�=0

an
√
yKiν(2π|n|y)e(nx). (3.7)

Proof. Comparing the asymptotic formulae

Iiν (y) =
ey

√
2πy

(
1 +O

(
1 + |ν|2

y

))
, (3.8)

Kiν(y) = e−y

√
π

2y

(
1 +O

(
1 + |ν|2

y

))
, (3.9)

for y → ∞ with Condition (iii) of Definition 2.1, we see that bn must be
zero, and (3.6) follows from (3.1).

If λ ≥ 1/4, then ν is real and∫
Γ\H

|c0(y)|2dz ≥
∫ 1/2

−1/2

dx

∫ ∞

1

1
y

∣∣a0y
iν + b0y

−iν
∣∣2dy

�
∫ ∞

1

dy

y
= ∞
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if a2
0 + b20 > 0. Hence for a square-integrable Maass form f , we must have

c0(y) = 0, and its Fourier expansion takes the form of (3.2). This proves
the Corollary.

Let ι : H → H be the antiholomorphic involution

ι(x+ iy) = −x+ iy.

As in the case of (2.2), we make the convention to define the action of ι on
f by f ◦ ι:

(ιf)(x + iy) = (f ◦ ι)(x + iy) = f(−x+ iy).

We note the following facts: If f is an eigenfunction of ∆, then f ◦ ι is an
eigenfunction with the same eigenvalue. Its eigenvalues are ±1. Indeed,

∆(f ◦ ι)(z) = ∆(f(ι(z))) = ∆f(−x+ iy) = λf(−x+ iy) = λ(f ◦ ι)(z),
whence the first assertion follows. The second assertion follows on noting
that ι2 = 1, and

f = ι2f = α(ιf) = α2f,

whence α = ±1.
We may therefore diagonalize the Maass cusp forms with respect to ι.

If f ◦ ι = f , we call f even. In this case an = a−n. If f ◦ ι = −f , then we
call f odd. Then an = −a−n.

3.2. Analytic continuation of Eisenstein series

We will establish the analytic continuation of E∗(z, s) via its Fourier ex-
pansion.

Theorem 3.2.

(i) The Eisenstein series E∗(z, s), originally defined for σ > 1, has the
meromorphic continuation to the whole s-plane C in view of its Fourier
expansion

E∗(z, s) =ξ(2s)ys + ξ(2 − 2s)y1−s

+ 2
∑
r �=0

|r|s− 1
2σ1−2s(|r|)√yKs− 1

2
(2π|r|y)e(rx), (3.10)

where

σa(n) =
∑
d|n

da (3.11)
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is the sum-of-divisors function. It is analytic except at s = 1 and s = 0,
where it has simple poles. The residues at s = 1 and s = 0 are the
constant functions z = 1/2 and −1/2 respectively. This is also known
as the Selberg-Chowla integral formula.

(ii) The Eisenstein series satisfies the functional equation

E∗(z, s) = E∗(z, 1 − s). (3.12)

(iii) We have

E∗(x+ iy, s) � ymax(σ,1−σ), y → ∞. (3.13)

It follows that the Eisenstein series E∗(z, s) is a Maass form with
Laplace eigenvalue s(1 − s).

Proof. (i) By Theorem 2.1, we know that E∗(z, s) has the Fourier expan-
sion (3.1) with

iν =

√
−s(1 − s) +

1
4

= s− 1
2
.

We compute the Fourier coefficient cr = cr(y) anew:

E∗(z, s) =
∑
r∈Z

cr(y, s)e(rx), (3.14)

where

cr(y, s) =
∫ 1

0

E∗(x+ iy, s)e(rx)dx.

Recalling (2.2), we see that the contribution from the terms with m = 0,
being independent of x, is only to a0, and it is

π−sΓ(s)ys
∞∑

n=1

n−2s = π−sΓ(s)ζ(2s)ys = ξ(2s)ys, (3.15)

which corresponds to a0y
s in (3.1) and is part of c0, as we shall see below.

Next, we consider the contribution from the terms with m �= 0. Since
(−m,−n) and (m,n) contribute equally, we may simply sum the terms with
m > 0. The contribution to ar equals

Cr(y, s) = π−sΓ(s)ys
∞∑

m=1

∞∑
n=−∞

∫ 1

0

e(rx)
{(mx+ n)2 +m2y2}s

dx, (3.16)

which becomes, on classifying the inner sum modulo m,

π−sΓ(s)ys
∞∑

m=1

∑
n mod m

∫ ∞

−∞

e(rx)
{(mx+ n)2 +m2y2}s

dx. (3.17)
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By making the substitution x  → x− n/m, this becomes

π−sΓ(s)ys
∞∑

m=1

m−2s
∑

n mod m

e
(rn
m

) ∫ ∞

−∞

e(rx)
(x2 + y2)s

dx

whose double sum is ∑
m|r

m1−2s = σ1−2s(r)

for r �= 0, and is ζ(1 − 2s) for r = 0. Hence

Cr(y, s) =


( y
π

)s

Γ(s)σ1−2s(r)
∫ ∞

−∞

e(rx)
(x2 + y2)s

dx, if r �= 0,( y
π

)s

Γ(s)ζ(2s− 1)
∫ ∞

−∞

1
(x2 + y2)s

dx, if r = 0.

Now we claim that( y
π

)s

Γ(s)
∫ ∞

−∞

e(rx)
(x2 + y2)s

dx

=

2|r|s−1/2√yKs−1/2(2π|r|y), if r �= 0,

π−s+1/2Γ(s− 1/2)y1−s, if r = 0.
(3.18)

Using this, we see that the Fourier coefficient cr(y, s) = Cr(y, s) with r �= 0
is given by

cr(y, s) = 2|r|s−1/2σ1−2s(|r|)√yKs− 1
2
(2π|r|y). (3.19)

On the other hand, for r = 0, by (3.18), the contribution to c0 is

π
1
2−sΓ

(
s− 1

2

)
ζ(2s− 1)y1−s = ξ(2s− 1)y1−s, (3.20)

which corresponds to the last term b0(s)y1−s in (3.6) and will turn into it
in view of the functional equation ξ(s) = ξ(1 − s). Equations (3.15) and
(3.20) give the Fourier coefficient

c0(y, s) = ξ(2s)ys + ξ(2 − 2s)y1−s. (3.21)

Now (3.19) and (3.21) establish (3.10) for σ > 1. Therefore the theorem
now follows from an examination of the expansion (3.10). Each individual
term of the series has analytic continuation to all s, except that c0 has
simple poles at s = 0 and s = 1. Each of the two terms in (3.21) has a
pole at s = 1/2, but these cancel. The convergence of the infinite series
follows from the rapid decay of the Bessel function. Thus we obtain the
continuation.



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

A QUICK INTRODUCTION TO MAASS FORMS 193

It is easy to check that the residues of c0 at the poles at s = 1 and s = 0
are the constant functions z = 1/2 and z = −1/2, respectively.

(ii) To get the functional equation (3.12), we observe that

cr(y, s) = cr(y, 1 − s).

This is clearly true if r = 0; if r �= 0, this follows from (3.19), the relation
Kν(z) = K−ν(z) and the identity

rsσ−2s(r) =
∏

d1d2=r

ds
1d

−s
2 = r−sσ2s(r).

Hence we have (3.12).
(iii) As regards (3.13), it follows from (3.19) that the non-constant

term (3.19) decay rapidly as y → 0, and so asymptotically the behavior
of E∗(z, s) is the same as its constant term (3.21).

Thus, we conclude that E∗(z, s) is a Maass form.

It remains to establish the claim (3.18). Expressing Γ(s)
(

y
π(x2+y2)

)s

as
an integral, we write the left-hand side of (3.18) as∫ ∞

0

∫ ∞

−∞
exp
(
−πtx

2 + y2

y

)
tse(rx)dx

dt

t
,

where we have changed the order of integration, which is justified by abso-
lute convergence. Now we have∫ ∞

−∞
e−tπx2/ye(rx)dx =


√
y/t exp(−yπr2/t), if r �= 0,√
y/t, if r = 0,

where the r �= 0 case is a well-known formula in the theory of Fourier
transforms, and the r = 0 case is the probability integral. We substitute
this into the previous integral. If r = 0, then we get (3.18); if r �= 0, the
substitution t  → |r|t also gives (3.18).

We note that (3.18) in the case r �= 0 is the following well-known formula
of Basset:

Kν(z) =
1√
π

(2z)s Γ
(
ν +

1
2

)∫ ∞

0

cos t
(t2 + z2)2ν+1

dt, (3.22)

for $ν > −1/2 and | arg z| < π/2.

We restate (3.10) in the form of a Fourier series for a non-analytic
Eisenstein series in the following



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

194 JIANYA LIU

Corollary 3.2. The non-analytic Eisenstein series E(z, s) has the Fourier
expansion

E(z, s) =
∑
r∈Z

ar(y, s)e(rx)

with

a0(y, s) = ys + ϕ(s)y1−s,

where

ϕ(s) =
π2s−1Γ(1 − s)ζ(2 − 2s)

Γ(s)ζ(2s)
=
ξ(2 − 2s)
ξ(2s)

,

with ξ(s) defined immediately after (2.5), and, for r �= 0,

ar(y, s) =
2

ξ(2s)
|r|s−1/2σ1−2s(|r|)√yKs−1/2(2π|r|y).

4. Spectral decomposition of non-Euclidean Laplacian ∆

A function f : H → C is said to be strictly automorphic with respect to Γ
(cf. Definition 2.1(i)) if

f(gz) = f(z), for all g ∈ Γ.

Therefore, this f lives on Γ\H. We denote the space of such functions by
A(Γ\H). Our objective is to extend automorphic functions to automorphic
forms subject to a suitable growth condition. The main results hold in the
Hilbert space

L(Γ\H) = {f ∈ A(Γ\H) : ‖f‖ <∞},
where the norm ‖f‖ = 〈f, f〉 is induced from the inner product

〈f, g〉 =
∫

Γ\H

f(z)ḡ(z)
dxdy

y2
.

Note that the measure dµ(z) = dxdy
y2 is Γ-invariant.

Theorem 4.1. On L(Γ\H), the non-Euclidean Laplace operator ∆ is pos-
itive semi-definite and a fortiori has its self-adjoint extension denoted by
the same symbol and referred to as the automorphic Laplacian.

Outline of Proof. Define

D(Γ\H) = {f ∈ A(Γ\H) : f,∆f smooth and bounded}.
Then one can show that D(Γ\H) is dense in L(Γ\H).
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One may also check that ∆ is positive semi-definite and symmetric on
D(Γ\H). To this end, one checks that, for f, g ∈ D(Γ\H),

〈∆f, g〉 =
∫

Γ\H

∇f∇gdxdy, (4.1)

where ∇f = (fx, fy) is the gradient. Consequently

〈∆f, g〉 = 〈f,∆g〉,
and

〈∆f, f〉 =
∫

Γ\H

|∇f |2dxdy ≥ 0,

from which follows the symmetry and positive semi-definiteness of ∆. We
apply Green’s formula to establish (4.1). Suppose P = P (x, y) and Q =
Q(x, y) and smooth in D ⊂ R2. Then∫∫

D

(Qx − Py)dxdy =
∫

∂D

Pdx−Qdy. (4.2)

Choosing P = −ḡfy and Q = ḡfx gives

Qx − Py = ∆ef ḡ + ∇f · ∇g.
Hence (4.2) reads∫∫

D

(∆ef ḡ + ∇f · ∇g)dxdy =
∫

∂D

ḡ(−fydx+ fxdy).

Now below −fydx+ fxdy is shown to be invariant under Γ. The boundary
∂D contains of two half-lines reversely oriented, and the left and right arcs
reversely oriented. Hence the last integral is 0, so that

−
∫∫

D

∆ef ḡdxdy =
∫∫

D

∇f · ∇gdxdy,

which is (4.1).
When w = u + iv and z = x + iy are related by g(z) = w, g ∈ Γ, we

write f(x, y) = F (u, v). Then by the chain rule and the Cauchy-Riemann
equation

− fydx+ fxdy

= −(Fuuy + Fvvy)dx+ (Fuux + Fvvx)dy

= (Fuvx − Fvux)dx+ (Fuvy + Fvuy)dy

= −Fv(uxdx+ uydy) + Fy(vxdy + vydy)

= −Fvdu+ Fudv,



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

196 JIANYA LIU

which proves the invariance of the differential form in question. Note that
this amounts to the invariance of the non-Euclidean outer-normal deriva-
tive.

Finally, by Friedrichs’ theorem in functional analysis, ∆ has a unique
self-adjoint extension to L(Γ\H). The theorem is proved. �

It follows from the argument in the above proof that the eigenvalue
λ = s(1 − s) of an eigenfunction f ∈ D(Γ\H) is real and non-negative.
Therefore, either s = 1/2 + it with t ∈ R, or 0 < s < 1.

Let ψ(y) be a smooth function with compact support on (0,+∞). In
analogy to (2.6), an incomplete Eisenstein series is defined by

E(z|ψ) =
∑

g∈Γ∞\Γ
ψ(%gz),

where Γ∞ is defined after (2.6). Clearly, E(z|ψ) is invariant under Γ. Since
ψ has compact support, E(z|ψ) ∈ L(Γ\H). It is not an automorphic form,
since it fails to be an eigenfunction of ∆. However, by Mellin’s inversion,
one can represent the incomplete Eisenstein series as a contour integral
involving the Eisenstein series

E(z|ψ) =
1

2πi

∫
(σ)

E(z, s)ψ̂(s)ds, (4.3)

where σ > 1 and

ψ̂(s) =
∫ ∞

0

ψ(y)y−s dy

y

is the Mellin transform of ψ.
To pursue the analysis, we select two linear subspaces of L(Γ\H):

• B(Γ\H), the space of smooth and bounded automorphic functions,
• E(Γ\H), the space of incomplete Eisenstein series.

We have the inclusions

E(Γ\H) ⊂ B(Γ\H) ⊂ L(Γ\H) ⊂ A(Γ\H). (4.4)

The space B(Γ\H) is dense in L(Γ\H), but E(Γ\H) need not be.
Let us examine the orthogonal complement of E(Γ\H) in B(Γ\H).
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Take f ∈ B(Γ\H) and E(·|ψ) ∈ E(Γ\H), and then apply the unfolding
process. Since f and dµ are invariant under Γ, it follows that

〈E(·|ψ), f〉 =
∫

Γ\H

E(z|ψ)f̄(z)
dxdy

y2

=
∑

g∈Γ∞\Γ

∫
Γ∞\H

ψ(%gz)f̄(gz)dµ(gz)

=
∫

Γ∞\H

ψ(y)f̄(z)dµ(z).

Since

Γ∞\H = {x+ iy : 0 < x ≤ 1, y > 0},
we have

〈E(·|ψ), f〉 =
∫ ∞

0

ψ(y)
{∫ 1

0

f̄(z)dx
}
dy

y2
.

Therefore, f ∈ B(Γ\H) is orthogonal to E(Γ\H) if and only if∫ 1

0

f(z)dx = 0 for all y > 0,

i.e. its Fourier expansion has the form

f(z) =
∑
n�=0

cn(y)e(nx) (4.5)

with c0(y) = 0. Such a function is sometimes referred to as a parabolic
forms or a cusp function. Denote by C(Γ\H) the subspace of these cusp
functions f . Then we have the orthogonal decomposition

B(Γ\H) = C(Γ\H) ⊕ E(Γ\H).

Noting that B(Γ\H) is dense in L(Γ\H), we have

Theorem 4.2. We have the orthogonal decomposition

L(Γ\H) = C̃(Γ\H) ⊕ Ẽ(Γ\H),

where the tilde stands for the closure in the Hilbert space L(Γ\H) with
respect to the norm topology.

Clearly,

∆ : C(Γ\H) → C(Γ\H), ∆ : E(Γ\H) → E(Γ\H).
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We describe the spectral decomposition on C(Γ\H) and E(Γ\H) in the fol-
lowing two theorems.

Theorem 4.3. The automorphic Laplacian ∆ has a purely point spectrum
on C(Γ\H), i.e. the space C(Γ\H) is spanned by cusp forms. The eigenvalues
are

0 = λ0 < λ1 ≤ λ2 ≤ . . .→ ∞
and the eigenspaces have finite dimension. For any complete orthonormal
system of cusp forms {uj}, every f ∈ C(Γ\H) has the expansion

f(z) =
∞∑

j=0

〈f, uj〉uj(z),

converging in the norm topology. If f ∈ C(Γ\H) ∩ D(Γ\H), then the series
converges absolutely and uniformly on compacta.

Indeed, applying ∆ to the Fourier expansion (4.3) of f , we see that
the Fourier expansion of ∆f will also have zero constant term, so that
∆C(Γ\H) ⊂ C(Γ\H). Since ∆ is self-adjoint, C(Γ\H) is spanned by the
eigenfunctions of ∆, i.e. spanned by the Maass cusp forms.

On the other hand, in the space E(Γ\H) the spectrum turns out to be
continuous. Here the analytic continuation of the Eisenstein series is the
key issue. After this is established, the spectral resolution of ∆ in E(Γ\H)
will evoke from (4.1) by contour integration. The eigenpacket of the contin-
uous spectrum consists of the Eisenstein series E(z, s) on the line σ = 1/2
(analytically continued).

Theorem 4.4. The spectrum of ∆ on E(Γ\H) is absolutely continuous;
it covers the segment [1/4,+∞) uniformly with multiplicity 1. Every f ∈
E(Γ\H) has the expansion

f(z) =
1
4π

∫ ∞

−∞
〈f,E(·, 1/2 + it)〉E(z, 1/2 + it)dt, (4.6)

which converges in the norm topology. If f ∈ E(Γ\H) ∩ D(Γ\H), then the
series converges pointwise absolutely and uniformly on compacta.

Combining Theorems 4.2-4.4, one gets the spectral decomposition of the
whole space L(Γ\H),

f(z) =
∞∑

j=0

〈f, uj〉uj(z) +
1
4π

∫ ∞

−∞
〈f,E(·, 1/2 + it)〉E(z, 1/2 + it)dt. (4.7)
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Theorem 4.5. The Laplace eigenvalue of any Maass cusp form for Γ in
the discrete spectrum is > 3π2/2.

Theorem 4.6. (Weyl’s law) Let NΓ(x) denote the number of Laplace
eigenvalues up to x. Then

NΓ(x) =
x

12
+O(x1/2 log x).

The proof of Theorem 4.6 depends on Selberg’s trace formula which will
not be presented in this notes. It follows from Theorem 4.6 that Maass cusp
forms exist.

5. Hecke’s theory for Maass forms

For n ≥ 1, define the set

Γn =
{(

a b

c d

)
: a, b, c, d ∈ Z, ad− bc = n

}
. (5.1)

In particular, Γ1 = Γ is the modular group. The group Γ1 naturally acts
on Γn. For n ≥ 1, the Hecke operator

Tn : L(Γ1\H) → L(Γ1\H)

is defined by

(Tnf)(z) =
1√
n

∑
g∈Γ1\Γn

f(gz). (5.2)

Picking up specific representations of Γ1\Γn, we can also write

(Tnf)(z) =
1√
n

∑
ad=n

∑
b( mod d)

f

(
az + b

d

)
. (5.3)

Clearly, this is a finite sum, the number of terms being

[Γn : Γ1] =
∑
d|n

d = σ(n) = σ1(n),

and therefore Tn is bounded on L(Γ1\H) by σ(n)n−1/2.
We first examine the action of Tn on a Maass cusp form f . To this end,

we rewrite the Fourier expansion for f in (3.7) as

f(z) =
∑
m �=0

a(m)
√
yKiν(2π|m|y)e(mx), (5.4)

which emphasizes that the coefficient a(m) is a function of m.



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

200 JIANYA LIU

Theorem 5.1. Let f be a Maass cusp form with eigenvalue 1/4 + ν2 with
Fourier expansion (5.4). Then

(Tnf)(z) =
∑
m �=0

tn(m)
√
yKiν(2π|m|y)e(mx), (5.5)

with

tn(m) =
∑

d|(m,n)

a
(mn
d2

)
. (5.6)

Proof. Since

(Tnf)(z) (5.7)

=
1√
n

∑
0<d|n

∑
m �=0

a(m)
√
ny

d2
Kiν

(
2π|m|ny

d2

)
e
(mn
d2

x
) ∑

b mod d

e
(m
d
b
)

and the innermost sum on the right is d for d|m and 0 for d � m, we have

(Tnf)(z) =
√
y
∑
d|n

∑
m �=0

∑
d|m

a(m)Kiν

(
2π

|m|n
d2

y

)
e
(mn
d2

x
)
.

Writing m = m′d, m′ �= 0 and then m′ n
d = m, we get (5.5) and (5.6).

Now we are ready to establish some important facts about the Hecke
operators Tn.

Theorem 5.2. Let Tn be defined as above. Then

(i) We have

TmTn =
∑

d|(m,n)

Tmn/d2 ,

so that in particular Tm and Tn commute.
(ii) The Hecke operators commute with the Laplace operator ∆.
(iii) Tn is also self-adjoint in L(Γ1\H), i.e.

〈Tnf, g〉 = 〈f, Tng〉.
Therefore, in the space C(Γ1\H) of cusp functions, an orthonormal basis
{uj(z)} can be chosen which consists of simultaneous eigenfunctions for
all Tn, i.e.

Tnuj(z) = λj(n)uj(z), j ≥ 1, n ≥ 1, (5.8)

where λj(n) is the eigenvalue of Tn for uj(z).
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(iv) Up to a constant, λj(n) and the Fourier coefficient aj(n) are equal.
More precisely,

λj(n)aj(1) = aj(n), n ≥ 1, j ≥ 1. (5.9)

(v) The Eisenstein series E(z, 1/2+ it) is an eigenfunction of all the Hecke
operators Tn with eigenvalue ηt(n), i.e.

TnE(z, 1/2 + it) = ηt(n)E(z, 1/2 + it), n ≥ 1, t ∈ R, (5.10)

where

ηt(n) =
∑

ad=n

(a
d

)it

. (5.11)

Proof. We prove only (5.9). Erase the j for simplicity, and let u(z) denote
uj(z). Suppose u(z) is given by its Fourier series (5.4). Then by (5.8),

(Tnu)(z) =
∑
m �=0

λ(n)a(m)
√
yKiν(2π|m|y)e(mx).

Comparing this with (5.5), we obtain λ(n)a(m) = tn(m). Hence by (5.6),

λ(n)a(m) =
∑

d|(m,n)

a
(mn
d2

)
, (5.12)

and the desired result (5.9) follows on letting m = 1.

6. The Kuznetsov trace formula

We state without proof the following Kuznetsov trace formula [12]. Let {uj}
be an orthonormal basis of the space of Maass cusp forms for Γ. Denote by
1/4 + ν2

j the Laplace eigenvalue for uj . Let

uj(z) = (y coshπνj)1/2
∑
n�=0

λj(n)Kiνj (2π|n|y)e(nx)

be the Fourier expansion of uj.

Theorem 6.1. (Kuznetsov) Let h(r) be an even function of complex vari-
able, which is analytic in −∆ ≤ %r ≤ ∆ for some ∆ ≥ 1/4. Assume in
this region that h(r) � r−2−δ for some δ > 0 as r → ∞. Then for any n,



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

202 JIANYA LIU

m ≥ 1,

∑
uj

h(νj)λj(m)λj(n) +
1
π

∫
R

τir(n)τir(m)h(r)
1

|ζ(1 + 2ir)|2 dr

=
δn,m

π2

∫
R

tanh(πr)h(r)dr

+
2i
π

∑
c≥1

S(n,m; c)
c

∫
R

J2ir

(
4π

√
mn

c

)
h(r)r

cosh(πr)
dr. (6.1)

Here

τv(n) =
∑

ab=|n|

(a
b

)v

= |n|−vσ2v(|n|)

and S(m,n; c) is the classical Kloosterman sum defined as

S(m,n; c) =
∑

a mod c

∗
e

(
am+ ān

c

)
.

The left-hand side of (6.1) is the spectral side, and the right the geomet-
ric side of the trace formula. The integral on the spectral side represents
the continuous spectrum of the Laplace operator; we recall that the divisor
function τir(n) is the Fourier coefficients of Eisenstein series.

The integral on the left-hand side converges absolutely; this can be seen
from

|ζ(1 + 2ir)| � 1
log(2 + |r|) ,

a bound of de la Vallée Poussin. The absolute convergence follows then from
the fact that τir(n) �n 1 and h(r) � r−2−δ. The same bound for h(r) also
give us convergence of the first integral on the right-hand side of (6.1).

The sum of Fourier coefficients on the left side of (6.1) is an infinite sum.
The normalization for uj is crucial here. Without suitable normalization of
the Maass forms uj , there would be no reason to have this sum convergent.
In fact, the Kuznetsov trace formula (6.1) is only valid for Maass forms uj

which form an orthonormal basis of the space of the Maass cusp forms.
For a proof of the Kuznetsov trace formula, as well as a discussion of

convergence, see Kuznetsov [12] or Iwaniec [5].
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7. Automorphic L-functions

7.1. Automorphic L-functions attached to Maass forms

Let f be a Maass cusp form with Laplace eigenvalue 1/4 + ν2
f and Fourier

expansion

f(z) =
∑
n�=0

λf (n)
√
yKiν(2π|n|y)e(nx). (7.1)

Here we have normalized f so that λf (1) = 1. Then, for σ > 1, the L-
function attached to f is defined as

L(s, f) =
∑
n≥1

λf (n)
ns

=
∏
p

(
1 − λf (p)

ps
+

1
p2s

)−1

. (7.2)

From the normalization λf (1) = 1 we see that the L-function has the first
term equal to 1. By the trivial bound λf (n) � n1/2τ(n), the series and the
product in (7.2) converge absolutely for σ > 3/2. Using the Rankin-Selberg
method, one can further prove that∑

n≤x

|λf (n)|2 �f x,

and hence (7.2) indeed converges absolutely for σ > 1.

Theorem 7.1. The series in (7.2) converges absolutely for σ > 1.

We define αf (p) and βf (p) by

αf (p) + βf (p) = λf (p), αf (p)βf (p) = 1.

Then the L-function can be written as, for σ > 1,

L(s, f) =
∏
p

(
1 − αf (p)

ps

)−1(
1 − βf (p)

ps

)−1

.

The Generalized Ramanujan Conjecture actually predicts that

|αf (p)| = |βf (p)| = 1.

By (5.11), the conjecture is obviously true in the space of continuous spec-
trum. In the cuspidal space, the best known bound towards the conjecture
is

|αf (p)| ≤ pθ, |βf (p)| ≤ pθ, (7.3)

with θ = 7/64; this is due to Kim-Sarnak [9]. The trivial bound is

θ = 1/2. (7.4)
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Theorem 7.2. Let f be a Maass form with eigenvalue 1/4 + ν2
f . Let ε = 0

or 1 according as f is even or odd. Let

Φ(s, f) = π−sΓ
(
s+ ε+ iνf

2

)
Γ
(
s+ ε− iνf

2

)
L(s, f).

Then Φ(s, f) has an analytic continuation to all s ∈ C and satisfies the
functional equation

Φ(s, f) = (−1)εΦ(1 − s, f). (7.5)

It is indeed an entire function.

Proof. This is one of the many cases where the function equation follows
from the theta transformation formula. First consider the case where f is
even, and start from the integral∫ ∞

0

f(iy)ys−1/2 dy

y
. (7.6)

As y → ∞, the integrand is vanishingly small because of the rapid decay
of the Bessel function; and as y → 0, one uses the theta transformation

f(iy) = f(i/y) (7.7)

to see that the integrand is small. Hence (7.6) is convergent for all s ∈ C.
If σ is large, one substitutes the Fourier expansion of f and uses∫ ∞

0

Kiνf
(y)ys dy

y
= 2s−2Γ

(
s+ iνf

2

)
Γ
(
s− iνf

2

)
,

to see that (7.6) equals 1
2Φ(s, f). The functional equation now follows from

(7.7).
If f is odd, then we consider instead the integral∫ ∞

0

g(iy)ys+1/2 dy

y
,

where

g(z) =
1

4πi
∂f

∂x
(z) =

∑
n≥1

λf (n)n
√
yKiνf

(2πi|n|y) cos(2πnx).

In this case, we have the theta transformation formula

g(iy) = − 1
y2
g

(
i

y

)
,

and the functional equation (7.5) follows.
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It follows that the function L(s, f) has a functional equation and ana-
lytic continuation. We also know that it is nonzero on σ = 1. The Gener-
alized Riemann Hypothesis (GRH in brief) predicts that all the nontrivial
zeros of L(s, f) are on the critical line σ = 1/2.

7.2. Rankin-Selberg automorphic L-functions

The next L-function we will consider is the Rankin-Selberg L-function.
Let f and g be two Maass cusp forms with Laplacian eigenvalue 1/4 + ν2

f

and 1/4 + ν2
g , respectively, and have Fourier expansion as in (7.1). Their

Rankin-Selberg L-function is defined by, for σ > 1,

L(s, f × g) =
∏
p

(
1 − αf (p)αg(p)

ps

)−1(
1 − αf (p)βg(p)

ps

)−1

×
(

1 − βf (p)αg(p)
ps

)−1(
1 − βf (p)βg(p)

ps

)−1

= ζ(2s)
∑
n≥1

λf (n)λg(n)
ns

, (7.8)

where ζ(s) is the Riemann zeta-function.

Theorem 7.3. Let f and g be two Maass cusp forms, and have Fourier
expansion as in (7.1). Then

(i) The product and the series in (7.8) are absolutely convergent for σ > 1.
(ii) The function L(s, f × g) has a functional equation and analytic contin-

uation. When f = g, it has a simple pole at s = 1.

Maass forms for Hecke congruence subgroups, as well as their automor-
phic L-functions, will be introduced in the next section.

8. Maass forms for Γ0(N) and their L-functions

The theory developed for Γ = SL2(Z) so far can be generalized to the group

Γ0(N) =
{(

a b

c d

)
∈ SL2(Z) : N |c

}
,

where N is a positive integer. This Γ0(N) is called the Hecke congruence
subgroup of level N . In this convention, Γ0(1) = SL2(Z), and the index of
Γ0(N) in the modular group is

ν(N) = [Γ0(1) : Γ0(N)] = N
∏
p|N

(
1 +

1
p

)
.
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In this section, we will briefly review the basic theory of Maass forms for
Γ0(N) and their automorphic L-functions. Materials presented here can be
found in books on Maass forms, for example Iwaniec [5].

8.1. Maass forms for Γ0(N)

The group Γ0(N) acts on the upper half-plane H by fractional linear trans-
formation. A Maass cusp form f is an eigenfunction of non-Euclidean Lapla-
cian ∆ with eigenvalue

λ = s(1 − s) =
1
4

+ ν2
f , s =

1
2

+ iνf .

Since λ ≥ 0, we have either $s = 1/2 or 1/2 ≤ s < 1. Thus, the νf above is
not necessarily real. In general, the Fourier expansion of f takes the form
(7.1). The space of cusp forms for Γ0(N) is denoted by C(Γ0(N)\H); it is a
Hilbert space with respect to the inner product

〈f, g〉 =
∫

Γ0(N)\H

f(z)ḡ(z)
dxdy

y2
.

For n ≥ 1, define the Hecke operators Tn as in (5.3); nevertheless, only
those Tn with (n,N) = 1 are interesting. As before, Tm and Tn commute.
Moreover, the Hecke operators commute with the non-Euclidean Laplace
operator ∆. For every n ≥ 1, Tn is also self-adjoint on the space C(Γ0(N)\H)
of cusp forms, i.e.

〈Tnf, g〉 = 〈f, Tng〉, (n,N) = 1.

Therefore, in the space C(Γ0(N)\H), an orthonormal basis {uj}∞j=1 can be
chosen which consists of simultaneous eigenfunctions for all Tn, i.e.

Tnuj = λj(n)uj , for all j ≥ 1, (n,N) = 1, (8.1)

where λj(n) is the eigenvalue of Tn for uj. Up to a constant, λj(n) and the
Fourier coefficient aj(n) of uj are equal; see (7.1) for the Fourier expansion
for uj . More precisely,

λj(n)aj(1) = aj(n), for all (n,N) = 1, j ≥ 1. (8.2)

Note that if aj(1) = 0, then all aj(n) = 0 for (n,N) = 1.
Fix any j, we let {λj(n)}∞n=1 be the sequence of eigenvalues for all Tn

as in (8.1). Then the Hecke eigenvalues {λj(n)}∞n=1 are real; the Hecke
eigenvalues are multiplicative in the following sense:

λj(m)λj(n) =
∑

d|(m,n)

λj

(mn
d2

)
, (n,N) = 1,
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and

λj(m)λj(p) = λj(mp), p|N. (8.3)

It follows that

λj(p)2 = λj(p2) + 1, (p,N) = 1. (8.4)

We cannot deduce from (8.2) that aj(n) �= 0. Thus, we need to work with
the new forms.

If uj is a new form with eigenvalue sj(1 − sj), then (8.1) holds for all
n ≥ 1. The first coefficient in the Fourier expansion of uj does not vanish,
so one can normalize uj by setting aj(1) = 1. In this case, aj(n) = λj(n)
for all n ≥ 1, and hence

uj(z) =
∑
n�=0

λj(n)
√
yKiνj (2π|n|y)e(nx). (8.5)

This will be important in §§9-10.
Let λ∗ be the smallest eigenvalue of ∆ acting on C(Γ0(N)\H). Corre-

sponding to Theorem 4.5, Selberg [23] proved that λ∗ ≥ 3/16, and conjec-
tured that λ∗ ≥ 1/4, for all N ≥ 1. The latter is called Selberg’s Eigenvalue
Conjecture; the best known bound

λ∗ ≥ 1
4
−
(

7
64

)2

towards the conjecture follows from Kim-Sarnak [9]. A result like Theo-
rem 4.6 can also be established using Selberg’s trace formula, and conse-
quently there are many cusp forms.

8.2. Automorphic L-functions for Maass forms for Γ0(N)

In this subsection, we review some properties of the automorphic L-function
L(s, f) attached to a Maass new form f . Take f be one of the uj in the
above section. Then (8.5) becomes

f(z) =
∑
n�=0

λf (n)
√
yKiνf

(2π|n|y)e(nx). (8.6)

Also, for this f , (8.3) and (8.4) become, respectively,

λf (m)λf (p) = λf (mp), p|N, (8.7)

and

λf (p)2 = λf (p2) + 1, (p,N) = 1. (8.8)
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The Hecke relations (8.7) and (8.8) say that λf (p) and λf (p2) cannot be
small simultaneously, and this fact will be used essentially in §10.

To a Maass new form f of level N on Γ0(N) as in (8.6), we may attach,
for σ > 1, an automorphic L-function

L(s, f) =
∞∑

n=1

λf (n)
ns

. (8.9)

The complete L-function is defined as

Φ(s, f) = π−sΓ
(
s+ ε+ νf

2

)
×Γ
(
s+ ε− νf

2

)
L(s, f), (8.10)

where ε is the eigenvalue of ι introduced in §3. The complete L-function
satisfies the functional equation

Φ(s, f) = εfN
1/2−sΦ(1 − s, f), (8.11)

where εf is a complex number of modulus 1. For σ > 1, the function L(s, f)
admits the Euler product

L(s, f) =
∏
p

(
1 − λf (p)

ps
+
χ0

N (p)
p2s

)−1

, (8.12)

where χ0
N is the principal character modulo N .

Recall that all eigenvalues λf (n) of a new form f are real. This explains
why on the right-hand side of (8.11) we have Φ(1 − s, f) instead of Φ(1 −
s, f̄). We may also factor the Hecke polynomial in (8.12) and formulate
the Generalized Ramanujan Conjecture in this case. The strongest bound
towards this Generalized Ramanujan Conjecture is still that of Kim-Sarnak
[9].

The following subconvexity is a new result of Michel-Venkatesh [19].

Theorem 8.1. (Michel-Venkatesh). Let f be a Maass new form on Γ0(N)
with Laplace eigenvalue 1/4 + ν2

f . Then

L(1/2 + it, f) � {(3 + |t+ νf |2)N}1/4−δ, (8.13)

where δ is a positive absolute constant.

Subconvexity bounds for any one of the three aspects νf , N, or t have
been studied extensively in the literature, but uniform subconvexity bound
is only known of the shape (8.13), where δ > 0 is not specified. See Michel
[18] for a survey in this direction, and Michel-Venkatesh [19] for recent
developments.



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

A QUICK INTRODUCTION TO MAASS FORMS 209

9. Linnik-type problems

9.1. Linnik’s original problem

In view of Dirichlet’s theorem that there are infinitely many primes in
the arithmetic progression m ≡ l (mod q) with (q, l) = 1, it is a natural
question how big the least prime, denoted by P (q, l), is in this arithmetic
progression. Linnik [15] [16] proved that there is an absolute constant L > 0
such that

P (q, l) � qL,

and this constant L was named after him. Since then, a number of authors
have established acceptable numerical values for Linnik’s constant L. The
first numerical value for L was obtained by Pan [21], while the best result
known is L = 5.5 by Heath-Brown [4]. We remark that these results depend
on, among other things, numerical estimates concerning zero-free regions
and the Deuring-Heilbronn phenomenon of Dirichlet L-functions.

Linnik’s philosophy can be summarized, very roughly, as follows. Sup-
pose we have an infinite sequence {an}∞n=1 contained in a set P . Let Q(P)
be the conductor of P , meaning that Q(P) contains all the necessary pa-
rameters of P . Then, can we bound a1 from above in terms of the conductor
Q(P)? In the case of Linnik’s original problem, P is the set ofm in the arith-
metic progression m ≡ l (mod q), and {an}∞n=1 is the set of infinitely many
primes lying in P , guaranteed by the Dirichlet theorem. Here Q(P) = q,
where we understand that q is the main parameter for P .

Linnik’s problem is a rich resource for further mathematical thoughts,
and there are a number of problems that can be formulated in the direc-
tion of Linnik’s philosophy, which are called Linnik-type problems in the
following.

9.2. A Linnik-type problem for Maass forms

Let f be a Maass eigenform that is a new form of level N on Γ0(N). Thus,
f has a Fourier expansion of the form (8.6). In (8.6), we may normalize so
that

λf (1) = 1. (9.1)

Since N is the exact level of f , all its Fourier coefficients {λf (n)}∞n=1 are
real. It is pointed out at the end of Knopp-Kohnen-Pribitkin [10] that, by
a classical method of Landau [13], the sequence {λf (n)}∞n=1 has infinitely
many sign changes, i.e. there are infinitely many n such that λf (n) > 0,
and infinitely many n such that λf (n) < 0.
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Then a natural question arises:

Question Q. When will the first negative λf (n) occur?

The size of the first n such that λf (n) < 0 will be measured by Qf , the
conductor of f , which is defined as

Qf = (3 + |νf |2)N. (9.2)

We understand that this Qf captures all important parameters of the
form f , and the definition (9.2) indeed follows the philosophy described
in Iwaniec-Sarnak [8]. The following theorem of Qu [22] answers Question
Q.

Theorem 9.1. Let f be a Maass eigenform that is a new form of level N
on Γ0(N), with Laplace eigenvalue 1/4+ν2

f. Then there is a positive integer
n satisfying

n� Q
1/2−δ
f , (n,N) = 1, (9.3)

such that λf (n) < 0, where δ is a positive absolute constant, and the implied
constant is absolute.

Question Q for holomorphic Hecke eigenform g will be explained in §9.3.
At the end of §9.3, we will comment about the connection and differences
between the proof of Theorem 9.1 and that for holomorphic Hecke eigenform
g. Corresponding results for automorphic representations for higher rank
groups will be mentioned in §9.4. Theorem 9.1 will finally be proved in §10.

9.3. A Linnik-type problem for holomorphic forms

Let g be a Hecke eigenform that is a new form of level N of even integral
weight k on Γ0(N), with Fourier expansion

g(z) =
∑
n≥1

λg(n)n(k−1)/2e(nz), (9.4)

where we also normalize so that λg(1) = 1. In this case, N is the exact
level of g, and all its Fourier coefficients {λg(n)}∞n=1 are real. Applying
the afore-mentioned classical theorem of Landau, one shows that the se-
quence {λg(n)}∞n=1 must have infinitely many sign changes. Question Q for
this sequence has been considered by a number of authors, and the reader
is referred to Kohnen [11] for a survey. In particular, Iwaniec-Kohnen-
Sengupta [6] proved that there is some n with

n� (k2N)29/60, (n,N) = 1, (9.5)
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such that λg(n) < 0. To prove this, the following three ingredients are used:

(i) arithmetic properties of λg(n), in particular, Hecke’s relation that

λg(p)2 = λg(p2) + 1, (p,N) = 1; (9.6)

(ii) the Ramanujan conjecture for λg(n) proved by Deligne [3];
(iii) sieve methods.

It should be noted that the conductor Qg of g can also be defined in the
spirit of Iwaniec-Sarnak [8], and computed as Qg � k2N. Thus, the right-
hand side of (9.5) takes the form Q

29/60
g .

The more precise question, that how long is the sequence of Hecke eigen-
values that keep the same sign, has been studied by several authors, and
best known result is obtained in Lau-Wu [14].

A new difficulty one meets in proving Theorem 9.1 is that, for the Maass
cusp form f , the generalized Ramanujan conjecture has not been proved
yet. This difficulty makes it impossible here to apply the sieve methods as
did in [6]. To get around of this difficulty, one applies the new subconvexity
bound in Theorem 8.1.

9.4. Linnik-type problems for higher rank groups

We end this section by mentioning some corresponding results for auto-
morphic representations for higher rank groups. Let m ≥ 2 be an integer,
and π an irreducible unitary cuspidal representation for GLm(AQ), whose
attached automorphic L-function is denoted by L(s, π). Let {λπ(n)}∞n=1 be
the sequence of coefficients in the Dirichlet series expression

L(s, π) =
∞∑

n=1

λπ(n)
ns

, σ > 1. (9.7)

It is also proved in Qu [22] that, if π is such that the sequence {λπ(n)}∞n=1

is real, then there are infinitely many sign changes in the sequence
{λπ(n)}∞n=1, and the first sign change occurs at some n � Q

m/2+ε
π , where

Qπ is the conductor of π, and the implied constant depends only on m

and ε. This generalizes the previous results for GL2. A result of the same
quality is also established for {Λ(n)aπ(n)}∞n=1, the sequence of coefficients
in the Dirichlet series expression

−L
′

L
(s, π) =

∞∑
n=1

Λ(n)aπ(n)
ns

, σ > 1, (9.8)

where Λ(n) is the von Mangoldt function. Proof of these two results are
different from that of Theorem 9.1; the reader is referred to [22] for details.
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10. The first negative Fourier coefficient of Maass forms

Now we give a proof of Theorem 9.1, applying the properties of f and of
L(s, f), described in §8.

Proof of Theorem 9.1. The idea is to consider the sum

S(x) :=
∑
n≤x

(n,N)=1

λf (n) log
x

n
,

assuming that

λf (n) ≥ 0 for n ≤ x and (n,N) = 1. (10.1)

The desired result will follow from upper and lower bound estimates for
S(x).

To get an upper bound for S(x), we apply Perron’s formula to the
Dirichlet series (8.9), getting

∑
n≤x

λf (n) log
x

n
=

1
2πi

∫ 2+i∞

2−i∞
L(s, f)

xs

s2
ds.

Moving the contour to the vertical line σ = 1/2, where we apply the Michel-
Venkatesh bound (8.13) for L(s, f), we obtain

∑
n≤x

λf (n) log
x

n
=

1
2πi

∫ 1/2+i∞

1/2−i∞
L(s, f)

xs

s2
ds

�
∫ ∞

−∞
{(3 + |t+ νf |2)N}1/4−δ x1/2

|t|2 + 1
dt

� Q
1/4−δ
f x1/2.

To recover an estimate for S(x) from the above result, we introduce the
condition (n,N) = 1 by means of the Möbius inversion formula, which
gives

S(x) =
∑
d|N

µ(d)
∑

dm≤x

λf (dm) log
x

dm
.

Since d|N , we may apply the mutiplicativity property (8.7), which states
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that λf (dm) = λf (d)λf (m) in the current situation. It follows that

S(x) =
∑
d|N

µ(d)λf (d)
∑

dm≤x

λf (m) log
x

dm

�
∑
d|N

|µ(d)λf (d)|
∣∣∣∣ ∑

m≤x/d

λf (m) log
x/d

m

∣∣∣∣
� Q

1/4−δ
f x1/2

∑
d|N

|λf (d)|
d1/2

.

The Kim-Sarnak bound states that λf (d) � d7/64+ε, and therefore,∑
d|N

|λf (d)|
d1/2

� τ(N) � Nε,

where τ(N) is the divisor function. We note that the trivial bound λf (d) �
d1/2+ε works equally well in the above argument. Consequently, we conclude
that

S(x) � Q
1/4−δ
f x1/2+ε. (10.2)

To get a lower bound for S(x) under the assumption (10.1), we first get
rid of the weight log(x/n) in a simple way:

S(x) �
∑

n≤x/2
(n,N)=1

λf (n).

We now restrict the summation to n = pq, where p and q are primes
satisfying

p ≤
√
x/2, q ≤

√
x/2, (p,N) = 1, (q,N) = 1,

and use the formulae{
λf (pq) = λf (p)λf (q) if p �= q, (p,N) = 1, (q,N) = 1,
λf (p2) = λf (p)2 − 1 if p = q, (p,N) = 1.

We get

S(x) �
∑

p≤
√

x/2
(p,N)=1

∑
q≤

√
x/2

(q,N)=1

λf (pq)

=
{ ∑

p≤
√

x/2
(p,N)=1

λf (p)
}2

−
∑

p≤
√

x/2
(p,N)=1

1.
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Recalling the assumption (10.1), we have λf (p2) ≥ 0 for p ≤
√
x/2 and

(p,N) = 1, and therefore (8.8) gives

λf (p)2 = λf (p2) + 1 ≥ 1,

that is λf (p) ≥ 1. It follows from this and the prime number theorem that

S(x) ≥
{ ∑

p≤
√

x/2
(p,N)=1

1
}2

−
{ ∑

p≤
√

x/2

1
}

≥
{ ∑

p≤
√

x/2

1 −
∑
p|N

1
}2

−√
x

�
( √

x

log x
− τ(N)

)2

−√
x. (10.3)

If

x� Nε (10.4)

where ε > 0 may be arbitrarily small, then (10.3) gives

S(x) � x

log2 x
. (10.5)

We remark that (10.4) is a mild requirement, and is of course satisfied.
Comparing (10.5) with (10.2), we get

x

log2 x
� S(x) � Q

1/4−δ
f x1/2+ε,

that is x� Q
1/2−δ
f . This proves the theorem. �
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Let N(f) denote the number of non-zero coefficients of a polynomial f .
We start with a simple theorem (for K = Q, see [5]).

Theorem 1. Let K be any field. For every a ∈ K∗, the binomial xn − a

has a factor f irreducible over K such that N(f) ≤ 3.

Proof. Assume first that either char K = 2 or K contains a primitive
fourth root of unity ζ4. Then we shall prove by induction on n the existence
of f with N(f) = 2.

For n = 1 the equality is true.
Assume that it is true for all exponents less than n. If xn − a is irre-

ducible, we take f = xn−a; if xn−a is reducible, then by Capelli’s theorem
(see [3, Theorem 428] a = bp, where b ∈ K and p is a prime dividing n.
Then xn/p − b|xn − a and by the inductive assumption there exists f ir-
reducible over K such that f |xn/p − b and N(f) = 2. This f satisfies our
condition. Now, if char K �= 2 and ζ4 is not in K, then we apply our result
to the field K(ζ4) and infer that xn − a has a factor f0 irreducible over
K(ζ4) with N(f0) = 2. Let f0 = Xm − b. If b ∈ K, then we take f = f0.
Otherwise, xm − b′|xn − a, where b′ is the conjugate to b over K. Since
b �= b′ we have (xm−b, xm−b′) = 1 and (xm−b)(xm−b′)|xn−a. It suffices
to take f = (xm − b)(xm − b′).

Theorem 1 suggests the following Problem 1 (1963).

Problem 1. Does there exist a constant C(Q) such that every trinomial
over Q has an irreducible factor f with N(f) ≤ C(Q)?
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Example 1 (John Abbott).

4x20 + 7x18 + 64 = (2x10 + 5x9 + 8x8 + 8x7 + 4x6 + 8x3 + 16x2 + 16x+ 8)

× (2x10 − 5x9 + 8x8 − 8x7 + 4x6 − 8x3 + 16x2 − 16x+ 8).

Corollary 1. C(Q) ≥ 9.

Problem 2. Let C(K) have the meaning of Problem 1 with Q replaced by
K. Are the constants C(K), if they exist, bounded?

In 1947 Rényi [4] constructed a polynomial f of degree 28 such that
N(f) = 29 and N(f2) = 28. In 1949 Erdös [2] proved the existence of a
constant c2 < 1 such that for an infinite sequence of polynomials fn ∈ R[x]:

limN(fn) = ∞
and

N(f2
n) << N(fn)c2 .

The same year Verdenius [11] proved that c2 = log 8/ log 13 has the in-
dicated property. He has also proved an analogue for cubes, where c2 is
replaced by log 270/ log 271. These results have been generalized by Dav-
enport and Coppersmith [1], who proved that for any polynomial F ∈ C[x]
there exist a constant cF < 1 and an infinite sequence of polynomials
fnεC[x] such that N(fn) = n and N(F (fn)) << ncF . They have also
improved on the work of Rényi by the following Example 2.

Example 2 (D. Coppersmith and J. Davenport). N(f2) < N(f) for

f(x) = (1 + 2x− 2x2 + 4x3 − 10x4 + 50x5 + 125x6)(1 − 110x6).

In 1987 I have proved [6] the conjecture of Erdös and Rényi that
limN(fn)
= ∞ ⇒ limN(f2

n) = ∞ in the following more general form. If f is in
K[x], char K = 0 or char K > l deg f and N(f) > 1, then N(f l) ≥
l+ 1 + 1/ log 2 · log(1 + log(N(f)− 1)/(l log 4l− l)). Recently, Zannier and
I, in a paper not yet published [10] improved this as follows.

Theorem 2. Under the above assumptions,

N(f l) ≥ 2 + (log(N(f) − 1))/ log 4l.
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There is a big gap between this result and the result of Verdenius, which
suggests

Problem 3. Does there exist a constant c(l) > 0 such that if f ∈ K[x],
charK = 0, then N(f l) >> N(f)cl?

The gap is still greater in the case of a general polynomial F . Namely,
Zannier [12] has proved that there exists a computable function B(n), such
that if F is in K[x]�K, charK = 0 and N(F (f)) < n, then N(f) < B(n).

In 1976 P. Weinberger proposed the following

Problem 4. Does there exist a function A(r, s) such that, if f, g are in
Q[x], N(f) = r, N(g) = s, then N((f, g)) ≤ A(r, s)?

The same problem can be asked with Q replaced by any field K, only
then the function A(r, s) should be replaced by A(K, r, s) = supN((f, g)),
where the supremum is taken over all pairs of polynomials f, g in K[x] such
that N(f) = r, N(g) = s. I have proved [8]

Theorem 3. A(K, 2, 2) = 2, A(K, 2, 3) = 3 and if r > 1, s > 1, 〈r, s〉 �=
〈2, 2〉, 〈2, 3〉, 〈3, 2〉,
〈charK, r, s〉 �= 〈0, 3, 3〉, then A(K, r, s) = ∞.

Thus the only unsolved case is 〈charK, r, s〉 = 〈0, 3, 3〉. The best known
example is

Example 3 (S. Cha�ladus). For

f(x) = x9 + 9x2 + 27, g(x) = x15 − 27x9 + 729

is

(f, g) = x5 + 3x4 + 6x3 + 9x2 + 9x+ 9.

Corollary 2. A(Q, 3, 3) ≥ 6.

Problem 4 leads in a natural way to the question of reducibility of
trinomials. Since trinomials xn +Axm +B and xn +A/Bxn−m + 1/B are
simultaneously reducible we may assume n ≥ 2m. We have [7]

Theorem 4. Let n,m be integers, n ≥ 2m > 0, K a field such that char
K does not divide nm (n −m). If A,B are in K(y), A−nBn−m is not in
K, then xn +Axm +B is reducible over K(y), if and only if either

(i) xn1 + Axm1 + B has a proper divisor of degree ≤ 2, n1 = n/(n,m),
m1 = m/(n,m),
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(ii) there exists an integer l such that 〈n/l,m/l〉 = 〈s, r〉 ∈ S0 =⋃
p prime

〈2p, p〉 ∪ {〈6, 1〉, 〈6, 2〉, 〈7, 1〉, 〈8, 2〉, 〈8, 4〉, 〈9, 3〉,

〈10, 2〉, 〈10, 4〉, 〈12, 2〉, 〈12, 3〉, 〈12, 4〉, 〈15, 5〉}
and A = us−rAs,r(v), B = usBs,r(v), where u, v are in K(y) and polyno-
mials As,r, Bs,r are explicitly given.

This result is similar to Capelli’s theorem, but compared with it has one
great disadvantage, namely the condition A−nBn−m �∈ K. This condition
is avoided in the following Theorem 5.

Theorem 5. Let n,m be integers, n ≥ 2m > 0, K a number field. If A,B
are in K∗, then xn +Axm +B is reducible over K, if and only if either (i)
or (ii) holds with K(y) replaced by K or

(iii) there exists a number l such that 〈n/l, m/l〉 = 〈s, r〉 is in S1 = {〈7, 2〉,
〈7, 3〉, 〈8, 1〉, 〈9, 1〉,
〈14, 2〉, 〈21, 7〉} and A = us−r As,r(v, w),
B = usBs,r(v, w), where u ∈ K, 〈v, w〉 ∈ Es,r(K) and polynomials
As,r, Bs,r and the elliptic curve Es,r are explicitly given,

(iv) there exists an integer l such that 〈n/l,m/l〉 = 〈s, r〉 and A = us−rA0,
B = usB0, where u ∈ K and 〈A0, B0〉 is in a certain finite, possibly
empty, set Fs,r(K).

Conjecture. Sets Fs,r(K) can be chosen so that⋃
s,r

⋃
〈A0,B0〉∈Fs,r(K)

{xs +A0x
r +B0}

is finite.

Consequence 1. For every number field K there exists a constant C1(K)
such that, if n1 > C1(K), then xn + Axm + B is reducible over K, if and
only if xn1 +Axm1 +B has a proper divisor of degree ≤ 2.

Example 4 (J. Browkin). x52 + 234 × 3× 53x+ 235 × 103 is divisible by
x3 + 2x2 + 4x+ 4.

Corollary 3. C1(Q) ≥ 52.

Consequence 2. The answer to Problem 1 is YES.

Consequence 3. There exists a constant C2(Q) such that if b ∈ Z, |b| >
C2(Q), n > m > 0, n �= 2m, then xn + bxm + 1 is irreducible over Q.
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Example 5 (A. Bremner). x33 +67x11 +1 = (x3 +x+1)(x30 −· · ·+1).

Corollary 4. C2(Q) ≥ 67.

Concerning Problem 4 I have the following partial result [9].

Theorem 6. For every number field K and for all positive integers n > m

there exist finite sets En,m(K) such that if Ti = xni + Aix
mi + Bi and

A−niBni−mi is not in Eni,mi(K), then N((T1, T2)) ≤ 10.
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1. Introduction

This is a collection of open questions most of them being unrelated to each
other, at various levels of difficulty, however, all related to exponential and
multiplicative character sums. One may certainly notice a large proportion
of self-references in the bibliography. By no means should this be considered
as an indication of anything else than the fact that the choice of problems
reflects the taste and interests of the author. Thus it is not surprising that
many (but not all) of the problems are related to some previous results of
the author.

One can find the necessary background and a wealth of information
about exponential and character sums in [63] (mainly in the context of
finite fields) and in [56] (in a more general contexts), see also [60,62,79,91].

Some of the problems below are likely to be very difficult, some may
constitute a feasible long term project (such as doctoral thesis), some are
not so hard and may be used by the beginners in this area as an entry
point to gain some immediate “hands-on” experience with exponential and
character sums. In particular, part of the motivation for writing this list of
problems has been the frequent requests to the author to suggest a research
problem on exponential sums.

One can also notice that the problems fall into two categories. In one
category we talk about obtaining new bounds of exponential and character
sums, while in the other category we seek new applications, problems from
the former are motivated by those from the latter.

As a general rule, the well known problems, which are described in the
literature, are not presented. We have also avoided open ended problems of
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the form “Improve the result of . . .” unless we are able to give some ideas
about how it may be possible to achieve this.

2. Notation

For an integer m ≥ 1, we denote

em(z) = exp(2πiz/m).

We always follow the convention that arithmetic operations in the argu-
ments of em are performed modulo m.

We use (n/m) to denote the Jacobi symbol modulo an odd integerm ≥ 3
(that is the Legendre symbol in the case that m = p is prime).

The letter p (possibly subscripted) always denotes a prime; k, m and n
always denote integers (and so do K, M and N).

As usual, we say that n ≥ 2 is y-smooth if all prime divisors p of n
satisfy p ≤ y.

We use ε to denote a small positive parameter on which implied con-
stants may depend. Calligraphic letters, for example, A = (an), usually
denote sets or sequences of integers.

For a prime power q, we use Fq to denote the finite field of q elements.
For an integer m, we use Z/mZ to denote the residue ring modulo m.
We use some standard notations for most common arithmetic functions.

For m ≥ 2 be an integer, we denote by:

• P (m) the largest prime divisor of m,
• ϕ(m) the Euler (totient) function of m,
• ω(m) the number of distinct prime divisors of m,
• τ(m) the number of positive integer divisors of m.

We also define P (1) = ω(1) = 0 and τ(1) = ϕ(1) = 1.
Letting x ≥ 0 be a real number, we denote by:

• π(x) the number of primes p ≤ x,
• π(x; q, a) the number of primes p ≤ x such that p ≡ a (mod q).

Finally, log x denotes the natural logarithm; we always assume the ar-
gument is large enough for the whole expression to make sense (as well as
in the case of iterated logarithms).
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3. Problems

3.1. Exponential functions

Problem 3.1. Obtain analogues of the results of J. Bourgain, A. A. Gli-
bichuk and S. V. Konyagin [24] for multiplicative character sums

∑
x1,··· ,xk∈X

χ(x1 · · ·xk + a) and
N∑

x=1

χ(gx + a)

with values of N very small relative to p, where X ⊆ Z/pZ, gcd(g, p) = 1
and χ is a nonprincipal multiplicative character modulo p, see also [16–18,
20,22].

Problem 3.2. Obtain explicit forms, with all constants explicitly evaluated,
of the results of J. Bourgain [16–18,20], J. Bourgain and M.-C. Chang [22],
J. Bourgain, A. A. Glibichuk and S. V. Konyagin [24] and several other
similar results on short exponential sums with exponential functions

N∑
x=1

em(a1g
x
1 + · · · + akg

x
k), and

M∑
x=1

N∑
y=1

em(agx + bgy + cgxy),

where a1, . . . , ak, a, b, c ∈ Z, gcd(gq1 · · · gk,m) = 1, M,N ∈ Z, and with the
products ∑

x1∈X1

· · ·
∑

xk∈Xk

em(ax1 · · ·xk), a ∈ Z,

where X1, . . . ,Xk ⊆ Z∗
m.

Comments: J. Bourgain and M. Z. Garaev [23] and M.-C. Chang and
C. Z. Yao [32] have recently obtained a series of very interesting results in
this direction.

Problem 3.3. Obtain stronger bounds for the sums of Problem 3.2 on
average over prime moduli m = p.

Comments: The ideas used in the proof of [60, Theorem 5.5] and of [3,
Lemma 2.10] can possibly be of help.

Problem 3.4. Use the method of [60, Chapter 5] to estimate exponential
sums

N∑
x=1

em(agx), a ∈ Z,



October 6, 2009 13:49 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

OPEN PROBLEMS ON EXPONENTIAL AND CHARACTER SUMS 225

where gcd(g,m) = 1, for values of N very small relative to m, for “almost
all” m.

Comments: There are amazingly strong and general results of J. Bour-
gain and M.-C. Chang, see [18,20,22], which apply to very short and general
sums and thus have significantly reduced the interest to this question. On
the other hand, the method of [60, Chapter 5] may lead to more explicit
and stronger bounds (but which hold only for “almost all” m rather than
all m).

Problem 3.5. Estimate exponential sums

T∑
x=1

ep

(
agx2

+ bgx
)
, a, b ∈ Z,

where T is a multiplicative order of g modulo p with gcd(g, p) = 1.

Comments: J. Bourgain [20] has obtained a nontrivial estimate for a
large class of primes p, but in the general case there is no nontrivial bound
(even if g is a primitive root modulo p). In the case of b = 0 these sums are
estimated in [40], provided T ≥ p1/2+ε, see also [44,64]. Bounds of similar
sums with a composite denominator m can be found in [43].

Problem 3.6. Estimate exponential sums

N∑
x=1

em

(
ag�f(x)�

)
, a ∈ Z,

where f(X) ∈ (R)[X ] is a polynomial with real coefficients or some suffi-
ciently smooth function.

Comments: In the case of polynomials f(X) ∈ Z[X ] with integers coef-
ficients and prime m = p such that ell2 | p− 1 for another prime ell ≥ pε

(with arbitrary ε > 0) a nontrivial bound on the above sums are given
by M.-C. Chang [29]. Also for f(X) ∈ Z[X ] and prime m = p, in [83],
a nontrivial bound is given “on average” over all primitive roots g mod-
ulo p. In fact in both [29] and [83] more general sums over arbitrary finite
fields are estimated. The general case of polynomials, even for polynomials
f(X) ∈ Z[X ], probably requires some new ideas. On the other hand, the
case of smooth and slowly growing functions f(X) can probably be studied
by the method of [13]. Results of these type have a natural interpretation of
studying polynoially growinng sequences on orbits of the dynamical system
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generated by the map u→ gu in the ring Zm, see [14,46,47] and references
therein for various results of such type in the settings of ergodic theory.

Problem 3.7. Estimate incomplete exponential sums

N∑
x=1

gcd(x,T )=1

em

(
ag1/x

)
, a ∈ Z,

where T is a multiplicative order of g modulo m with gcd(g,m) = 1.

Comments: For a prime m = p and T ≥ pε this has been done by
J. Bourgain and I. E. Shparlinski [25], see also [86] for a more explicit
estimate in the case of T ≥ p1/2+ε.

Problem 3.8. Estimate complete exponential sums

T∑
x=1

gcd(x,T )=1

em

(
agx + bg1/x

)
, a, b ∈ Z,

where T is a multiplicative order of g modulo m with gcd(g,m) = 1.

Comments: Even the case of prime m = p is of interest. Also, for a
prime m = p, some bounds on average over a, b ∈ Fp are given in [80].

3.2. Short character sums

Problem 3.9. Extend the Burgess bound, see [56, Theorems 12.6], in full
generality, to the settings of arbirary finite fields.

Comments: Very promising results in this direction have recently been
obtained by M.-C. Chang [30,31].

Problem 3.10. Prove that for arbitrary integers m ≥ 2, M ≥ 0 and
N ≥ 1, the bound

∑
χ�=χ0

∣∣∣∣∣
M+N∑

z=M+1

χ(z)

∣∣∣∣∣
4

≤ m1+o(1)N2

holds, where the outter sum is taken over all nonprincipal multiplicative
characters χ modulo m.
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Comments: For M = 0 this bound is established by J. B. Friedlander
and H. Iwaniec [41]. Furthermore, if m = p then it has also been obtained
for anyM ≥ 0 by A. Ayyad, T. Cochrane and Z. Zheng [1]. In full generality
Problem 3.10 is still open.

Problem 3.11. Prove that

max
0≤a<b≤p−1

∣∣∣∣∣
h∑

x=1

(
(x+ a)(x + b)

p

)∣∣∣∣∣ = o(h)

for any h ≥ pα with some fixed α < 1/2.

Comments: V. Shoup [76] gives a factorization algorithm for polynomials
over Fp of complexity O(n2+o(1)p1/2+o(1)) (where n is the degree of the
polynomial f(X) ∈ Fp[X ] to be factored), which is based on the Weil
bound

max
0≤a<b≤p−1

∣∣∣∣∣
h∑

x=1

(
(x + a)(x+ b)

p

)∣∣∣∣∣ = O
(
p1/2 log p

)
.

Any improvement of this bound immediately leads to a better complexity
estimate. Even obtaining such a bound only for “almost all” p is already of
great interest.

Problem 3.12. Extend the result and method of A. A. Karatsuba [58] to
double character sums modulo a composite.

Problem 3.13. Estimate sums of Jacobi symbols over the solutions to the
congruence xy ≡ a (mod m) in a given box, that is,∑

xy≡a (mod m)
1≤x≤X,1≤y≤Y
y≡1 (mod 2)

(
x

y

)
, a ∈ Z,

for X and Y reasonably small compared to m.

Comments: For very small m some results of this kind can be extracted
from the work of G. Yu [93], see also [92] for applications of results of
this kind to studying the distribution of Selmer groups of some families of
elliptic curves.

Problem 3.14. Assuming the Generalised Riemann Hypothesis estimate
the sums

Sm(χ,N) =
N∑

n=1

χ(n)
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with a nontrivial multiplicative character χ modulo m.

Comments: The bound Sm(χ,N) = N1/2mo(1) has been a part of folk-
lore and in particular is quoted in [66, Bound (13.2)] as a consequence of the
weaker Generalised Lindelöf Hypotheis . However it seems that a full proof
has never been published. Furthermore, it is interesting to get an explicit
expression for the term qo(1).

3.3. Smooth numbers, S-units and primes

Problem 3.15. Estimate exponential and multiplicative character sums∑
n≤x

n is y-smooth

em (f(n)) and
∑
n≤x

n is y-smooth

χ(f(n))

with a polynomial f(T ) ∈ Z[T ], where a ∈ Z and χ is a multiplicative
character modulo m.

Comments: Several bounds for exponential sums over smooth numbers
are given by Fouvry & Tenenbaum [45] and, more recently, by de la Bretèche
& Tenenbaum [26]. Character sums in the case of a linear polynomial
f(T ) = T −a are estimated [82]. The approach of [82] has also been used by
Gong [52] for more general sums. The arguments of [26,45] and [52,82] are
quite different and it is quite possible that combining them, or using them
in different scenarios, one can obtain many new interesting results about
exponential and character sums over y-smooth integers in wide ranges of
the parameters m, x and y.

Problem 3.16. For a set (S) = {p1, . . . , ps} of s primes and an integer N
we denote by (U)((S), N) the set of integral S-units up to N , that is the set
of integers u ≤ N composed of primes from the set (S). Estimate character
sums

Uk((S), N) =
∑

u1,...,uk∈(U)((S),N)

χ (a1u1 + · · · + akuk) , a1, · · · , ak ∈ Z,

and

Wk((S), N) =
∑

u1,...,uk∈(U)((S),N)

χ (a1u1 + · · · + akuk + 1) , a1, . . . , ak ∈ Z,

with a multiplicative character χ modulo m.
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Comments: In the case s = k = 1 the sums Wk((S), N) are estimated
by E. Dobrowolski and K. S. Williams [39] and H. B. Yu [94] (in fact in
this case the only generator p1 need not be prime. Note that we ask for
estimates which make use of larger values of s or k in a substantial way
rather than merely reduce the question to the case s = k = 1. There should
be a strong connection between estimates on Uk+1((S), N) and Wk((S), N).

Problem 3.17. In the case of a positive solution to Problem 3.16 use its
result together with the square sieve of R. Heath-Brown [53] to estimate the
number of perfect squares of the form

u1 + · · · + uk and
w1 − 1
w2 − 1

where u1, . . . , uk, w1, w2 ∈ (U)((S), N) and similar.

Comments: The question is related to some finiteness conjectures about
the number of perfect squares and higher powers of the above and simi-
lar types made by P. Corvaja [38]. As for Problem 3.35, only sums with
the Jacobi symbol modulo products of two distinct primes m = p1p2 are
relevant.

Problem 3.18. Make use of the Burgess bound, see [56, Theorems 12.6], in
the argument of Z. Kh. Rakhmonov [75] in order to improve the bound [75]
on the sums ∑

p≤N

χ(p+ a), a ∈ Z,

with multiplicative characters modulo m, where gcd(a,m) = 1. Obtain a
result which is nontrivial for N ≥ m1−α+ε with some fixed α > 0.

Comments: Z. Kh. Rakhmonov [75] uses the Polya-Vinogradov bound;
accordingly, his estimate is nontrivial only for N ≥ m1+ε, see also a result
of A. A. Karatsuba [57] for the case of prime modulus m = p which is
nontrivial starting with N ≥ p1/2+ε.

3.4. Combinatorial sequences

Problem 3.19. Let PL be that set of all palindromes of length L, that is,
the set of n for which the base g ≥ 2 representation

n =
L−1∑
k=0

ak(n)gk,
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where

ak(n) ∈ {0, 1, . . . , g − 1}, k = 0, 1, . . . , L− 1, and aL−1(n) �= 0,

satisfies the symmetry condition:

ak(n) = aL−1−k(n), k = 0, 1, . . . , L− 1.

Estimate exponential and character sums∑
n∈PL

em(f(n)) and
∑

n∈PL

χ(n),

where f(X) ∈ Z[X ] and χ is a multiplicative character modulo m.

Comments: W. Banks, D. Hart and M. Sakata [6] have used bounds of
twisted Kloosterman sums to estimate exponential sums with palindromes
in the case f(X) = X , see also [8]. However, the method of [6] does not
seem to apply to either exponential sums with more general polynomials or
character sums. Even the case of prime m = p is still open.

Problem 3.20. Obtain nontrivial upper bounds on exponential and char-
acter sums with factorials modulo a prime p, such as

N∑
n=1

ep(an!) and
N∑

n=1

χ(n! + a), a ∈ Z,

where χ is a multiplicative character modulo p.

Comments: Double exponential sums with m!n! and single multiplica-
tive character sums as above with a = 0 are estimated in [48] and [49],
respectively.

Problem 3.21. Estimate double exponential sums with binomial coeffi-
cients

N∑
n=0

n∑
m=0

ep

(
a

(
n

m

))
, a ∈ Z,

for 0 ≤ N < p.

Comments: Several estimates of single and double exponential and char-
acter sums with binomial coefficients and other combinatorial numbers are
given by M. Z. Garaev, F. Luca and I. E. Shparlinski in [48–51].

Problem 3.22. Estimate exponential sums
N∑

n=1

n∑
k=0

em (as(n, k)) and
N∑

n=1

n∑
k=0

em (aS(n, k)) , a ∈ Z,
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with Stirling numbers of the first and second kind, respectively.

Problem 3.23. Estimate exponential sums∑
2≤n≤x

en (awn) and
∑

2≤n≤x

eP (n) (awn) , a ∈ Z,

where w1 = 1 and

wn =
(

2n− 1
n− 1

)
=

1
2

(
2n
n

)
, n ≥ 2.

Comments: This question has also been posed in [28].

Problem 3.24. Obtain nontrivial upper bounds on exponential and char-
acter sums with nn modulo an integer m, such as

N∑
n=1

em (ann) and
N∑

n=1

χ (nn + a) , a ∈ Z,

where χ is a multiplicative character modulo m.

Comments: Probably the case of prime m = p and the range N = p− 1
is of most interest. In this case the bound O

(
p35/18+o(1)

)
of [27] on the

number of solutions to the congruence kk ≡ nn (mod p), 1 ≤ k, n < p, is
equivalent to the estimate of the average values

1
p

p∑
a=1

∣∣∣∣∣
p−1∑
n=1

em (ann)

∣∣∣∣∣
2

≤ p35/18+o(1)

and

1
p

p∑
a=1

∣∣∣∣∣
p−1∑
n=1

χ (nn + a)

∣∣∣∣∣
2

≤ p35/18+o(1).

3.5. Polynomial discriminants

Problem 3.25. Estimate exponential and character sums∑
deg f=n, H(f)≤H

f∈Z[X] monic

em (aD(f)) and
∑

deg f=n, H(f)≤H
f∈Z[X] monic

χ (D(f)) ,

with a ∈ Z and nontrivial multiplicative characters χ modulo m over dis-
criminants D(f) of monic polynomials

f(X) = Xn + an−1X
n−1 + · · · + a0 ∈ Z[X ]

of degree n and height H(f) = max{|a0|, . . . , |an−1|} ≤ H.
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Comments: Certainly the determinant is a polynomials of degree n in
the coefficients a0, . . . , an−1. So many general estimates for exponential and
character sums with polynomials can be applied. For example, for a prime
m = p, an immediate application of the Weil bound implies that for H ≤ p

each of the above sums is O(Hn−1p1/2 log p). Certainly only estimates which
are better than such bounds and which make use of some special properties
of D(f) are of interest. We also recall that if f ∈ Fp[X ] is squarefree then
by the Stickelberger theorem, see [15, Theorem 6.68],(

D(f)
p

)
= (−1)n−s,

where n = deg f and s is the number of distinct irreducible factors of f .
Therefore if χ is the Legendre symbol then the corresponding sum is a
polynomial analogue of the sum of Möbius function.

Problem 3.26. Estimate double character sums
N∑

n=1

n−1∑
k=1

χ (∆(n, k)) ,

for a nontrivial multiplicative character modulo m, where

∆(n, k) = (−1)n(n−1)/2
(
nn − (−1)nkk(n− k)n−k

)
is the discriminant of the trinomial Xn +Xk + 1.

Comments: The question is of interest even for a prime m = p, and
especially for m = p1p2 which is a product of two primes since in this
case one can use the square sieve of R. Heath-Brown [53] to study the
square-free part of ∆(n, k), see [67,85] for some related problems about
the discriminants of trinomials. If such a bound is obtained then again the
Stickelberger theorem, see the comments to Problem 3.25, can be used to
extract some nontrivial information about factorisations of trinomials.

3.6. Arithmetic functions

Problem 3.27. Estimate exponential sums with the divisor function

N∑
n=1

em(aτ(n)), a ∈ Z,

for an odd m ≥ 3.
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Comments: One can use the fact that “typically” τ(n) = 2ka for a small
a and rather large k. Then one can try to use bounds of exponential sums
with exponential function from [16–19,22,24,60]. In fact the case of m = pk

where p is fixed can be a good starting point where one can use the result
of N. M. Korobov [61] for the relevant exponential sums.

Problem 3.28. Estimate exponential and character sums with the largest
squarefree divisor of n and with the squarefree part of n, that is,

N∑
n=1

em(aQ(n)) and
N∑

n=1

em(aS(n)), a ∈ Z,

where

Q(n) =
∏
p|n

p and S(n) = min{s :
√
n/s ∈ Z}.

Comments: Bounds of character sums with these functions are given
by H. Liu and W. Zhang [65], but the method of [65] does not apply to
exponential sums. Exponential sums with P (n) have been estimated in [5];
exponential and character sums with the Euler function are estimated in [2,
7,11].

Problem 3.29. For an integer g > 1 estimate exponential sums
N∑

n=1
n composite

en

(
a(gn−1 − 1)

)
, a ∈ Z.

Comments: This question has also been posed in [3] where one can also
find estimates of some other related sums with fractions (gn−1 − 1)/n and
alike.

3.7. Beatty sequences

Problem 3.30. Extend the bounds of character sums with Beatty sequences
'αn+ β( of W. D. Banks and I. E. Shparlinski [9,10] to composite moduli.

Problem 3.31. Obtain explicit versions of the bounds of character sums
with Beatty sequences 'αn+ β( of W. D. Banks and I. E. Shparlinski [12]
in the case when α is of approximation type 1.

Problem 3.32. Estimate character sums with Beatty sequences 'αp+ β(
over primes p ≤ x.
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Problem 3.33. Estimate character sums with Beatty sequences 'αs+ β(
over smooth y-smooth integers s ≤ x.

Problem 3.34. Estimate double character sums with Beatty sequences∑
k∈K

∑
m∈M

χ ('α(k +m) + β()

on sumsets, where χ is a multiplicative character modulo m ≥ 2 and K and
M are sufficiently dense sets of integers of the interval [1, N ]. Even the
case of m = p and very large N is still open.

Problem 3.35. In the case of positive solutions to Problems 3.30 and 3.31
use their results together with the square sieve of R. Heath-Brown [53] in
order to get a lower bound on the number of distinct quadratic fields of the
form Q

(√
'αn+ β(

)
, n = 1, . . . , N .

Comments: Only sums with the Jacobi symbol modulo products of two
distinct primes m = p1p2 are relevant.

Problem 3.36. Extend the bounds of character sums with integer parts
'f(n)( of “smooth” functions of W. D. Banks and I. E. Shparlinski [13] to
composite moduli.

Problem 3.37. In the case of a positive solution to Problem 3.36 use its
result together with the square sieve of R. Heath-Brown [53] in order to
get a lower bound on the number of distinct quadratic fields of the form
Q
(√

'f(n)(
)
, n = 1, . . . , N .

Comments: As for Problem 3.35, only sums with the Jacobi symbol
modulo products of two distinct primes m = p1p2 are relevant.

3.8. Sparse polynomials

Problem 3.38. Obtain analogues of the result of T. Cochrane, C. Pinner
and J. Rosenhouse [34] on exponential sums

m∑
x=1

em

(
a1x

k1 + · · · + asx
ks
)
, a1, . . . , as ∈ Z,

with sparse polynomials of large degree, containing only s monomials, mod-
ulo a composite m ≥ 2.
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Comments: The result of T. Cochrane, C. Pinner and J. Rosenhouse [34]
is a generalisation of the bound of S. V. Konyagin [59] which corresponds
to the case s = 1. Extending the bound of [59] to composite moduli is al-
ready an interesting problem. The bound of [34] has been applied to various
problems in number theory [8], computer science [87] and cryptography [88].
Several other bounds (stronger, but more restrictive on the class of poly-
nomials to which they apply) on exponential sums with sparse polynomials
can be found in [17,21,35,78].

Problem 3.39. Obtain bounds on exponential sums
m∑

x=1
gcd(g(x),m)=1

em (f(x)/g(x)) ,

with sparse rational functions f(X)/g(X), where

f(X) = a1X
h1 + · · · + arX

hr and g(X) = b1X
k1 + · · · + bsX

ks ,

which are better than general estimates of T. Cochrane and Z. Y. Zheng [36]
depending only on the degrees of f and g, see also [37].

Problem 3.40. Let us define the constants

A(n) = sup
m≥1

max
gcd (a,m)=1

∣∣∣∣∣
q∑

x=1

em (axn)

∣∣∣∣∣m−1+1/n.

Compute

A = max
n≥2

A(n).

Comments: S. B. Stechkin [89] has given the bound

A(n) = exp
(
O(ln lnn)2)

)
and conjectured that A(n) = O(1). This conjecture is proved in [77] in the
following stronger form A(n) = 1 +O(n−1/4+o(1)), which is improved to

A(n) = 1 +O(n−1τ(n) log n)

in [60, Theorem 6.7]. Thus the constant A is correctly defined, and since
the methods of [60,77] are effective, computing A is a feasible task (but may
require significant efforts in making the estimates of [60,77] fully explicit).
In fact it is quite possible that A = A(2) =

√
2. Problem 3.40 is also posed

as [60, Question 6.9]. Finally, we recall that by [60, Theorem 6.8]

A(n) ≥ 1 + n−1 exp
(

0.43
logn

log logn

)
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for infinitely many n.

Problem 3.41. Use the bound of W. D. Banks, A. Harcharras and
I. E. Shparlinski [4] on analogues of short Kloosterman sums with poly-
nomials over finite fields to sharpen the Brun-Titchmarsh theorem over
Fq[X ], see [55].

Comments: One may try to imitate the approach of J. B. Friedlander
and H. Iwaniec [42].

Problem 3.42. Estimate multiplicative character sums∑
n≤N

χ

(
np−1 − 1

p

)
and

∑
n≤N

χ

(
np − n

p

)
where χ is a multiplicative character modulo p.

Similar exponential sums are estimated by D. R. Heath-Brown and
S. V. Konyagin [54].

3.9. Nonlinear recurrence sequences

Problem 3.43. For a given polynomial f ∈ Fq[X ] and u0 ∈ Fq we define
the following sequence of elements of Fq

un = f (un−1) , n = 1, 2, . . . .

Clearly this sequence eventually becomes periodic, that is un+T = un for
some T ≥ 1 whenever n ≥ N0. In fact, without loss of generality, one can
assume that it is purely periodic, that is, N0 = 0. Improve the bound of
H. Niederreiter and A. Winterhof [72] on character sums

N∑
n=1

ψ(aun), a ∈ F∗
q ,

with a nontrivial additive character ψ of Fq and N ≤ T .

Comments: The bound of [72] develops some ideas suggested in [90]
and also improves the previous result of [68]; however it is still nontrivial
only if T is very close to its largest possible value p. Even constructing
some special (but general enough) families of polynomials for which such
improvement is possible is of interest. In the multidimensional case (that
is, for iterations of multivariate polynomials) such families are constructed
in [74]. Furthermore, A. Ostafe [73] has modified the construction of [74] in
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a way that the method of [70] applies to this constructions and has led to
much better results “on average” over all initial values. Unfortunately the
constructions of [73,74] do not work in the univariate case. This problem
has close links with pseudorandom number generation, see [69,71,90] for
these links and further references.

Problem 3.44. For a prime p, a primitive root g modulo p and an integer
v0, the following sequence of integers

vn ≡ gvn−1 (mod p), 0 ≤ vn ≤ p− 1, n = 1, 2, . . . .

As before we note that this sequence eventually becomes periodic with some
period T and we also assume that it is purely periodic. Estimate exponential
sums

N∑
n=1

ψ(avn), a ∈ Z,

for N ≤ T .

3.10. Evaluation of Kloosterman sums

Problem 3.45. Find an algorithm to evaluate or approximate Klooster-
man sums ∑

x∈F∗
q

ψ(x+ ax−1), a ∈ F∗
q,

with an additive character ψ of Fq more efficiently than directly from the
definition.

Comments: This question has some links with and motivation coming
from quantum computing, see [33]. Results of [81,84] imply lower bounds
on the complexity of computation of Kloosterman sum in some standard
computational models.
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Errata to
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IN ANALYTIC NUMBER THEORY”
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World Scientific, 2007, 214–236)

HARUO TSUKADA
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School of Humanity-Oriented Science and Engineering,
University of Kinki, Iizuka, Fukuoka 820-8555, Japan

E-mail: tsukada@fuk.kindai.ac.jp

page 223, line 18, after the paragraph ending with “after analytic continu-
ation.”, insert the following paragraph:

Let

∆ =
({(1 − aj, Aj)}n

j=1; {(aj , Aj)}p
j=n+1

{(bj, Bj)}m
j=1 ;{(1 − bj , Bj)}q

j=m+1

)
∈ Ω

so that

∆(s) =

m∏
j=1

Γ
(
bj +Bjs

) n∏
j=1

Γ
(
aj −Ajs

)
p∏

j=n+1

Γ
(
aj +Ajs

) q∏
j=m+1

Γ
(
bj −Bjs

) .
page 227, line 15, “the disciplines” should read “other disciplines”.
page 228, (4.27), “ =

√
z ” should read “ =

√
π ”.
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ABELIAN NUMBER FIELDS
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Hashirimizu Yokosuka 239-8686, Japan
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L. Carlitz and F. R. Olson [1] (1955) were the first who obtained the
closed formula for Maillet’s determinant:

det(R(rs′))1�r,s�(p−1)/2 = (−1)
p−3
2 p

p−3
2 h∗p,

where p is an odd prime and h∗p is the realtive class number of the p th cyclo-
tomic field. Here, for an integer r with (r, p) = 1, r′ is the least nonnegative
integer with rr′ ≡ 1 mod p and R(r) denotes the least nonnegative integer
congruent to r modulo p. Thenceforth several authors have studied rela-
tionships between deteminants with rational (integer) entries and realtive
class numbers h∗K of imaginary abelian number fields K, most of which are
of the form

detRK = cKh
∗
K ,

where RK and cK denote a square matrix with rational entries and a ra-
tional constant, possibly zero, respectively, both explicitly determined by
K.

We collect here all the relevant papers which are more than sixty in
number and present them with review and digitization information for re-
searcher’s convenience. As an appendix, we also present papers on deter-
minantal expressions of relative class numbers of imaginary function fields.
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Band 32. Birkhäuser Verlag, Basel und Stuttgart, 1966; English translation
by N. Greenleaf : Z. I. Borevich and I. R. Shafarevich : Number theory, Pure
and Applied Math., vol. 20, Academic Press, New York and London, 1966,
Chap. 5, Sec. 6, Problem 2; doi:10.1016/S0079-8169(08)61696-7 [PDF]; Tra-
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